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The thermal degradation of polyvinyl compounds 
I. A new type of molecular still 

By N. Geassie and H. W. Melville, F.E.S. 

Chemistry Departments University of Aberdeen 

[Received 3 March 1949) 

A survey of depolymerization reactions has been mad© and the importance of the degradation 
emphasized in addition polymerizatics^ Especially at high temperatures. In order to follow 
the course of the thermal degradation it is necessary to remove rapidly, and measure the 
amount of monomer produced. In addition it is essential to measure the average size and the 
number of raacromolecules during the course of the reaction. A molecular still for carrying 
out the degradation is described in which it is possible to follow the evolution of monomer 
continuously. The conditions necessary for the proper utilization of this type of still are 
described. 

Introditction 

A great deal of effort has gone into the precise elucidation of the mechanism of poly¬ 
merization but very little is known regarding the degradation of high polymers. An 
understanding of both processes is necessary because in many cases a high polymer- 
monomer system may exist in a state of equihbrium and it is important to know 
something about the position of this equilibrium. In fact the size and structure of 
the polymer molecules will be directly controlled by the position of the equilibrium 
state. While in some cases it is profitable to study the equilibrium state it is more 
convenient to study separately the reactions of polymerization and depolymeriza¬ 
tion that lead to its establishment. This makes the study of the degradation process 
all the more necessary. 

The first attempts to attack the problem were made by Hopff, Mark & Meyer 
(1929) in their experimental investigations of the hydrolysis of starch and cellulose. 
This work stimulated Kuhn (1930), Kuhn & Freudenberg (1930) to look into the 
theoretical treatment of the degradation process. For example, Kuhn showed that 
if every hydrolyzable bond in the molecule was equally easily severed, agreement 
between theory and experiment agreed closely in the initial stages of degradation. 
In order to explain the course of the later stages of the reaction Kuhn et al. suggested 
that hydrolysis of the bonds in the biose and triose residues took place more rapidly 
than in the polysaccharide; in addition it seemed necessary to assume that all 
terminal bonds break more quickly than those along the chain. 

Even less work has been done with vinyl polymers although it has been known for 
some considerable time that a number of these polymers could not only be degraded 
but that considerable amounts of monomer could be collected in the early stages of 
the reaction. Similarly degradation can be brought about by mechanical shaking of 
the polymer, by violent agitation of solutions by the action of supersonic radiation, 
by the action of oxygen, peroxides, etc. These observations are aU essentially quali¬ 
tative in character and are not suitable for analysis so that an insight into the 
mechanism might be obtained. 
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Simha (1941) discussed in general terms in a theoretical paper how it might be 
possible from quantitative studies and from theoretical treatment to get some idea 
as to whether the degradation occurred by a mechanism generally similar to that 
for polysaccharides or whether, for example, preferred breaking at the ends might 
occur. Later Votinov, Kobeko & Marei (194^) Q^ttempted to apply Kuhn s theories 
to the degradation^of polymethyl methacrylate and polystyrene and claimed to get 
good agreement in spite of the anomaly that large amounts of monomer are produced 
right at the start of degradation. Further, Votinov et al showed that in the case of 
polystyrene there was a marked difference in the nature of the products depending 
upon whether the reaction was carried out in an atmosphere of nitrogen or of oxygen. 
In the latter case the products could not be repolymerized showing probably that 
styrene was not a product of degradation and that therefore oxidative breakdown 
was a contributory reaction in this particular environment. Further papers, pre¬ 
dominantly theoretical, were published by JeUinek (1944), Tuckett (1945), Blatz & 
Tobolsky (1945) and Bachman (1945), but none of these papers could advance the 
subject for lack of satisfactory experimental data. 

It is the object of this and subsequent papers to attempt to get a much closer 
insight into a degradation of a vinyl polymer {ci) by choosing a system which shall 
be as simple as possible chemically, and (6) by development of more sensitive and 
exact experimental methods than have been used hitherto. 

Of the three polymers, polymethyl methacrylate, polyst3rrene, and poly-a- 
methyl styrene, the first would appear to be most suitable for study since side reactions 
such as production of dimers, etc. is a minimum. Another reason for choosing meth¬ 
acrylate is that information is available regarding the heat of polymerization and 
the velocity coefficients for the radical polymerization. The discussion of equilibrium 
conditions is thus possible if the degradation process can be analyzed in comparable 
detail. Although the structure of the polymer is not known it is believed that the 
polymer is of the head-to-tail type. The nature of the terminal groups can be varied 
by altering the nature of the radical-producing reaction which initiates polymeriza¬ 
tion. The experimental conditions to cut down complications are clearly that the 
polymer should be heated in vacuo in the form of a thin film so that monomer can 
escape readily. The problem of following the rate of evolution of monomer will be 
dealt with in detail later. The average size of residual polymer molecules must 
be determmed by a number average method since only then can a reliable measure 
be obtamed of the number of bonds broken in the degradation reaction, 

Votinov et ah collected the monomer vapours and weighed them from time to 
time so that their values for the rate of reaction are averages over long periods of 
time. An improvement on this procedure would be to weigh the degrading polymer 
in vacuo while the reaction was proceeding but there are considerable difficulties in 
weighing accurately the tray in a molecular still while maintaining the temperature 
at a constant value. 

The normal type of molecular still consists of a heated surface, from which the 
substance to be distilled is evaporated, and a cooled surface only a few millimetres 
from the heated surface, on which the purified substance is condensed. The whole is 
contained in an envelope under high vacuum. Whenever a molecule evaporates 
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from the hot surface it will move directly to the cold surface and condense so that the 
pressure of the material in the still would be extremely small. The only possible 
methods of finding the rate of the reaction would be either to measure the increase 
in weight of the cooled surface or the decrease in weight of the heated surface, 
both difficult matters. 

If, however, the cooled surface were moved away from the heated surface so that 
evaporated molecules did not pass directly to it but first suffered several collisions 
with the walls of the containing vessel then a small pressure would be set up in the 
still and a determination of this pressure would give a measure of the rate of the 
reaction. This is the principle on which the apparatus was built, the heated and 
cooled surfaces being separated by a mercury vapour diffusion pump, the pressure 
inside the still being measured by a Pirani thermal conductivity gauge. 

The molecttlab still 
Olasswork 

A diagram of the glasswork of the apparatus is shown in figure 1, where 1 is the 
molecular still which is constructed from a vacuum desiccator. 


to Macleod 



Half way up the body of the desiccator, and symmetrically round it, four holes were 
bored and into them four B 24 standard sockets were sealed with vacuum wax. Two 
of these were used to take in electrical leads to supply the electrical components in 
the still. 2 leads to a part of the apparatus only used when calibrating the still, 4 is 
a needle valve, 5 a manometer, 6 a calibrated capillary, and 7 and 8 two containers 
used for distilling monomer under vacuum before using it to calibrate the apparatus. 
This part of the apparatus is evacuated through 9 thus bypassing the still. 

The still itself is evacuated through 3 . The first branch on this line, namely at 10, 
leads to a Macleod gauge. 11 is a mercury vapour diffusion pump and behind it 12 is 
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the Tyiflin vacuum line, but there are t-wo identical bypasses 13 and 14 through which 
the products of the degradation may be led, collected and measured. Each contains 
a liquid air trap for collecting and a calibrated capillary for measuriug the monomer 
produced. In addition, sealed to .the top of one of the capillaries was a manometer 

16 of very small volume whose use wiU be described later. 16 is a barometer tube and 

17 leads to the Macleod gauge. The main vacuum line then passes through a liquid 
air trap (18), another mercury vapour diffusion pump (19) and finally to a rotary oil 
pump, 20 and 21 being air inlets. 

Heater and heating surface 

In this particular problem the whole purpose of the molecular stiU conditions would 
have been defeated if the monomer molecules had been recaptured and repoly¬ 
merized inside the mass of the degrading polymer. Eor this reason the heating block 
was designed so that the requisite amount of polymer was spread as a thin film over 
the heated surface. The area had to be kept within reasonable hmits to ensure 
uniformity of heatmg. 

The heater unit is shown in figure 2. The heater itself was made firom copper sheet, 
3 mm. thick, and was 25 mm. square. Two such pieces of copper were used with the 
heatmg element clamped between. This heatmg element consisted of Nichrome wire 
wound on a piece of mica 20 mm. square, with a similar piece of mica above and 
below insulating it from the copper. The ends of this wire were soldered to thin strips 
of copper sheet to which in turn were soldered the wires leading out of the still to 
the source of current. The two copper squares and the heating element were held 
together by two screws placed at diagonally opposite comers. 



The actual heating surface was a copper tray of exactly the same area as the 
heating block and attached to the heating element. It was cut from a sheet of copper 
6 mm. thick. In the middle of this sheet of copper and 23 mm. in diameter a circular 
hole was bored to a depth of 5 mm. to contain the polymer. 

Thermocouples 

The layer of polymer in the tray must be thin, so it is difficult to measure the tem¬ 
perature of the polymer simply by dipping the thermocouples into it. The thermo¬ 
couple leads (one common copper and two constantan, one at the edge and one at 
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the centre of the tray) were therefore hard soldered on to the bottom of the inside 
of the tray. 

This whole heater unit was supported on a stretcher made from silica rod^ which 
was itself supported on the shelf of the desiccator. 

Pirani gauge 

The Pirani gauge, figure 3, was built into the apparatus underneath the heater unit. 
To measure the actual pressure in the still and to register quickly a changing pressure 
this gauge had to be placed in the vessel containing the vapours and not in a side arm 
as is usually done when measuring static pressures. 



Figure 3. The Pirani gauge. 


The gauge consisted of a 3 cm. length of tungsten single coiled electric lamp 
filament, the ends of the filament being mounted on a rigid glass framework with 
suitable leads to an external resistance bridge. 

Electrical circuits 

Each of the three main components inside the still, namely the heater, the thermo¬ 
couples and the Pirani gauge, had an electrical circuit associated with it. 

The heater circuit The heater current was taken from a 24 V transformer. This 
current was passed through two variable resistances in parallel, and through the 
heater which was in series with them. The thermo regulator was also in series with 
one of these resistances so that it could be switched off and on as the temperature of 
-the heating tray fell below and rose above the required temperature. 

The temperature regulator was a Cambridge potentiometer model. 

The thermocouple circuit The copper heating block in the still constitutes the hot 
junction while the cold junction was a thermos flask of melting ice. The constantan 
leads each passed through a switch before going to the millivoltmeter so that the 
temperature could be obtained from either thermocouple by depressing the appro¬ 
priate switch. In this way it was possible to verify that the temperature was constant 
over the surface of the tray. 

From the copper and one of the constantan leads, two other leads were taken to 
the temperature regulator, one of them through a switch. Provided one thermo¬ 
couple was used to obtain the temperature and the other to work the thermoregulator 
then the regulator had no effect upon the temperature reading. 

The Pirani gauge circuit. This was the standard Pirani gauge circuit consisting of 
a simple Wheatstone bridge. 
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The source of current was an ordinary 2V accumulator discharging through a 
switch and a variable resistance. A voltmeter measured the voltage across the bridge 
while in use. 

The bridge was constructed with two 600 resistances as two of the arms, the 
Pirani as the third and a resistance, which was made with tappings such that any 
value from' 0 to 3000 (in steps of 10) could be obtained, as the fourth. 

CaLIBEATIOK of the APPAEATtrS 
Bate meamrement 

With the Pirani gauge circuit described in the last section it is known that the 
expression (F®- F§)/F§ (F is the voltage across the bridge when balanced at given 
pressure and Tq when balanced at zero pressure), which is the fractional increase in 
energy, is linear with pressure up to a pressure of about 0-1 mm. of mercury. Accord¬ 
ingly this expression should be proportional to the rate of production of monomer 
in the still. To verify this point, monomer was allowed to flow at various rates through 
the needle valve (4, figure 1) and through the stiU, being then collected in the liquid 
air trap (13, figure 1), distilled into the calibrated capillary, and measured. Values 
of F and PJ were noted and the expression (F® — Fg)/F§ plotted against rate of flow 
of monomer through the apparatus in ml. per hour. Results are shown in figure 4. 



Figtjke 4. Pirani gauge calibration curve. 

From figure 4 it can be seen that the relationship is linear up to a rate of flow of 
0-04ml./hr. and (F®—F§)/F§ = 0'95. Assuming that a measurement may be made in 
10 sec., this corresponds to 10“*g. 10~®g. could be measured corresponding to one 
tenth of the full rate of monomer production. Higher rates could of course be measured 
by suitable calibration of the gauge. 

Owing to the close proximity of the heater and the Pirani gauge the tbAr m ytl radia¬ 
tion from the heater affected the gauge to a marked extent, the voltmeter reading 
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being depressed by as much as 0-05 V on raising the temperature to 320° 0. A shield, 
made from thin copper sheet, was suspended between the. two, no appreciable effect 
being then noticed up to 350° C. Figure 5 shows values for the voltage across the 
bridge when balanced, on raising the temperature of the copper block, with and 
without the copper shield in position. From the graph it can be seen that the shield 
eliminates the trouble. 



Constant pumping speed 

The pressure produced inside the still will depend on the rate of pumping of the 
mercury vapour diffusion pump (11, figure 1). It was therefore essential to find what 
variables affected pumping speed especially with monomer production at its maxi¬ 
mum value on the Hnear portion of the Pirani gauge scale. 

The variables are rate of heating and rate of flow of cooling water. First of all, 
using a rate of flow of cooling water of about 21./min., the pressure of coal gas 
passing to the pump burner was varied and between gas pressures of 23 and 40 mm. 
of water the pressure in the stiU remained strictly constant. Below and above these 
values the pressure in the still increased. Change in water pressure made no difference 
to the lower limit but if the water pressure was increased to 4|./min. then the upper 
gas pressure limit was raised to 56 mm. It appears that the lower limit of 23 mm. gas 
pressure gives the lowest possible pumping rate which can cope with this rate of flow 
of monomer and carry away all monomer which reaches the pump by diffusion. The 
higher gas pressure Hmit, which is different for each cooling water rate, is probably 
due to the fact that the rnercury is not properly condensed. 

As a result of these preliminary experiments, the gas pressure was set between 30 
and 40 mm. before each exjperiment and the water ra^ above 2 l./min. 

Thermocouples 

The thermoregulator used for controlling the temperature of the heating block 
was a Cambridge potentiometer model and was used with copper-constantan 
thermocouples. 



8 


ISf. Grassie and H. W. Melville 

Owing to the necessity of taking leads through vacuum-tight seals, the thermo¬ 
couple circuits necessarily included sections of borated copper wire, which might have 
upset the thermocouple readings. For this reason the circuit was exactly duplicated 
outside the apparatus and the e.m.f. measured with the copper tray in baths at 
various temperatures, measured by standard thermometers. The e.m.f. s lay exactly 
on the standard curves, at least up to 360° C. 

Heater circuit and thermoregulator 

Owing to the small heat capacity of the copper heating block, accurate tempera¬ 
ture control was very difldcult and whereas the thermoregulator could keep the 
temperature of a relatively large furnace to within a fraction of a degree of the 
required temperature, it could, at its best, only keep the copper block within about 
± 2 °. 

This ± 2 ° drift of temperature raised the problem of getting accurate values of 
reaction rate at any required temperature. The conditions of control are such that 
the temperature rises very quickly from — 2 ° to 4 - 2 ° but falls back very slowly. 
Readings were taken as the temperature was falling and its value noted at the 
required temperature. 


Expeeimen-tal 

A number of variables that may vitiate results still remain. The methods of control 
are discussed below. 

Form of the polymer 

It seemed that for uniform heating of polymer samples the polymer would have 
to form a compact layer on the bottom of the tray and the best method of achieving 
this seemed to be to use the polymer in the form of a very fine powder. With the 
polymer in this state it was found that rate measurements could be reproduced 
accurately. With larger particles the rate of the reaction might depend upon grain 
size—^the monomer molecules produced finding it more difficult to escape from the 
larger grains. In this way the degradation rate might be some function of the surface 
area of the grains. 

Experiments were carried out under identical conditions using samples of a 
benzoyl peroxide catalyzed polymethyl methacrylate having a molecular weight of 
179,000. 20 to 80 mesh samples were used and the temperature of the tray was 
260° C. Only 0*0281 g. polymer was used so that the thickness of the sample on the 
tray was very small, each particle being in direct contact with the tray. ( 
was plotted in each case against size and the results are shown in figure 6 . It can be 
seen from the figure that the rate is independent of particle size for particles smaller 
than about 50 mesh but that it does fall away for larger particles. This diminution 
in rate with the larger particles may be due to the monomer molecules being trapped 
inside the polymer or it may be due to the fact that the larger particles are not uni¬ 
formly heated to the temperature of the tray. Polymer is a bad conductor of heat 
and the side of the particles away from the tray may be at a temperature considerably 
less than 260° 0. As already explained all these experiments were done with a mono- 
layer of polymer particles so if this is the explanation of the fall away in the rate of 
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degradation of large particles then with more than a monolayer of small particles 
in the tray the rate will be abnormally small. The small amounts of polymer contained 
in monolayers, namely about 0*025 g., were not enough for molecular weight measure¬ 
ments of the residual polymer and therefore it was necessary to make certain, if 
say 0*3 g. were present in the tray, that the whole of that 0*3 g. was at the required 
temperature and therefore degrading at the same rate. It was also found, in the case 
of low molecular weight samples, that if the size of the polymer particles was much 
larger than 80 mesh then each particle formed a bubble on heating and the volume 
of the polymer became very great. 



Figure 6 . Effect of polymer grain size on rate of degradation. 

Effect of layer thickness 

In order to find if all the polymer was degrading, a series of experiments was carried 
out at the same temperature with different amounts of the same polymer. The value 
(V^--Vl)IVl was plotted against the weight of polymer in the tray. If the curve or 
part of it were a straight line then it would be evident that imder the conditions of 
the straight part all the polymer was at the temperature of the tray. 

Such experiments were carried out at 260° C and the results are shown in figure 7 
(full line). 

It will be seen that the polymer was heated satisfactorily provided there was not 
more than a maximum of 0*034g. in the tray. If there was more than this amount 
then the upper layers had a temperature lower than that of the tray. 

One solution of the problem was the use of bigger trays, but it is difficult to main¬ 
tain constancy of temperature over a large surface. 

At this stage the catalytic effect of copper was being investigated to make sure 
that the tray itself had no such effect upon the course of the reaction. Copper powder 
was mixed intimately with the polymer and it was found that there was no rate 
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change, provided the weight of polymer used was less than 0-04 g., and hence there 
was no catalytic effect. It was discovered, however, that if the normal rate was on 
the BC part of the curve then there tended to be an unreproducible increase in rate 
when copper was present. Since there was no catalytic effect this effect must be due 
to the copper present producing more uniform heating of the polymer. 



Figueb 7, Effect of layer thickness on rate of degradation at 260® Q* 



Figuee 8." jElates of degradation at 230 and 245° C, with and without copper. 

After a number of trials it was found that the most satisfactory solution of the 
problem consisted in covering the polymer completely with copper powder, such 
that the copper formed a continuous layer over it, and not by simply mixing the two, 
which only placed some of the polymer farther away than ever from the heating 



11 


The thermal degradation of polyvinyl compounds. 1 

surface. Points obtained in this way are shown on the BD portion of figure 7. Results 
obtained at other temperatures are shown in figure 8. Experiments also at 210® C 
showed that the amount of polymer in the tray could be increased to at least 0*5 g. 
and the linear relationship maintained. 0*5 g. of polymer was the maximum amount 
which the tray could hold. 

The copper powder used in these experiments was always obtained by the reduc¬ 
tion of B.D.H. cupric oxide in a stream of coal gas. After reduction it was ground 
quickly in a mortar and passed through an 80-mesh sieve. That which passed through 
the sieve was used and the rest discarded. Until used it was stored in a tightly 
stoppered bottle owing to its relatively rapid oxidation in air. 

Rate measurement 

On placing a sample of polymer in the heating tray and slowly raising the tem¬ 
perature, a plot of Pirani gauge volts as a function of time is obtained as shown in 
figure 9. The surprising feature is the existence of two maxima, and the problem then 
is to decide what points give a measure of monomer production. 

It seemed hardly likely that the material evolved, which was causing these two 
maxima, was a product of degradation (i.e. monomer) and to give some indication 
of its nature its vapour pressure was measured. Samples of the vapours evolved up 
to A in figure 9 were collected and distilled into the calibrated capillary and in every 
case the vapour pressure of the product was about 40 to 50 mm. whereas that of pure 
methyl methacrylate at room temperature is only about 20 mm. Samples taken after 
A showed only the vapour pressure of monomer. 

The explanation which was put forward to explain the shape of these degradation 
curves is as follows. The two maxima are due to the presence of solvents in the poly¬ 
mer, solvents like methyl alcohol and acetone having been used in the preparation 
of the polymer. Under vacuum and on gentle heating the solvents adsorbed on the 
surface of the polymer are evolved and cause the first maximum. This is further 
borne out by the fact that this maximum may be decreased by keeping the polymer 
for a prolonged period of time in vacuo before heating. The second maximum only 
occurs at a very much higher temperature and the solvent molecules causmg it 
were originally trapped inside the polymer and are evolved as it fuses to a viscous 
mass. It was found that for polymer samples of different molecular weights and 
which have therefore different softening points, the temperature at which these 
volatiles were evolved and the maximum occurred was closely related to the softening 
point. 

To obtain a value for the initial rate of degradation, heating was continued until 
the curve became linear, in this case at A, the time at which it first reached the 
required temperature having been noted by an arrow on the curve. The linear portion 
was then produced back (dotted line) to the time at which the required temperature 
was first reached and the value of the rate at this point was taken as the initial rate. 
This procedure has been adopted in all the experiments described in this and the 
following papers. The most conclusive way, however, of showing the validity of this 
method will become evident in a later paper. Briefly it is as follows—^the rate after 
aU volatiles have been eliminated, that is after point A in figure 9, is given simply 
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by the values of F and TJ. If these rate values, (F*-F§)/F§, are plotted against 
percentage degradation to monomer and produced back to zero degradation it is 
found that the ini tial rate is always, -within experimental error, the same as the rate 
obtained by the method described above. 



FiGtTBE 9. Elimination of volatiles and determination of initial rate of degradation. 

Vg = 0-47. 0'1629g. polymer. 

Production of the polymer in the form of a powder 

The importance of the form of the polymer to be degraded has already been dis¬ 
cussed. It was sho-wn experimentally that provided the polymer was present as a 
fine powder and provided it was covered by a layer pf copper powder then results 
could be made reproducible because it was certain that under these conditions all 
of the polymer was being maintained at the correct temperature, and all the 
monomer which was produced in the reaction was able to escape from the polymer 
without side reactions taking place. 

First of all it was fo"und to be essential -to s-tart with the polymer in pure acetone 
solution. K the polymer had been prepared in monomer solution then the whole is 
simply poured into two or three times its volume of acetone. If, however, the polymer 
is prepared in a solvent other than acetone, it must be precipitated with methyl 
alcohol, roughly dried to get rid of excess solvents, and then redissolved in acetone. 
It is fortunate that it is only low methyl methacrylate polymers which are prepared 
in solution because these low polymers are much more readily soluble in acetone, and 
precipitation and subsequent redissolvmg in acetone present httle difficulty. Solution 

of large quantities of high polymers in acetone, however, is a much more difficult 
matter. 

The acetone solution of polymer is then slowly poured into about three iiTyifta its 
volume of methyl alcohol -with vigorous stirring. The polymer is precipitated as a 
wMte sohd. As more and more of the solution is added the polymer precipitated tends 
to become more and more gelatinous owing to the rising concentration of acetone in 
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the methyl alcohol which then acts as a partial solvent or incomplete precipitant. 
Only about half of the solution is added; stirring is continued for 2 or 3 min. and the 
polymer allowed to settle. The supernatant liquid, a mixture of methyl alcohol and 
acetone, is then decanted and discarded. Fresh methyl alcohol is added to the 
polymer precipitate and almost at once it changes to an amorphous mass since 
complete precipitation has taken place. Vigorous stirring is continued to break up 
the polymer, thereby allowing the methyl alcohol to penetrate and complete the 
precipitation. 

On allowing the polymer to settle the supernatant liquor is poured oif. It consists 
of almost pure methyl alcohol and so it may be used for the initial precipitation of 
the polymer in the other half of the acetone solution. 

The excess methyl alcohol is roughly squeezed out of the polymer, which is pulled 
out into small fibrous pieces. It is then placed in watch glasses to dry slowly in the 
air. It is necessary that the polymer should not be dried in an oven at this stage 
otherwise the small amounts of methyl alcohol present will act as a partial solvent at 
the elevated temperature and the pieces of polymer will fuse to very hard particles 
which are difficult to grind to a fine powder. 

As soon as the polymer has dried sufficiently (usually in about 4 to 5 hr.) it may be 
ground quite easily, most of it passing through ah 80-mesh sieve. Drying should not 
be continued for too long since the polymer becomes much more difficult to grind. 

Once the polymer has been powdered it may then be thoroughly dried by heating 
in a steam oven for 24 hr. If it is not finally dried in this way difficulty is sometimes 
encountered when it is placed in the stiU and the pressure reduced. Under these 
conditions the volatiles are evolved readily aM tend to carry the polymer out of the 
heating tray. 
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The thermal degradation of polymethyl methacrylates prepared by means of benzoyl peroxide 
has been investigated. The rate of monomer evolution is independent of molecular size for a 
given weight of polymer except that it falls off when the molecular weight approaches 
600,000. Similarly at suffieiently low molecular weights the number of molecules in the tray 
of the still continuously decreases while the average size remains constant. These facts 
point to the mechanisrn’s involving the fission of the molecule into radicals, the fission 
occurring at the end of the molecule. Thereafter the large radical rapidly undergoes degrada¬ 
tion, monomer units being evolved until the radical is completely removed. With the larger 
radicals there is not time for complete degradation; instead these interact by dispropor¬ 
tionation and thus become stabilized. 

iNTEODtJCTIOlSr 

As will be shown in the following papers the mode of preparation of polymethyl 
methacrylate has an important influence on the course of its degradation. It is 
therefore essential in studying some of the features of these reactions to ascertain the 
general structure of the polymer present. In the present paper the polymerization 
of the monomer has been initiated by the thermal decomposition of benzoyl peroxide 
in which it is believed that both phenyl and benzoate radicals start off the growth 
of the polymer. 


PbBPABATIOK OB POLYMER SAMPLES 
Purification of monomer 

Unless otherwise mentioned the monomer was purified by repeated shaking with 
sodium hydroxide solution until the sodium hydroxide layer was colourless. The 
monomer was then shaken thoroughly two or three times with distilled water to 
remove sodium hydroxide and it was finally allowed to stand overnight over calcium 
chloride. 

Purification of benzoyl peroxide 

The 30 to 40 % of water which is present in commercial benzoyl peroxide was 
removed in the following way: Pirst the impure benzoyl peroxide was dissolved com¬ 
pletely in a minimum volume of chloroform without heating, leaving the water as 
a supernatant liquor. The mixture was thoroughly shaken in a separating funnel and 
after allowing to settle the chloroform layer was run off. On adding methyl alcohol 
to this chloroform solution the benzoyl peroxide was precipitated as pure white 
crystals. Addition of methyl alcohol was continued until precipitation was complete 
and the precipitate was filtered on a Buchner funnel. Suction was continued until 

[ 14 ] 
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the crystals were quite dry, this pxirified benzoyl peroxide was then stored in a 
desiccator over calcium chloride. 

■ Polymer of mol.wt. = 725,000 

0-1 % catalyst was used and the polymerization carried out at 60° C. 0-1 g. benzoyl 
peroxide and 100 ml. of methyl methacrylate were placed in a 500 ml. round- 
.bottomed bolt-head flask which was loosely stoppered and placed in a thermostat at 
60° C. After about 200 min. the hquid had become viscous and was poured into twice 
its volume of acetone. (The subsequent powdering of the polymer has been discussed 
at the end of the previous paper.) 

An alternative method of polymerizing in absence of air was also employed. A 
sample of the purified monomer was farther purified by distillation at 35° 0 under re¬ 
duced pressure, the first and last 25 ml. of 100 ml. batch being discarded. This was 
then thoroughly degassed and polymerized in vacw under the same conditions of tem¬ 
perature and with the same concentration of catalyst as described above. The polymer 
so produced had a number average mol.wt. of 650,000, thus being practically the 
same as that prepared in presence of oxygen. Later it will be shown that the rate of 
degradation of this polymer and of the 726,000 polymer made from monomer purified 
as at the beginning of this section, were exactly the same, so it may be assumed that 
the method of purification of monomer is sufficient, at least for preparing polymers 
of this type. 

Polymer of mol.wt. = 179,000 

This polymer was prepared using 0*5 % catalyst at 80° 0, the experimental details 
being the same as for the 725,000 polymer above. 

Polymer of mol.wt. = 94,000 

With the high catalyst concentrations and temperatures required to produce 
a polymer of this molecular weight the polymerization reaction in pure monomer 
proceeds very quickly and is difficult to control. Part of this difficulty is probably 
due to the fact that as the liquid becomes viscous the large amounts of heat evolved 
cannot be carried awUy quickly enough by convection currents. The result is that local 
heating takes place which in turn makes the reaction proceed at an even greater rate 
and results in less uniform polymers. 

Polymerization was therefore carried out in solution as follows: 100 ml. of methyl 
methacrylate, 500 ml. ethyl alcohol, and 1 g. benzoyl peroxide were placed in a 21. 
bolt-head flask fitted with a reflux condenser. The whole was heated for 4hr., the 
solution remaining clear throughout, the polymer being quite soluble in boiling ethyl 
alcohol. On allowing the flask and its contents to cool the polymer precipitated out 
as a solid white layer on the bottom of the flask. The supernatant Equor was potued 
off and the excess solvent squeezed out of the polymer which was then roughly dried 
in an oven. Finally the lump of polymer was broken up and dissolved in hot acetone. 

Polymer of mol.wt. = 44,300 

50 ml. methyl methacrylate, 450 ml. benzene, and 2g. benzoyl peroxide were 
heated under reflux for 2hr., cooled and poured into 21. of methyl alcohol. The 
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polymer precipitated as a gummy mass which was dried in a steam oven. It was then 
broken up and dissolved in acetone. 

Other samples 

Besides these samples mentioned above a range of samples was obtained from 
Imperial Chemical Industries Ltd., Plastics Division, and these were used in rate 
measurement experiments only. 

The preparations of these samples are summarized in table 1 . 

Table 1. Pbepaeations oe polymer samples 


conditions of 

percentage 


Mn 

preparation 

of catalyst 

temp. (® C) 

10 % in benzene 

4*0 

80 

36,000 

^ 2*0 

100 

71,000* 


2*0 

80 

76,000* 


0-7 

100 

122 ,000* 

pure monomer 

0*5 

100 

190,000* 

0-5 

100 

239,000* 


0-5 

100 

356,000* 


1-0 

80 

600,000 


* Interpolated from viscosity mol.wt. 

Moleculab weight measurements 

The weakness of all work to date on the degradation of high polymers has been the 
fact that molecular weights have always been measured by the viscosity method 
and not osmotically. The viscosity of a high polymer solution depends not only upon 
the number of molecules present but also upon the size of these molecules and since 
there are wide differences of opinion as to exactly how the viscosity depends upon the 
size of the molecule it is impossible to count the number of molecules present in any 
sample by this method. Inability to count the exact number of molecules present 
means that even the simplest points about reaction mechanism cannot be clarified 
with certainty. If, for example, each molecule broke once, the counting of molecules 
by osmometry would inSlicate a fall in molecular weight to half the original value. 
Viscosity measurements, however, could do no more than simply indicate a fall in 
molecular weight. 

Jp. this work viscosity measurements were only made occasionally to give a rough 
indication of the course of the reaction, and during the experiments with 1 , 4 -diamino- 
anthraquinone to decide between possible mechanisms. In no case were molecular 
weights calculated from these viscosity measurements. 

AH exact values of molecular weight which are mentioned throughout this work 
were measured osmotically by the dynamic method using the improved Fuoss & 
Mead ( 1943 ) type of osmometer and bacterial cellulose membrane due to Masson 
& Melville ( 1946 , 1949 ). 

Theoretical 

The choice of this particular group of polymers for the initial study of the reaction 
followed from the fact that it was easy to prepare samples of such polymer having 
a wide range of molecular weights, and since the structure of all the samples is identical 
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except for the numbers of methyl methacrylate units in the chains, then any difference 
in i>he degradation characteristics can only be due to the difference in chain length. 

The great difficulty in trying to analyze the mechanism of degradation by means 
of any theory to date has been the lack of experimental evidence based essentially 
on values of the number average molecular weight of the poljmer residue. If con¬ 
ditions are sufficiently ideal it should be possible, by a study of the curves of molecular 
weight of residue against percentage degradation, to decide which is the operative 
mechanism. The experimental conditions, described in the last paper, are such that 
aU volatile substances are removed from the degrading polymer as soon as they are 
formed. Hence only the molecular weight of the non-volatile residue is measured. 

Kuhn’s ( 1930 ) random breaking theory, which was put forward more or less 
successfully to explain the hydrolytic degradation of high polymers, was insufficient 
as such to explain the thermal degradation of high polymers, mainly due to the fact 
that large amounts of monomer were produced even in the initial stages of the 
reaction.' It still seemed possible that this might make up part of the reaction, com¬ 
bined with some other mechanism which would produce the necessary amounts of 
monomer. 

Simha ( 1941 ) suggested that the mechanism whereby the necessary monomer was 
produced consisted simply of preferred or even exclusive breaking at the ends of the 
chains. Blatz & Tobolsky ( 1945 ) considered polymerization to be a stepwise process 
and they proposed that depolymerization was the exact reverse of polymerization. 
According to these workers then, depolymerization would also be a stepwise process 
and in fact this is exactly the same mechanism as Simha’s exclusive breaking at the 
ends of the chains. 

This stepwise theory of polymerization would suggest that the initial polymer 
which is formed in the polymerization reaction must have a low molecular weight 
which will increase vrtth time. It has, however, been found that initial polymer has 
essentially the same molecular weight as poljuner produced later in the reaction in 
the absence of the gel effect and the accepted explanation of this is that the actual 
propagation step of polymerization is extremely rapid compared with initiation and 
termination, so that once a polymer chain is initiated it grows very rapidly to its 
full size. Accepting this then as the mechanism of the polymerization reaction, a 
reverse polymerization would consist of the thermal fission of the polymer molecule 
into radicals, followed by a rapid and complete disintegration of these polymer 
radicals to monomer. 

From these considerations, three possible extreme degradation mechanisms present 
themselves although any combination of the three seems possible. These three 
extreme mechanisms may be described as jEJ, random breaking; F, stepwise degrada¬ 
tion; and Q, reverse polymerization. 

Each of these mechanisms gives a distinct type of molecular weight of residue^— 
percentage degradation to monomer curve as may be seen in figure 1 . 

If the mechanism is random breaking then the molecular weight would fall rapidly 
to a very low value before any appreciable amounts of monomer were produced and 
the form of the curve would follow the path ADC, If, on the other hand, stepvrise 
degradation were the mechanism then the reaction would follow AG since the fall 
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in molecular weight would be proportional to the amount of monomer produced. 
Knally, if reverse polymerization were the mechanism, there would be no fall in 
molecular weight throughout the whole reaction, which would follow the path AB. 
Accordittg to this mechanism, if degradation in a molecule were initiated by molecular 
fission, then that molecule would disintegrate completely to monomer leaving no 
involatile residue, so that the average molecular weight of the undegraded molecules 
would remain unchanged. 



FiauRB 1. Theoretical curves for three possible extreme degradation mechanisms. 

Experimental and discussion 
Effect of degradation on molecular weight 

Curves of molecular weight of residue against percentage degradation to monomer 
were obtained for five samples. These had molecular weights of 44,300, 94,000, 
179,000 and 725,000 and 650,000. 

The percentage degradation to monomer was determined by collecting the 
monomer produced during the reaction in the liquid air trap (13, figure 1 of the 
preceding paper) and distilling it, after the reaction, into the calibrated capillary. 
This gave the volume of monomer, which could be converted to weight, the density 
ofmonomeric methylmethacrylate being knownto be 0*945. 5 % of the initial weight 
of polymer was always subtracted from the weight of monomer collected to allow 
for the volatiles produced early in the reaction and which were not a product of 
degradation. 

The results obtained in these experiments are summarized in figure 2. 

With 44,300 polymer there was no fall in molecular weight up to at legist 65 % 
degradation and therefore the only mechanism by which this reaction could have 
proceeded was ^ reverse polymerization ’. Each molecule, after being initially rendered 
unstable must disintegrate completely to monomer leaving no involatile residue. 
This series of experiments, however, gives no indication how the chain breaks 
initially; whether, for example, each bond in the chain has the same possibility of 
initial rupture or whether the ends of the chains are the vulnerable points. 
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As the molecular weight of the initial polymer is raised, the mechanism ceases to 
be strictly reverse polymerization in the later stages of the reaction and the molecular 
weight falls. From figure 2 it may be seen that the degradation of 94,000 polymer is 
only a reverse polymerization up to about 30 % degradation. With 179,000 polymer 
the molecular weight falls after about 10 to 15 % degradation while with 725,000 
polymer there appears to be an immediate fall in molecular weight. 

Considering the fact that the degradation of 36,000 polymer is exclusively reverse 
polymerization and that the 94,000 and 179,000 samples show the characteristics 
of this mechanism in the initial stages, it is inconceivable that some totally different 
reaction is proceeding in the later stages of the degradation of these samples and 
throughout the whole degradation of 725,000 polymer. 



Figure 2. The effect of degradation on the molectilar weight of a range of polymethyl 
methacrylate samples. O 44,300; 0 94,000; -e-179,000; (]) 650,000; # 725,000. 

The degradation curve for 725,000 polymer would appear to point to stepwise 
degradation, described earlier in this paper. In this reaction one molecule of monomer 
would be evolved at a time from the ends of the chains and the fall in molecular 
weight would be proportional to the number of monomer molecules evolved. It 
is obvious, however, that the same number average molecular weight will result 
whether one monomer is evolved from each of n polymer molecules or whether n 
monomers are evolved from one polymer molecule. From this it would appear that 
the main reaction in 725,000 polymer is in fact reverse polymerization but that 
every degrading chain is stabilized before it disappears completely and becomes 
once more a stable polymer molecule, but of shorter chain length. 


2 - 5 ! 
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The degradation of the 94,000 and 179,000 polymer samples must be intermediate 
between these two extremes. The probability of termination seems to be just about 
the same as the probability of the concurrent removal of 1000 monomer units, in 
which case some 94,000 molecules would disintegrate completely whereas others 
would be prematurely terminated. The probability of complete disintegration would 
become aTnallftr the higher the molecular weight and thus it is not surprising that the 
molecular weight of the higher molecular weight samples falls away at an earlier 
stage in the reaction. 

Trom these considerations it might be expected that the molecular weight of the 
94,000 and 179,000 samples would decrease sUghtly even in the initial stages, but 
the detection of such a decrease is difficult. Those degradation characteristics are 
complicated to some extent by the fact that the polymer samples always have a 
wide molecular weight distribution and the smaller molecules in the sample will 
always degrade by reverse polymerisation. The degradation curve obtained experi¬ 
mentally will therefore be a result of the tendency for the elimination of these small 
molecules leading to an increase in the molecular weight and the partial degradation 
of the large molecules in the sample leading to a decrease in the molecular weight. 

The behaviour of the highest polymer can be used to obtain some further informa¬ 
tion about the actual mechanism of depolymerization reactions. The osmotic data 
required for this calculation are as follows: 

The values of ( 7 r/c)o for polymer at the start was 0*36 and for the polymer after 
64 % had been removed as monomer was 0'78. But 0-36 x = 0*76 which is close 
to the experimental value of 0*78 thus proving that th.& number of polymer molecules 
remains constant during degradation. 

From the above results the number of polymer molecules remains the same even 
though there has been a considerable diminution in molecular weight. This could be 
explained in two ways; (a) fission of the polymer occurs at random along the chain, 
elimin ation of monomer ensues, but the two polymer radicals combine before com¬ 
plete dismtegration of the polymer radicals; ( 6 ) fission of the polymer occurs at the 
ends exclusively, elimination of monomer occurring from the single radical produced. 
Polymer radicals are stabilized by a dispropoitionation reaction. Evidence vrill be 
presented below to support this latter mechanism. 

Figure 2 shows that the polymer sample which was prepared using very pure 
monomer has exactly the same degradation characteristics as ordinary polymer of 
roughly the same molecular weight.' It has been suggested by R. W. HaU ( 1947 ) 
that polystyrene degrades first by rapid chain scission to shorter fragments which in 
turn degrade stepwise to monomer. It seemed possible that these points which were 
vulnerable to rapid attack might be due to an impmdty, most likely oxygen, in the 
molecule. This is especially so considering the copolymer results which are discussed 
in a later paper. Although polymethyl methacrylate is much less liable to contain 
o^geu, it nevertheless appears necessary to make certain that distillation of the 
monomer imder reduced pressure and subsequent polymerization in vacuo made no 
difference to the degradation eharaoteristios. This was found to be the case. 

In table 2 , which gives the results of the degradation of 179,000 polymer, the 
temperatures are shown at which the degradations were carried out. The lowest 
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temperature mentioned, 170° 0, was the lowest at which degradation could be 
detected. Figure 2 shows that aU these points he on the same degradation curve 
indicating that there is no temperature effect in the reaction. All the other degrada¬ 
tions were started at 220° C and if high degrees of degradation were required then the 
temperature was raised to 260° C when the rate at 220° C became too slow. 


Table 2. Degradation of 179,000 polymer 


% degradation 
to monomer 

mol.wt. 

mol.wt. as 
% of original 

temp. (® C) 

0 

179,000 

100 

— 

4 

182,000 

101 

170 

17 

182,000 

101 

220 

30 

167,000 

93 

220 

36 

162,000 

90*5 

240 

49 

141,000 

79 

220 

65 

124,000 

69 ■ 

260 


Effect of molecular weight upon rate of production of monomer 

In the last section, molecular weight determinations indicated clearly that the 
degradation reaction mechanism was essentially reverse polymerization. Although 
indications were obtained that the initial breaking of the polymer molecule occurred 
at or near the end of the chain, no definite evidence could be obtained in this direction 
from these measurements. On the other hand, it appeared possible that a study of 
the rates of production of monomer from samples of different molecular weights might 
produce fairly definite information as to the location of these initial breaks. 

The two extreme possibilities for initial breaking appear to be: first, random 
breaking along the length of the chain, each bond in every molecule having the same 
probabihty of rupture; and secondly, exclusive breaking at the ends of the chains, 
each chain having the same possibility of rupture. 

If initial rupture were random then the probabihty of a molecule being broken 
would be proportional to the length of that molecule, so that the large molecules 
would be ehminated from the sample more quickly than the small ones. In con¬ 
sequence, a small decrease m molecular weight would be expected during degrada¬ 
tion. This decrease would necessarily be small and possibly quite undetectable, so 
that molecular weight measurements could not be expected to give a direct answer 
to the problem. On the other hand, if initial rupture took place at the ends of the 
chains, each chain would have the same probabihty of degradation and so there would 
be no change in distribution and therefore no change in molecular weight due to the 
breaking of one size of molecule rather than another. 

Rate measurements, on the other hand, should show up the difference between the 
two possibihties much more clearly. 

If the breaks occur in the body of the molecule and each bond has the same pro¬ 
babihty of rupture then the number of initial breaks which occur iii any sample of 
polymer, no matter what the molecular weight may be, will be the same. But, for 
each break which occurs one whole molecule will be ehminated. Therefore, since the 
rate of initial breaking in ah samples wih be the same, the rate of production of 
monomer wih be proportional to the size of the molecules. 
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If, however, the ends of the molecules are the vulnerable points the rate of initial 
rupture will be proportional to the number of ends, that is, inversely proportional to 
the molecular weight. Again, however, the number of molecules produced per break 
will be proportional to the length of the molecule so that the overall rate of produc¬ 
tion of monomer, which is the rate of initial breaking multiplied by the number of 
monomers produced per break, will be quite independent of molecular weight except 
when the value is high, 

Tor any given sample of polymer, complete rate of degradation against percentage 
degradation to monomer curves were obtained in the following way. A sample of 
polymer was placed in the heating tray and heating was started with the thermo¬ 
regulator set at the required temperature. After the volatiles had been eliminated (see 
preceding paper) a reading of the Pirani gauge voltage (F) was taken and the heating 
stopped. As the polymer cooled and degradation slowed down, F decreased, until it 
reached a steady value which was TJ, when degradation had stopped altogether. The 
value of (F^ — F§)/F§ could then be obtained and converted to a rate in g./seo. by 
means of the curve in figure 4 of the preceding paper. The monomer collected in the 
liquid air trap was distilled into the calibrated capillary to give the extent of degrada¬ 
tion. Heating was then restarted and the whole process repeated so that only one 
sample of polymer was required to obtain a complete curve. 

For comparison purposes the rates of degradation were all measured at 220® C. 

Figure 3 shows a series of results obtained in this way. 



Figuse 3. The effect of degradation on the rate of production of monoraer from benzoyl 
peroxide catalyzed polymethyl methacrylate having a molecular weight of 36,000. 

Owing to the presence of the volatiles no direct measurement of the initial rate 
coidd he made. When the whole curve had been obtained as described above it was 
a simple matter to extrapolate back to zero degradation and obtain the rate. 
The values obtained by this method and that described in the previous paper were 
0*0425 and 0*0435 ml./hr. respectively. 
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Complete rate-percentage degradation curves were obtained for a number of 
polymer samples and all were found to have the same general structure. It was 
therefore decided that the initial rates would give the best measure of the relative 
rates of degradation of a series of samples. 

All of these samples had been prepared by benzoyl peroxide catalysis and therefore 
had the same structure. The results are shown in table 3. 


Table 3. Initial rates of degradation of 0*2 g. samples of 

BENZOYL PEROXIDE CATALYZED POLYMERS 



v^-vi 

rate 

% polymer 


VI 

(ml./hr.) 

decomposed/sec. 

36,000 

0-97 

0-0425 

0-00590 

71,000* 

1*01 

0-0445 

0-00618 

122,000* 

0*99 

0-0435 

0-00604 

190,000* 

1-03 

0-0455 

0-00632 

356,000* 

0-90 

0-0390 

0-00542 

600,000 

0*75 

0-0320 

0-00444 

94,000 

0*98 

0-0430 

0-00597 

179,000 

1*02 

0-0450 

0-00625 

725,000 

0-62 

0-0265 

0-00368 


* Interpolated from viscosity molecular weights, 


From these results it is obvious that the rate of degradation of polymer samples 
of the same general structure is constant for molecular weights between 36,000 and 
200,000. These results give direct evidence that degradation is initiated at the ends 
of the chains. Above 200,000 the rate appears to fall away gradually but this is not 
surprising since molecular weight measurements have already indicated that the 
higher molecular weight molecules do not disintegrate completely but are prematurely 
terminated in the way already indicated. 
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An investigation has been made of the effect of various end groups upon the degradation of 
pol 3 miethyl methacrylate chains. Inhibition of the degradation reaction by 1, 4 diamino 
anthraquinone has also been studied. 

That small amounts of such a substance do inhibit the reaction shows conclusively that 
the mechanism is a chain reaction involving free radicals. 1, 4 diamino anthraquinone and 
its leuco compound have equal inhibitory power indicating that the dyestuff is the active 
agent. Experiments show that if leuco compound is used, it is very quickly converted to the 
dyestuff. These experiments, combined with viscosity measurements, gave additional 
evidence that in degradation the molecules break initially at the ends. 

Comparison of the rates of degradation of benzoyl peroxide catalyzed polymers, photo- 
polymer and polymer initiated and terminated by diphenyl cyanomethyl radicals show that 
double and single bond ends, formed by disproportionation, break most easily. The energies 
of activation of degradation through them are 30,000 and 42,000 although it is difficult to 
decide which is which. The energy of activation for degradation through diphenyl cyano¬ 
methyl end group is 47,000, The energetics are discussed. 


Intbodtjotion 

In part IT it was shown that polymethyl methacrylate degrades by first being ren¬ 
dered unstable at the ends of the polymer chains, this being followed by a chain 
degradation reaction yielding only monomer. This instability which is produced at 
the ends of the molecules is most likely due to the formation of a small free radical 
and also a large free radical. The rapid stripping off of monomer units from the large 
radical is a reasonable assumption since it is known that large radicals are in fact 
thermally unstable. Free radical reactions, however, are susceptible to retardation 
by traces of inhibitors which react with and destroy the free radicals and so stop the 
radical chain reaction. If such an inhibitor could be found in this case then it would 
yidd additional evidence that the reaction proceeds by a free radical manT^nTiiam 

Choice oe ah tNHiBrroK 

An the usual inhibitors are useless for this purpose owing to the unusual conditions 
under which the reaction is carried out. The first essential is that the substance must 
be stable chemically at 220° C and preferably at even higher temperatures. Secondly, 
the substance must be involatile at 220° 0, even at a pressure of only 10“® mm. 
Finally the inhibitor chosen must be soluble in the polymer so that there may be 
good contact between polymer and inhibitor molecules. Hydroquinone is a common 
inhibitor for polymerization reactions, but it would be eliminated very quickly from 
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the heating tray if the pressure in the still were decreased to 10~® Tnm . even at ordinary 
temperatures. 

There, are certain vat dyes of the anthraquinone t 3 rpe which are used to colour 
polymethyl methacrylate and which are soluble in it. These dyes may be volatilized 
in air without decomposition. It was thought possible that the leuco compound of 
one or other of these substances might act as an inhibitor by splitting off its leuco 
hydrogen atoms which would act then as chain breakers. On the other hand the 
dyestuff itself might inhibit the reaction by rea,cting with the degrading chains in 
much the same way as it reacts with hydrogen atoms to form the leuco compound. 
The dyestuff finally chosen was 1,4 diamino anthraquinone which is a maroon 
coloured substance. 


o 



The leuco compound is brown and there appears to be a difference of opinidn as 
to whether the leuco hydrogen atoms are attached in the normal way to the quinone 
oxygen atoms or in the 2,3 position to the two amino groups. 



Por the present purpose a definite choice between the two structures is of no 
importance. 

It remained to be shown whether the compound was involatile under the conditions 
of temperature and pressure used iu the degradation experiments. 

It was found possible to maintam the dyestuff in the tray of the stiU at 220° 0 and 
under a pressiue of 10“® mm. for an hour without any appreciable evaporation taking 
place. On slowly raising the temperature still further nothing happened until a 
temperature of about 240 to 260° 0 was reached when the dyestuff evaporated 
quickly and coloured the inside of the glass of the stUl. 

The same kind of experiment was carried out with the leuco compoxmd, when it 
was found possible to maintain it at 280° C for an hour without appreciable evapora¬ 
tion. On raising the temperature much above 300° C, however, evaporation did 
occur and the inside of the stiU was coloured brown. The dyestuff may then be used 
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at temperatures below 240''0 and the leuco compound at temperatures below 
300® C. 

Another important point is the fact that the leuco compound is not decomposed 
at this temperature in absence of oxygen. It is very unstable in presence of oxygen 
and gives up its leuco hydrogen atoms forming the dyestuff, even on gentle heating 
in air or at ordinary temperatures when dissolved in benzene. 

Inhibition at 220® C 

The molecular weight of the dyestuff is 238, and that of the polymer used for these 
experiments was 94,000. In order to test first of aU whether the dyestuff or the leuco 
compound are inhibitors for the reaction roughly equimolecular proportions of dye 
and polymer were used so that enough dye might be present to terminate each chain 
at least once. Two samples of polymer, each 0*4g., were weighed accurately into 
weighing bottles and 0*001 g. of dyestuff or leuco compound was added, one to each 
sample of polymer. 0*2 g. of each of these mixtures was heated in turn in the still 
to 220® C and the curves obtained on plotting Pirani gauge volts against time are 
shown m figure 1. For comparison there is a curve obtained from a similar experiment 
with 0*2 g. of pure polymer without any addition of dye or leuco compound. 



Figijbe 1. Inhibition of the degradation reaction of polymethacrylate of molecular weight 
94,000 by 1,4 diamino anthraquinone. # polymer; x polymer + 1 mole dye or leuco dye; 
O polymer+ 0*25 mole dye or leuco dye. 

The two maxima due to ehmination of volatiles are very accurately reproduced in 
each case, but after this the rate falls practically to zero both with dye and leuco 
compound present, indicating that the reaction is almost completely suppressed by 
both of these,compounds. The actual values of initial rate are shown in table 1. 
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The third result shown in table 1 was obtained with only 0*25 mole of dye per mole 
of polymer. It will be seen that the rate of evolution of monomer falls to about half 
its normal value. 

That small amounts of foreign substances do inhibit the reaction so markedly, is 
conclusive proof that the reaction proceeds by a chain mechanism. It appears too 
that roughly one dye molecule is required per polymer molecule to stop the reaction 
almost completely. This point wiU be discussed later. 

The fact that the dyestuff is as efficient an inhibitor as the leuco compound seems 
to indicate that the dyestuff is the active inhibitor. 

Table 1.. Rates oe inhibited beaotion 

% polymer 
decomp./sec. 

pure polymer 0*00618 

polymer +1 mole leuco compound or dye 0*00055 

pol57mer+0*25 mole dye 0*00257 

Normally, when a reaction exhibits an induction period, that induction period 
wiU end when all the material causing it is used up. The length of the induction period 
may sometimes be used to gain information about the nature of the reaction and so 
in the experiment where equimolecular amounts of dye and polymer were used heating 
was continued for 6 hr. in an attempt to detect some increase in the rate of evolution 
of monomer. No increase in rate could be found. Considering the amount of dye 
present and the normal rate of evolution of monomer without dye, all the dyestuff 
must have been used up quite quickly if one dye molecule was prematurely stopping 
the degradation of each polymer molecule. The only explanation appears t 6 be that 
not only does the dyestuff stop the polymer radical degrading but once it has reacted 
with the radical it also makes it difficult for degradation to start again. According 
to this theory, if there are enough dye molecules present to react with each degrad¬ 
able chain end only once, then that polymer sample wHl be completely prevented 
from degrading. 

Each dye molecule is theoretically capable of stopping two chains, because there 
are two points in the molecule which can add on a hydrogen atom. On the other hand, 
each polymer molecule has two points through which it might degrade, so that an 
equimolecular amount of dye would just be the critical quantity to stop all degrada¬ 
tion. If this were the case then the polymer molecule might finally incorporate 
dyestuff molecules near to the terminal groups. 

Further information about the mechanism of the action of the dyestuff can be 
furnished from a study of the trend of molecular weights during the course of the 
inhibition. It is unlikely that the dye could interfere with the initial fission of the 
polymer radicals at one br other end. It is more probable that the polymer radical 
interacts with the dye to form a more stable radical which cannot easily eliminate 
monomer. This radical then is stabilized by interaction with another similar radical. 
This interaction may once again involve either combination or disproportionation. 
In the former case the molecular weight of the polymer would double; in the latter 
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it would remain, practically the same, except for the incorporation of the dye mole¬ 
cule at the end of the chain. The precise point of attack on the dye molecule is as 
difficult to decide as the location of the hydrogen atoms in the leuco dye. 

It would be difficult to measure osmotic molecular weights of polymer samples 
containing dye molecules because even small amounts of these molecules might upset 
the osmotic pressure readings, making them abnormally high; alternatively they 
might diffuse through semipermeable membranes. For this reason viscosimetric 
measurements were made to see whether there was a large rise or fall in viscosity 
which would indicate a change in molecular weight and thus provide evidence for 
one or other of the mechanisms mentioned above. 

It is a general observation that %p./c plotted against i/gp; gives a linear plot for 
low concentrations of high polymer solutions (i?gp, = specific viscosity, c = concen¬ 
tration). 5;sp_ must tend to zero as c tends to zero, and so the intrinsic viscosity, 

of a solution may easily be obtained by measuring the specific viscosity at 

c-^0 

various concentrations, plotting against and extrapolating to zero specific 
viscosity. The intrinsic viscosities obtained in this way were used to determine 
whether the average size of the molecules had changed after the degradation reaction 
with dye present. 

These experiments were carried out with the 94,000 polymer. With this polymer no 
fall in molecular weight occurs until at least 30 % of it has been degraded. Degrada¬ 
tion was not therefore allowed to proceed beyond this point. 

For these experiments, equimoleoular amounts of dye and polymer were used. 
Owing to the extreme slowness of the reaction at 220® 0 with dye present, heating 
was continued for about 30 hr. to degrade a sample to the extent of 27 %. 


A 



I’lSTTBE 2. Viscosities of 94,000 poljrmer before and after degradation in presence of an equi¬ 
moleoular amount of 1,4 diamino anthraquinone. © original polymer; x 27 % degraded 
pol3mer. 


The results obtained are shown in figure 2 and table 2. These results show that 
there is no difference between the viscosity of a solution of the original polymer and 
a solution of the polymer degraded to the extent of 27 % in presence of dye. This 
again is in agreement with the fact that the molecule breaks initially at the end. 
Since there is no rise in viscosity it appears that each dye molecule can only stop the 
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degradation of one polymer molecule, and, Unking this with the fact that equi- 
molecular amounts of dye are sufficient completely to inhibit the reaction, it would 
appear also that the polymer can only degrade through one of its ends. 


Table 2. Viscosity meastobments 


benzene 

time 

(sec.) 


polymer 

time 

(sec.) 


cone. 

Vsp. (g-/1000) i/ap./c 


Vspjoo 


(a) pure nndegraded 94,000 polymer 

74*7 83*9 . 0*1232 3*12 0*0395 \ 

74*7 78*6 0*0522. 1*36 0*0384 J 

(6) 94,000 polymer, 27 % degraded at 220° C with an equimolecular amount of dye present 


73*8 79*5 0*0770 2*01 0*0384 \ 

73*8 77*7 0*0527 1*41 0*0375 / 


The REACTioisr at 280° C 

' \ 

It has been shown that the dyestuff and its leuco compound have approximately 
the same power of inhibiting the reaction and hence it seems certain that the dye¬ 
stuff is the active substance. It therefore appears that the leuco compoimd must be 
converted to the dyestuff very early in the reaction. 

It was shown that the dye is appreciably volatile at about 240° C, whereas the 
leuco compound is involatile at 300° 0. If experiments were to be carried out at 
280° 0 it might be possible to detect just when leuco compound was converted to 
dye, provided the dye is not too tightly bound to the polymer to be volatilized at this 
temperature. 

As a preliminary, a sample of polymer and dyestuff were heated quickly to 220° 0. 
After that the heating current was cut down so that the temperature of the polymer 
rose only very slowly. Up to 240° C there was stiU complete inhibition, but above 
240° C, the dyestuff volatilized. At the same time the rate of the degradation reaction 
increased markedly. 

This experiment showed that the dye was still volatile in presence of polymer and 
so it should be practicable to follow the conversion of leucodye to dye, in presence 
of polymer, at teihperatures above 240° C. 

Once again an equimolecular mixture of 94,000 polymer and leuco dye was placed 
in the heating tray. After evacuating the stUl, the regulator was set at 280° C and the 
heating current switched on. The curve obtained on plotting Pirani gauge volts 
against time is shown in figure 3. If the rise in temperature had been checked below 
250° C the curve would have continued to fall steeply at A, and would have flattened 
out just a little above 0*38 which was zero in this case. At A, however, there was a 
distinct reddening of the inside of the still and the rate of the reaction increased to 
a value comparable with that which would have been obtained if no dye had been 
present. This experiment showed conclusively that the leuco compound is converted 
to dye very early in the reaction. 
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Fisttbe 3. The degradation reaction of 94,000 polymer in the presence of an equimolecular 
amount of leuco 1,4 diamino anthraquinone at temperatures up to 280° C. Zero = 0-38. 


ReACTIOIT of LETJCO OOMPOXns-D WITH MONOMER AND POLYMER 


Since leuco compound cannot exist in contact with degrading polymer, it was 
necessary to find how the hydrogen atoms of the leuco compound were removed. 

In a sample of degrading polymer, three types of molecule are present, namely, 
monomer, dead polymer, and long chain free radicals of partially degraded polymer! 
If the leuco hydrogen atoms could react with a degrading chain malriug it stable by 
simple addition. 


-CHj- 


CH, 

I— 


A 


—H 


OOMe 


CHa 

-CHj—d-H 


'•OOMe 


this reaction would be very difficult to detect, since these chains would have the 
same end groupings as the origiaal chains and they would degrade in the same way. 
These hydrogen atoms'would be very quickly used up, and soon aU inhibition would 
be proceeding by the blocking of the ends of the chains by the large dye molecules. 

If neither dead polymer nor monomer can react with leuco compound, however 
the conversion of leuco compound to dye must proceed by some such mechanism 
as mdicated above. To find whether in fact either of these could react with leuco 
compound the following experiments were carried out. 

Three glass tubes were filled and sealed in vacuo after having been thoroughly 
degassed by alternate freezing in hquid air and thawing. 

The first tube acted as a blaiJr and contained only 10 ml. of toluene together with 
0-03g. of leuco dye. The second tube contained similar amounts of toluene and leuco 
dye together with Ig. of polymer. The third tube contained the same amounts of 
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toluene and leuco dye but instead of polymer a few drops of monomeric methyl 
methacrylate were added. The Kquid in these tubes, as prepared, was coloured brown 
by the leuco dye, and even after remaining at room temperature for 3 days no change 
in colour took place in any of them. 

All three tubes were then heated to 110° C, in boiling toluene, for 30min., when 
marked changes took place in the tubes containing polymer and monomer. There 
was still no colour change in the tube containing only toluene. The tube containing 
polymer had changed to a reddish colour soon after heating was begun but did not 
darken further on prolonged heating. On the other hand, the tube containing mono¬ 
mer changed to a deep red colour which became very intense as heating proceeded. 

The hydrogen atoms of the leuco dye therefore react with monomer at an elevated 
temperature. The slight coloration produced with polymer was probably due to 
either traces of monomer or the possible reaction of the leuco hydrogen atoms with 
traces of acetone in the polymer. Another possibility arises from the fact that half 
the polymer chains are terminated by double bonds which may react in much the 
same way as the double bond in monomer. That it might be due to a reaction with 
free radicals produced from slow degradation at this temperature is a remote possi¬ 
bility, because the colour developed soon after heating was started and did not 
darken perceptibly on prolonged heating. 

Effect of enb groups on the degradation reaction 

It has been established by rate measurements in part II, and by dyestuff experi¬ 
ments earlier in this paper, that the degradation reaction of pure homogeneous 
methyl methacrylate polymers is initiated at the ends of the chains. In this and the 
previous papers aU the polymer molecules investigated differed only in chain length, 
the chain ends in every case having exactly the same structure. Any differences in 
the nature of the reaction of different polymers has been due solely to differences in 
molecular weight. 

A further proof of terminal fission might be provided by altering the mature of 
the end groups, for it is certain that the precise structure of the terminal groups will 
determine the ease with which they are eliminated from the polymer molecule. By 
a study of the effect of the introduction of different end groupings it may be possible 
to gain yet more insight into the nature of the reaction. 

The molecules already studied have a terminal structure consisting of either a 
benzoate or phenyl group at one end, and a double or single bond produced by dis¬ 
proportionation in the growing polymer, at the other. It is not yet known through 
which of these ends the molecules degrade more readily, or whether any of them tend 
to block the ends of the chains completely. 

To attempt to answer such questions, degradation of samples of two other polymers 
have been carried out. These are {a) a photopolymer, and (6) a polymer having di- 
p^(.enyl cyanomethyl groups at each end. The preparation of the polymers is described 
below. In the first of these, both ends are termmated by either double or single bonds, 
and in the second, both ends are terminated by massive aromatic groups which might 
have a similar effect upon the chain end as benzoyl or phenyl groups. In this way it 
was possible to study separately, each end of the benzoyl peroxide catalyzed samples. 
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PeEPARATIOST and STEUOTtTEE OP POLYMERS 

If perfectly pure morLomeric methyl methacrylate is subjected to the action, of 
ultra-violet light it may he made to polymerize. The available evidence indicates 
that the ultra-violet light activates monomer molecules -which then grow as diradicals 


HCOOife 

(!i=c 


hv = 


:oh3 


KOOOMe 

—(I—c— 


Polymerization wiU take place in two directions and therefore each chain must be 
terminated twice to become a stable molecule. It is also believed that termination 
occurs by disproportionation and therefore each molecule will have on the average 
one double bond and one single bond end. The important point is that both ends 
consist of pure methyl methacrylate instead of only one end as in the peroxide 
catalyzed polymer samples. Thanks are due to Dr M. F, Mackay for these samples. 

A sample of polymer was prepared by the use of the diphenyl oyanomethyl 
radical as initiator. At high enough concentrations of this radical the kinetics 
indicated that not only does the radical start polymerization, it also stops it. Thus 
the polymer consists of a sandwich of methyl methacrylate units between diphenyl 
cyanomethyl groups. 


Degradation rates 
Comparison of initial rates 

It was shown in the previous paper that the molecular weight of a polymer sample 
has no effect upon the rate of degradation except at high molecular weights where 
there is a sKght lowering in rate. Any change in rate in a sample must therefore be due 
entirely to the change in initiation rate which in turn will depend upon the nature 
of the chain ends. 

The mitial degradation rates which were obtained with photopolymer and diphenyl 
cyanomethyl polymer are compared in table 3, with the initial degradation rate of 
benzoyl peroxide catalyzed polymer. 


Table 3. Degradation oe 0-2 g. polymer at 220® C 


polymer 
BzaOa catalyzed 
photopol 3 nner 

diphenyl cyanomethyl 


rate % polymer 

(ml./hr.) deoomp./seo 


0*0440 0-00611 

0*0660 0*00902 

(0*1 g. = 0*0325) 

0*0026 0*00036 


These results show that an increase in the number of ends formed by dispropor¬ 
tionation increases the rate. In photopolymer there are twice as many double and 
single bond ends and considering the fact that diphenyl cyanomethyl groups strongly 
di m i n ish the rate of degradation at 220® C (and benzoyl and phenyl may do the same) 
it might be expected that all degradation of benzoyl peroxide catalyzed polymer 
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takes place through the double and single bond ends, and hence that the photo- 
polymer degradation rate would be twice the rate of degradation of benzoyl peroxide 
catalyzed polymer. The photopolymer, however, has a molecular weight of about 
500,000 and jfrom part ll it would be expected that benzoyl peroxide initiated 
polymer of this molecular weight would have a degradation rate of about half that 
of the figure in table 3, namely 0*0045. From the results then it may be deduced that 
in benzoyl peroxide catalyzed polymer all degradation takes place through the 
double and single bond ends formed by disproportionation while the benzoyl and 
phenyl ends resist initiation. 

From a consideration of these results it appears most likely that even the double 
and single bond ends will show a marked difference in ease of initiation. However, 
it is impossible to obtain either of these two types of end grouping without the other 
in any polymer sample, so that experiments of the type just described could not 
give any information on this point. 


Investigation of complete rate curves 

A typical rate-percentage degradation curve is shown in figure 3, part II, where 
it may be seen that the rate of production of monomer falls much quicker than 
would be expected if it were due simply to a decrease in the amount of polymer 
present. It has already been suggested that the double and single bond ends of the 
molecules react at different rates and the rapid fall in rate which has been observed 
may easily be explamed by this hypothesis. One of these types of end might be 
expected to be much more unstable than the other and the initial evolution of 
monomer will be due mostly to the rupture of the less stable type. As these are used 
up the rate will fall due to the much slower rate of rupture of the other type of end. 

It has already been shown that the initial rate of degradation of photopolymer 
indicates that degradation takes place through one or other of the types of chain end 
which have been produced by disproportionation. If, for example, the double bond 
ends break first, then the initial rate of degradation of photopolymer will indeed 
be twice that of benzoyl peroxide catalyzed polymer. If the single bonds break next, 
the rate of degradation of photopolymer should be twice that of benzoyl peroxide 
catalyzed polymer throughout the whole reaction. If, on the other hand, the benzoyl 
or phenyl groups are less stable than the single bond ends, then at a later stage in the 
reaction the rate of degradation of benzoyl peroxide catalyzed polymer should 
overtake that of photopolymer. 

Figure 4 shows the results obtained in the degradation of 36,000 polymer and 
photopolymer throughout the whole reaction, and it may be seen that the rate of 
degradation of photopolymer is always about half as large again as that of 36,000 
polymer, which is to be expected. Once all these most unstable ends are broken the 
rate has become too small for accurate measurement and so the temperature was 
raised to 280° 0. Degradation was carried out to an extent of 80 % with both 
polymer samples, and the figure shows that there is no relative decrease in the rate 
of degradation of photopolymer but that it continues to degrade throughout the 
reaction at a rate 1*5 times as fast as that of catalyzed polymer. 
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■ As explained above this is sufficient proof that both double and single bond' ends 
degrade, while benzoyl and phenyl ends do not do so at any detectable rate under 
these conditions. 



0 20 40 60 80 100 

percentage degradation to monomer 


PiGUBB 4. Comparison of rates of degradation of photopolymer (O) and 
36,000 benzoyl peroxide catalyzed polymer ( x ). 
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Whether it is the double or single bond ends which break more readily cannot be 
discovered by these methods although the problem might be approached from the 
standpoint of the change in degree of unsaturation of a polymer sample with 
degradation. 

It was shown earlier in this paper that polymer with diphenyl cyanomethyl end 
groups degraded only very slowly at 200° C. At 280° C, however, the reaction 
proceeds at a measurable rate. Since the ends of all the chains in such a polymer are 
identical a faU in rate such as was observed in other polymer samples should not be 
found. Only a slight decrease should be observed due simply to the decrease in the 
amount of polymer present. 

Results obtained during the degradation of this polymer sample are shown in 
figure 5. 

These results faU in with the general theory since figure 6 shows that there is 
indeed no rapid faU, the faU in rate up to 25 % at least being due only to the decrease 
in the amount of polymer present. Degradations were not carried out to a greater 
extent than 25 % owing to the high temperatures required over relatively long 
periods of tinxe. 

Energies oe activation 
Experimental determination 

Provided the polymer had previously been heated to remove volatiles it was found 
on reheating it to any fixed temperature that the rate of production of monomer very 
quickly reached a steady value. Prom this fact it foUowed that the value of the 
energy of activation could be determined in a single run and in a matter of 40 to 
60 min. 

The polymer was heated quickly to the highest temperature which was to be used 
in the determination of the energy of activation and as soon as aU the volatiles had 
been driven off (as shown by the rate-time curve) it was aUowed to cool. During 
cooUng, by foUowing the decrease in rate on the Pirani gauge, the most convenient 
temperature for the subsequent determination could be obtained, that is the lowest 
temperature at which there was a measurable rate of production of monomer. 

The temperature regulator was then set at this temperature and the heater current 
switched on, the readings on the Pirani gauge voltmeter being plotted against time. 
Readings were taken in the usual manner, that is, as the falling temperature slowly 
passed the required value. As soon as a constant voltage value had been obtained, 
the regulator was set 10° C higher and the polymer allowed to come to this new tem¬ 
perature. This was repeated four or five times as shown in figure 6. Once the final 
value of V had been measured the polymer was aUowed to cool and the value of 
F at zero pressure, was obtained. 

These results are given in table 4. The values of log rate, measured by (F^ — Fg)/F§, 
are plotted against l/T in figure 7. 

The energy of activation corresponds to 31 kcal. 

Results V 

By the method described earlier in this section the energies of activation of all 
the benzoyl peroxide initiated polymer samples, and the photopolymer, were found 
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V (volts) 
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Table 4. Dbtbbmutation op bnbrci-y op activatiom' 


TCK) 

mol.wt. = 179,000. 

vt 

wt. of polymer = 

log ^ 

0*1 g. 

% polymer 
decomp./sec. 

473 

0-1448 

T-1608 

0-00159 

483 

0-2715 

T-4338 

0-00300 

493 

0-6204 

T-7163 

0-00574 

503 

0-9729 

T-9881 

0-01070 
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to have values of 31,000 ± 1,000 cal. These were measured near the beginning of the 
degradation reaction, but later measurements indicated a general rise in the energy 
of activation as the reaction proceeded. Figure 8 shows the result of the measurement 
of the energy of activation of a typical sample at various stages in the degradation. 



percentage degradation 

Figure 8 . Effect of degradation on the energy of activation 
of benzoyl peroxide catalyzed polymer. 


In the reverse polymerization reaction which has already been shown to apply in 
this case, there are only two steps, these being initiation at the ends of the chains 
followed by propagation along the chains. The increase in the energy of activation 
during the reaction must be due to a change in one or other of these steps. In the 
propagation step, and especially with high molecular weight samples there has been 
shown to be a definite termination reaction which tends to terminate the chains 
before they have disintegrated completely. If this were causing the increase in the 
value of the energy of activation in some way, no increase would be observed diiring 
the degradation of 36,000 polymer, which has been shown to be purely reverse 
polymerization with no premature termination whatsoever. This was shown not to 
be the case, however, the energy of activation increasing from about 31,000 to 
42,000 during the course of the reaction in the same way as with the other polymer 
samples. 

It has already been shown that end groups have a marked effect upon the rate of 
the reaction, and that degradation proceeds from the ends which have been produced 
by disproportionation—^that is, the double and single bond ends. One of these ends 
is much less stable than the other, and it seems most probable that the increase in 
energy of activation during the course of the reaction is due to the fact that as 
degradation proceeds a bigger proportion of it is taking place through the more 
stable end which will require a larger amount of energy to eliminate. 
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It may Tae deduced that the energies of activation of the degradation reaction 
through the two t 3 ^es of end formed by disproportionation are 31,000 and 42,000 cal. 

In the case of the degradation of diphenyl cyanomethyl end group polymer, since 
nil the ends are of the same nature, it would be expected that the energy of activation 
would not change during the course of the reaction, in accordance with the fact the 
rate of monomer production falls proportionately with the weight of polymer re¬ 
maining in the stm. On the other hand, owing to the stability of this polymer, the 
energy of activation of the degradation reaction would be much larger. 

!From experiments carried out at temperatures between 270 and 300 0 the energy 
of activation was found to be 47,000 cal. at 2 to 3 % degradation and 47,000 cal. at 
25 % degradation. This again supports the theory that the characteristics of the 
degradation are as already described. 


BneeGEXIOS OB’ DEGRADATIOM- 

Burther conjftrmation’ of the general chain-like character of the degradation 
reaction is afforded by an examination of the energetics of the process. If the 
TUP!nhfl,m'aTn suggested is correct this energy of activation for the elimination of methyl 
methacrylate from the polymer radical should be much less than the elimination of 
the end group from the polymer molecule. The former energy of activation is simply 
the sum of the heat of polymerization (11 koal.) and the energy of activation (4 kcal.) 
for the growth of the polymer radical or 16 kcal. This is much less than the lowest 
value (31 kcal.) for the degradation of the photo polymer. Similarly the low value 
of 31 kcal. would preclude any su^estion that fission of the polymer molecule could 
occur at a carbon-carbon bond alon^ the chain. It is not possible to say to which 
particular bond the 31 kcal. applies until the chemical nature of the radical fragment 
fix»m the polymer is identified. With the larger polymers the polymer radicals do not 
completely degrade and hence the overall energy of activation will be composite 
as occurs in the polymerization reaction itself. Thus 


■“ app . —^+-“2 


where is terminal fission energy, E^ is the elimination energy for monomer from 
the polymer radical, and E^ is the radical-radical interaction energy of activation. 
El is about 31 kcal., E^ is 15 kcal. and E^ is probably zero. Thus in this case 
■®app. — ^0*6 kcal. It is portentous that these should be similar values, but this is in 
accordance with the fact that the energy of activation is independent of molecular 
we^ht even though the rate falls off at high molecular weights. 

In common with the thermal fission of organic molecrdes it is to be presumed that 
the mitial fission is a unimolecular reaction in the sense that once the energy has 
accumulated in the bond to be broken, the actual fission is wholly the concern of tha-t 
particular molecule. 

The temperature-independent factor in the initial fission reaction may be cal¬ 
culated since the rate of evolution of monomer and the length of the polymer radical 
are known. The data are summarized in table 5. 
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Table 5 


nature of polymer 

mol.wt. of 
polymer 

fractional loss 
of wt. of 
polymer/sec. 

energy 
of acti¬ 
vation 
(kcal.) 

temp. 

(°C) 

temp.- 

independent 

factor 

peroxide 

36,000 

1-16 X 10-4 

32 

220 

4-2 X 10’ 

initiated 

36,000 

4*4 xl0“5 

40 

280 

6-4x10’ 

diphenyl cyanomethyl 

— 

1-29x10-5 

47 

280 

9-6 X 10» 


It wiU be seen that these factors are considerably less than 10^® which is the 
normal factor in unimolecular reactions. So little is known about energy transfers 
within long-chain molecules that it is not surprising that abnormalities should be 
observed. 
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IV. The thermal degradation of the methyl methacrylate 
copolymers with glycol dimethacrylate and acrylonitrile 

By N. Geassie aitd H. W. Melvujue, B.R.S. 

Chemistry Department, University of Aberdeen 

[Received, 3 JlforcA 1949) 

The effect upon degradation of cross-links, formed by copolymerizing small amounts of 
glycol dimethacrylate with the methyl methacrylate, and small amounts of acrylonitrile units 
in the chains has been investigated. 

Cross-links make no difference to the degradation characteristics according to rate measure¬ 
ments. Molecular weights could not be measured in this case owing to the insolubility of the 
polymer. 

The methyl methacrylate-acrylonitrile copol 3 nner degrades in quite a different way from 
polymer composed of homogeneous methyl methacrylate chains. In this case the chain rup¬ 
tures initially at or near the acrylonitrile units, the molecular weight falling very rapidly in 
the initial stages of the reaction. One side of the break is terminated by an acrylonitrile uni^ 
which cannot degrade but the other side may sooner or later degrade to the next acrylonitrile 
unit along the chain. The induction period observed is probably due to the time taken to 
build up an appreciable concentration of such degradable ends. 

A quantitative calculation agrees well with this theory. 


Introditction 

In previous papers the degradation characteristics of pure polymethyl methacrylate 
chains have been studied and the mechanism of the reaction established. This 
degradation reaction has been shown to proceed in two well-defined steps. First 
the chain is initiated by a splitting from the end of the molecule of a small free radical. 
The remaining polymer radical completely disintegrates with the production of 
monomer. It has been shown possible to vary the initiation rate by changing the 
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nature of the end groups in the polymer molecules, although once this initiation has 
occurred there is no changes in the characteristics of the depolymerization. ' 

The experiments in this paper are concerned with the depolymerization step itself 
and the effect of changes in the structure of the polymer chain will be described. 


A, The methyl methaceylate-glygol dimethaoeylate copolymee 

The first change was the introduction of cross-hnks along the chain. This was done 
by copolymerizing glycol dimethacrylate with methyl methacrylate. The structure 
at a cross-link would be as follows: 


-CHa 


CHg CHs 0H3 

CHa—(UCHa—(i- 
hoOMe i=0 hoOMe 

A- 

Ah* 

Ahj 

A 

CHa (>=0 CH3 

—CHa——CHa—A—CHa—A— 

AoOKe AoOMc 

The structure of the main chains has only been slightly changed. Such a modi¬ 
fication should not significantly affect the nature of the depolymerization process. 


Preparation of samples 

In the preparation of these cross-linked polymer samples the method of purifica¬ 
tion of monomer was exactly the same as that described in part II for the preparation 
of pure polymethyl methacrylate samples, except that the requisite amount of 
glycol dimethacrylate was added before purification. The reason for this was that 
such a small amount of glycol dimethacrylate was used that separate purification 
by the same method as for the methyl methacrylate would have proved a difficult 
and wasteful business. 

Once the inhibitor had been removed and the mixture of monomer and cross- 
linking agent dried, purified catalyst was added and the whole poured into a bolt-head 
flask which was heated in a water bath. 

Three samples were prepared under conditions shown in table 1. 


Table 1. Peepaeatioh of ceoss-linked polymee samples 


sample 

1 

2 

3 


temp. (° C) 

100 

100 

100 


% catalyst 
1 

0*26 

1 


% G.D.M. 

1 

1 

5 


This cross-linked polymer is insoluble in all solvents including monomer, so that 
as soon as it was formed it precipitated from solution and set to a solid rna a g in a very 
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short time. Owing to its insolubility it was quite impossible to obtain it in the form 
of a jfine powder by the method described for pure polymethyl methacrylate. 

The semipolymerized mixture was poured on to large watch glasses just before 
it set solid, and afterwards broken up and roughly ground. 

Theoretical 

Owing to the insolubility of the polymer it is unfortunate that no information 
can be obtained about the nature of the sample during the degradation. A number of 
possible extreme mechanisms for the reaction present themselves from a knowledge 
of the structure of the polymer. It may be, for example, that even this small change 
in the structure of the chains themselves will cause degradation to stop entirely when 
a cross-link is reached. In that case initiation would proceed as before at the ends of 
the chains, but the reverse polymerization reaction could only proceed as far as the 
first cross-link in each chain. Very soon all evolution of monomer would stop and 
a very stable and compact molecule would result. 


I 


A second possible extreme mechanism arises from the assumption that a cross- 
linking unit would make httle difference to the degradation. When a chain degrada¬ 
tion reaches this cross-link, the unit containing it will be eliminated in the normal 
way. The glycol dimethacrylate molecule would not, however, he evolved until 
both chains, of which it has been a part, had depolymerized. 

Finally, it appears just possible that while degradation takes place through one 
vinyl group of a glycol dimethacrylate molecule, the other vinyl group may be 
affected, becoming unstable, and starting off degradation in the adjacent chain. 
If, for example, degradation proceeded from A to jB, then at B it would branch, and 
proceed both to C and also from DtoE and F. 

C^B-<r-A 

} 

> 


In the first of these cases the rate would be very slow in the initial stages, and very 
quicldy fall to zero. In the second case the rate would not be very much different 
from that during the degradation of normal benzoyl peroxide catalyzed polymer. 
It would certainly be of the same order, although the size of the particles or a slight 
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difference in the reactivity rate of glycol dimethacrylate might cause a slight difference 
from straight chain polymer. 

Lastly, if the third mechanism were correct, then the whole molecule would very 
quickly disintegrate to monomer at an ever mcreasmg rate. 


Experimental and discussion 

0-2 g. of each of the three samples were degraded m the heating tray in the usual 
manner. The same sort of curve wa/S obtained as that shown in figure 9, part I (for 
ordinary polymethyl methacrylate), except that the second maximum was not nearly 
so high. This maximum was explained as being due to evolution of solvent or mono¬ 
mer from the inside of the polymer grains, when the polymer melted. Owing to the 
infusibility of these cross-linked samples, however, these volatiles would not be 
so easily evolved as with straight chain polymethyl methacrylate, and also the 
sample would not be so liable to contain volatiles since no solvents were used 
in its preparation. The values of rate, (7®- F§)/F§, at 220° 0, for different degrees 
of degradation of sample 3, are given in figure 1, which shows that the degradation 
proceeds in much the same way as for normal polymer. The initial rates for each 



Fiottke 1 . Rat© of degradation of cross-linked polymer at 220° 0. 

of the ^mpl^ are given in table 2, which shows that neither the amount of catalyst 
present, nor the amount of cross-linking, has any effect upon the rate of degradation. 

Jit mechanism suggested is indeed the cor- 

0 e. -Lhe difference between the initial rates of these samples, (F^- F?)/F* =» 0-78 

methaoiyWe, (F»- n)/FJ = l-O, is probablV dm to 

formed by degiadSon” * 

i J“T port at least of ae msolbbiUty of ctoss-lmkod polymers 

m to ae estreme length of ae chains which is caused in some way by the Ljss- 
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linking agent. It has been shown, however, that in the case of straight chain polymers, 
the rate of degradation falls away markedly at high molecular weights. But even if 
the decrease in rate of degradation of these cross-linked polymers was totally due to 
the length of the chains one would only expect the chains to be about 4000 to 5000 
units in length. Brom this it follows that these polymer samples must be made up of 
relatively short chains initiated and terminated in the usual way but containing an 
occasional cross-link which has made no difference to the mean structure of the 
polymer chains. 

Table 2. Iottial bates of BEGRADATioisr of 0*2 g. samples 

OF OROSS-LINKEB POLYMERS 




rate 

% loss of wt, of 

sample 

n 

(ml./hr.) 

polymer/sec. 

1 

0*78 

0-0335 

0*00439 

2 

0-75 

0-03225 

0-00421 

3 

0-80 

0-0345 

0-00450 

normal peroxide 
polymer 

lUO 

0-0440 

0-00574 


This difficulty of monomer escaping from the polymer may be demonstrated by 
the following experiment. After all the volatiles had been removed from 0*2 g. of 
sample 1 it was cooled to room temperature. The regulator was then set to 260° C 
and heating started once more. The form of the curve obtained on plotting Pirani 
gauge volts against time is shown in figure 2. When the temperature first reached 
250° C the evolution of monomer was extremely slow and only built up to a maximum 
after about 15 min. Under these conditions it is likely that monomer may undergo 
side reactions such as repolymerization before it has time to escape from the 
degrading polymer, and so it may be that the discrepancy in rates between cross- 
linked polymer and straight chain polymer is due, in part at least, to this slow escape 
of monomer from the polymer. 



With ordinary polymer the build-up to a steady rate on increasing the temperature 
takes place almost instantaneously. 
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B. The methyl methaceylate-aceylonitrile copolymee 

The first part of this paper was concerned with experiments with a polymer in 
which a very small change in structure, as far as the degrading chains were concerned, 
had been introduced. To the degrading chain the change was three atoms away, and 
as might have been expected it caused little or no change in the degradation character¬ 
istics from those of pure polymethyl methacrylate chains. 

To take matters a stage further, it appeared desirable to study the effect upon 
degradation of the introduction into the chain of foreign monomer molecules which 
had an entirely different structure from methyl methacrylate. It is possible that 
a methyl methacrylate polymer contaming small amounts of the monomer of another 
degradable polymer such as styrene, would degrade in much the same way as pure 
polymethyl methacrylate. This, however, is by no means definite since the fact that 
both methyl methacrylate-methyl methacrylate bonds and styrene-styrene bonds 
break easily in degradation is not proof that a methyl methacrylate-styrene bond 
will break as easily. Although such copolymers are worthy of study it would be of 
more interest at this point to study a copolymer system in which one of the consti¬ 
tuents is not degradable and is relatively stable thermally. 

Choice of system 

In copolymer chemistry it is found that the fraction of each monomer in the 
copolymer is not the same as the fraction of each monomer in the initial monomer 
mixture. It is essential, however, in this work to know the exact constitution of the 
copolymer on which investigations are being oarried out. 

The elements of a theory of copolymerization were first put forward by Norrish 
& Brookman (1939). The theory used here is an extension of their work but so far 
it has only been applied to a very limited number of systems by Alfrey, Merz & 
Mark (1947), 0 - C. Price (1946) and Alfrey & Price (1947). 



PiGUBE 3. The action of heat on polyacrylonitrile. 
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Since methyl methacrylate was required as the degradable component of the 
copolymer, the choice of a system was at once very much restricted. The most 
suitable system appeared to be methyl methacrylate-acrylonitrile since poly¬ 
acrylonitrile itself is stable thermally to quite high temperatures. 

To make quite certain that polyacrylonitrile is thermally stable under all con¬ 
ditions of temperature used during experiments, a sample of this pol 3 nner was heated 
in the still to 220 ° C and then to 280° C. The curve obtained on plotting the Pirani 
gauge volts against time is shown in figure 3. Once volatiles have been evolved no 
further degradation takes place. The temperature was maintained at 280° 0 for 
half an hour. The curve has only one maximum which would indicate that only the 
volatiles adsorbed on the surface of the polymer had been evolved, and therefore 
that the polymer had not softened or melted. On opening the still this was found to 
be the case, the polymer stiU being in the form of a fine powder instead of a solid fused 
mass as with poljnmethyl methacrylate. 

Copolymerimtion theory 

From the copolymerization theory mentioned above the following equation may 
be derived, which links the proportion of the monomers in the monomer mixture 
and in the initial polymer formed from this mixture. 

b B 

- = -y xax-; — 
a A A + aB 

where h and a are the mole fractions of the monomers in the initial polymer, and 
B and A are the mole fractions of the monomers in the monomer mixture. 

a = = ratio of rates of addition of A and B monomers to A long chain-free 

radical ends, and 

j3 = — ratio of rates of addition of A and B monomers to a J? long chain-free 

radical end. 

Lewis, Mayo & Hulse ( 1945 ) found that the relative rates of addition of monomer 
to radical, in the formation of the methyl methacrylate-acrylonitrile copolymer, 
are as shown in table 3. 


Table 3. Relative rates of addition of monomers 

TO LONG CHAIN RADICALS 


radical 


monomer 


relative rates 


acrylonitrile 
acrylonitrile 
methyl methacrylate 
methyl methacrylate 


acrylonitrile 
methyl methacrylate 
methyl methacrylate 
acrylonitrile 


1-0 

7-0 

1*0 

0-83 


li A — methyl methacrylate, and B = acrylonitrile, .then a = 0-83 and /? = 0-14. 
Using these values of a and y?, figure 4 shows the connexion between mole fractions 
of monomers in the monomer mixture and in the initial polymer formed from that 
monomer mixture. 
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It may be noted, of course, in the preparation of these polymer samples, that the 
theory only gives information about the initial polymer formed because as the 
polymerization proceeds the composition of the monomer mixture will change and 
SO' affect the composition of the polymer formed from it. 



PioxjKE 4. Acrylonitrile-methyl methacrylate copolymer composition. 


Preparation of samples 

The relative monomer-free radical reactivities which were obtained by Lewis 
ffl 5 al. (1945), were calculated from copolymer samples which were prepared under 
very closely controlled conditions. Although it is difficult to ensure that the 
conditions of Lewis et al. are maintained during copolymerization thus obtaining 
s imila rity in initiating and terminating, the composition of the copolymer is for- 
tuna'fcely not affected by these reactions and in fact is completely de'fcermined by 
monomer composition. 

The benzoyl peroxide which ■was used as a catalyst for the polymerizations was 
purified in exactly the same way as already described for the preparation of benzoyl 
peroxide catal3?zed samples of pure pol3?methyl methacryla'te. Lewis et al. used very 
small catalj^t concentrations (0-1 mole %) and hence the catalyst was measured 
into the reaction vessel as a standard solution in benzene, the benzene being evapor¬ 
ated off by means of a filter pump before adding the monomers. 

The acrylonitrile was obtained from Imperial Chemical Ind'ustries (Dyest'uffs 
Division). It was careftJly fractionated, only a few ml. at the beginning and end of 
the distillation having to be discarded as not boiling exactly at 77° C. 

The monomeric methyl methacrylate was freed from inhibitor by repeated shaking 
with sodium hydroxide solution. It was finally washed two or three times vdth dis¬ 
tilled water to remove excess sodium hydroxide and dried overnight over calcium 
chloride. O-wing to the possible effect of even trace impurities upon the constitution 
of the copolymer, it was necessary to purify the monomer further. Lewis et al. 
distified it under reduced pressure and stored the resultant product in a refrigerator. 
The roughly purified and dried product was distilled at 36 ° C under a pressure of 
30 to 36 mm. of mercury. The fir^ distillate was distinctly milky and was discarded. 
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The clear distillate was collected for use and distillation was stopped when about 
75 % had been distilled, the residue being discarded. This pure monomer was then 
stored in a refrigerator until used. 

Two samples were prepared with a ratio of monomers such that the initial polymers 
were made up of methyl methacrylate-acrylonitrile = 410/1 and 40/1. The monomer 
mixture which was added to the catalyst was thoroughly degassed before being 
sealed off m vacuo and polymerized. Polymerizations were carried out under exactly 
the same conditions as those of Lewis et al. and the polymer was precipitated and 
powdered as described in an earlier paper. These polymers, which contained only 
very small amounts of acrylonitrile were found to be soluble in the usual polymethyl 
methacrylate solvents. 

Theoretical 

Bearing in mind the degradation characteristics of polymethyl methacrylate and 
the thermal stability of polyacrylonitrile, various mechanisms may be considered 
for the degradation of the methyl methacrylate-acrylonitrile copolymer system. 

1. Since acrylonitrile itself does not degrade to monomer and is stable thermally, 
it is possible that the degradation of a polymethyl methacrylate chain may be stopped 
short by the presence of an acrylonitrile unit. 

In this case only small amoimts of monomer would be evolved and this monomer 
would represent the average distance from the ends of the chains to the first acryloni¬ 
trile unit. 

2. On the other hand it may be that when a single acrylonitrile unit is present in 
the chain degradation will pass right through it. If, however, more than one acryloni¬ 
trile units occur together degradation would be stopped since an acrylonitrile- 
acrylonitrile bond would have to be broken. Only acrylonitrile-methyl methacrylate 
bonds would have to be broken in the former case. 

~M—M—A—A—M—M—M—M— 

If this were the mechanism then complete degradation of chains would occur as 
with pure polymethyl methacrylate as long as the number of acrylonitrile units in 
the chain was appreciably below 50 % of the total. On approaching 50 % acryloni¬ 
trile, the chances of findmg two acrylonitrile units adjacent to one another in the 
molecule would increase. 

3. It is just possible that most polymers have the potentiality of degrading 
although they do not normally do so since initiation cannot occur owing to the nature 
of the ends of the chains. It has already been shown how, by varying the nature of 
the end groups of polymethyl methacrylate, the degradation may in some cases be 
almost completely stopped. If that were the mechanism, then degradation would 
proceed in all chains which were terminated by methyl methacrylate. 


—A—A—A—M—M—A—A—A—M 



48 


N. Grassie and H. W. Melville 

In aU three of these mechanisms, degradation, if it takes place at all, does so as 
in the case of pure polymethyl methacrylate, from the ends of the chains, and in 
no case Tronld more than one residue be obtained from each partially degraded mole¬ 
cule. From this it follows that the molecular weight of residue against percentage 
degradation to monomer curves, figure 1, part II, would never fall below the diagonal. 

4. On introducing acrylonitrile units into methyl methacrylate chains, acryloni¬ 
trile-methyl methacrylate bonds have thereby been formed. Little can be deduced 
of their properties from the behaviour of methyl methacrylate-methyl methaciylate 
or acrylonitrile-acrylonitrile bonds, but they may well be unstable and break easily 
on heating. If this happened, and reverse polymerization took place in the fragments, 
then the molecular weight would not fall during degradation, provided the two frag¬ 
ments degraded completely. If, however, these degrading radicals were prematurely 
stabilized then there would be a marked fall in molecular weight and the molecular 
weight against percentage degradation to monomer curve would lie below the 
diagonal. 

Once again then, as in the case of pure polymethyl methacrylate, it appears pos¬ 
sible that rate and molecular weight measurements will give much information as 
to the mechanism of the reaction. 

Rates of degradation 

In order to find out, first of aU, whether the presence of acrylonitrile units at 
intervals along the chain has any large effect upon the degradation, an experiment 
was carried out with 0*2 g. of the 1/410 copolymer sample. Ordinary polymethyl 
methacrylate would have an initial rate given, at 220° 0, by (F^—F§)/F§ = 1-0 
(0-0001148 g./sec.). The curve obtained with a copolymer sample is shown in figure 5, 
where the initial rate is given by (F^— F§)/F§ = 0-246 (0-0000282 g./sec.). This falls 
to (F^—F§)/F§ = 0*101 (0-0000116g./sec.) after only 3 % degradation. 
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These results indicate that the rate of degradation is cut down markedly by the 
presence of small amounts of acrylonitrile in the copolymer. At point A, in figure 5, 
the temperature was allowed to rise to 280° C, in order to find out whether at this 
temperature too the rate was very slow. The rate increased as shown as the tem¬ 
perature rose, but instead of falling away gradually once the temperature had 
reached 280° C, it remained constant for a short time and then continued to rise, 
later falling away. The portion of the curve obtained at 280° C appeared to indicate 
some sort of induction period, although it was not at all well defined. It was decided 
to search for a similar induction period at 220° C, because at that temperature the 
rate of production of monomer was much slower, and any increase in the rate would 
probably be much more sharply defined so that the induction period in turn would 
be more sharply defined. 



Figubb 6 . Continued degradation of 1/410 copolymer at 220° C. Zero = 0*365. 


Figure 6 shows the result of the continued heating at 220° 0 of 0*3 g. of the same 
copolymer sample. It will be seen that after about 120 min. the rate did indeed 
start to rise and reached a maximuin 210 min. after the start of the experiment. 


The induction period obtained at 220° C with 1/410 copolymer appeared to be 
quite sharply defined, and it seemed that information might be gained as to the role 
of the acrylonitrile in the reaction by a study of the induction periods of various 
copolymer samples. 

With this end in view, 0*3 g. of the 1/40 sample was heated to 220° 0 in the still 
and^he result is shown m figure 7. In this case the induction period was not nearly 
so well defined although it appeared to be of about the same duration as in the 
previous case. The maximum rate attained was small. 


VoL 199- A. 


4 
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If the iaduction period had been due to an elimiaation of acrylonitrile or something 
of that sort, then it would have been expected to be much longer for the 1/40 sample, 
although the maximum rate attained would have been more or less the same. It is 
therefore probably not a true induction period in the sense that during it, something 
is being eliminated, but rather is it a general slowing down of the rate, caused in 
some way by the presence of the acrylonitrile units in the molecule. 



time (mia.) 

Figure 7. Contiaued degradation of 1/40 copolymer at 220® C. Zero = 0*3675. 


Effect of degradation upon molecular weight 

Taken by themselves, rate measurements and a study of the induction period 
could give no more information of the nature of the reaction. The other line of attack, 
which had been used in the investigation of the degradation of ordinary polymethyl 
methacrylate, was the measurement of molecular weights of partially degraded 
samples, and it seemed definite that such experiments might indicate what was 
happening to the molecules during the apparent induction period—some change* 
must have been taking place which was making them more easily degradable. 

Molecular weight measurements were made on degraded samples of both 1/410 
and 1/40 copolymers. The results are plotted in figures 8 and 9 and corrected for 
volatiles in tables 4 and 5. 

These two curves indicate that whatever else may happen, two stable involatile 
fragments are formed when each break occurs in the chain. The only difference in 
structure between these polymers and pure polymethyl methacrylate resides in 
the acrylonitrile units which are dispersed along the chain. The breaks must therefore 
occur at or near the acrylonitrile units since it is already known from previous work 
that the homogeneous methyl methacrylate parts of the chains do not break in 
this way. 

degradation to monomer curves tend is also of interest. There are on the average. 
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410 methyl methacrylate units, that is 41,000 in weight, between two acrylonitrile 
units in the polymer referred to in figure 8 and it may be seen that the molecular 
weight tends to a value somewhat less than 50,000. In figure 9 the limiting value 
will be a good deal lower and in this case the weight between acrylonitrile units is 
only 4000. 



Fiotjue 8 Figxtbe 9 

Figure 8, Effect of degradation on tlie molecular weight of 1/410 copolymer. 
Figure 9. Effect of degradation on the molecular weight of 1/40 copolymer. 


Table 4 . Molecular weights oh degradatioh of 1/410 cobolymer 


temperature = 220° C 


time of 

% 


degradation 

degradation 

mol.wt. 

0 

0 

617,000 

50 

3 

560,000 

120 

7 

234,000 

280 

35 

80,000 

580 

59 

64,000 


Table 5. Molecular weights oh degradatioh of 1/40 copolymer 


temperature = 220° C 


time of 

% 


degradation 

degradation 

mol.wt. 

0 

0 

547,000 

90 

1 

'475,000 

190 

2-7 

247,000 

290 

8 

140,000 

590 

33 

66,000 


Tlieso results again indicate that breaks occur at the acrylonitrile units, leaving 
residues of pure methyl methacrylate chains which of course must degrade by reverse 
polymerization and show no fall in molecular weight. 


4-2 
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So far it has been established that the role of the acrylonitrile is to create weak 
links which break easily. 

In measuring the amounts of monomer produced, initial volatiles were not allowed 
for. ^Figures 8 and 9 show that they amount to about 6 to 10 % of the origiaal weight 
of polymer siace the curves tend to this value and not to zero degradation. 

An approximate theory 

The rate-time curves, figures 6 and 7, show that small amounts of monomer are 
always produced in the reaction. At the beginning of the reaction it is probable that 
most of the monomer comes from degradation of the ends of the chains to the first 
acrylonitrile unit, where it is stopped. The rate of production of monomer then 
increases with time until it reaches a maximum. 

The initial breaks will almost certainly not occur within the acrylonitrile units 
since they do not do so in the case of pure polyacrylonitrile which does not degrade. 
The break cannot take place at a methyl methacrylate-methyl methacrylate livilr 
since this does not occur in pure polymethyl methacrylate. It must therefore be 
assumed that the break occurs at the methyl methacrylate-acrylonitrile link, and 
where this break occurs two free radicals must be formed. One of these will be ter¬ 
minated by an acrylonitrile unit and the other by a methyl methacrylate unit. The 
acrylonitrile is not degradable otherwise the copolymer would degrade completely 
to monomer in the same way as pure polymethyl methacrylate. This acrylonitrile 
must therefore become stable in some way while the methyl methacrylate end 
degrades to the next acrylonitrile unit, which on the average is 410 units away. 
Therefore for each break which occurs in a chain, 410 units of methyl methacrylate 
are produced in the 1/410 copolymer and 40 are produced in the 1/40 copolymer 
sample. 

Since ten times as much monomer is produced per break from the 1/410 sample, 
the molecular weight against percentage degradation to monomer curve would be 
expected to fell much more steeply in the case of the 1/40 sample. Eeference to 
figures 8 and 9 shows that this is mdeed the case. 

Assuming that (i) breaks occur at the acrylonitrile units, and (ii) z methyl meth¬ 
acrylate units are produced at each break, the number of breaks which occur can be 
worked out in the following way from the knowledge of the fall in molecular weight , 
with time. If (D.P.)„ = original degree of polymerization, and n — number of 
breaks per molecule, i.e.4-1 = number of fragments produced from each molecule, 

X = the ratio, methyl methacrylate/acrylonitrile in the original molecules, 

' • = degraded degree of polymerization, 

tTiftn D.P. = of nnits present in involatile fragments 

no. of fragments produced from each molecule 

i.e. D P = (-P-P-)o— 

M.4-1 

This formula is only true in the initial stages of the reaction since two fragments 
have been assumed to have been formed as a result of each break. If the acrylonitrile 
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group nearest the end of the molecule breaks, however, and if the methyl methacry¬ 
late units ehminated are those between this acrylonitrile and the end of the molecule 
then only one involatile residue will be left from such a break. With the 1 /410 sample 
there are on the average 15 acrylonitrile units in each chain. The probability therefore 
of such a bond breaking is initially 1 in 15. When, however, one break has occurred 
on the average in each molecule the probabihty of only one involatile being left will 
be about 1 in 7. As degradation proceeds the probability will become greater and the 
formula will become less and less applicable. It should, however, give a good approxi¬ 
mation at least in the initial stages of the reaction, of the number of breaks which have 
occurred on the average in each molecule. 

For the 1/400 polymer the formula becomes, 

_6170--j^ 

-f* 1 

so that, knowing the molecular .weight of the degraded sample, the average number 
of bonds broken may be calculated. 

The results obtained for the 1/410 and 1/40 copolymer samples are calculated from 
tables 4 and 5 and shown in figures 10 and 11. 



tune (miti.) 

Figtjbb 10 Figxtbb 11 

Figubb 10. Rate of breaking of bonds m 1/410 copolymer at 220° C. 

Figurb 11. Rate of breaking of bonds in 1/40 copolymer at 220° C. 

There is apparently a yery close agreement between the curves in figures 10 and 
11 and those in figures 6 and 7 although the two sets of results were obtained in totally 
different ways. In figure 10 the apparent induction period and the increase and 
subsequent decrease m rate can be seen and these agree almost exactly in time with 
the a imilaT evidence in figure 6. Figure 11 shows that even after 590 min. at 220° C, 
the 1/40 copolymer has not reached the maximum rate of degradation as indicated 
by a point of inflexion on the bonds broken-time curve, Agaui this agrees with the 
rate measurements shown in figure 7 where after 590 min. the rate is just about the 
maximum. 
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690 min. at 220° C corresponds to 39 % degradation of this polymer sample, and 
since even after that time the maximum rate of breaking of bonds has not been 
reached, additional evidence is thereby obtained that the molecular weight, as shown 
in figure 9, would fall to a much lower value at higher degrees of degradation. 

Good verification of the theory has been obtained as follows. 

From the bonds broken-time curve, the rate of production of monomer may be 
obtained at any time from the slope, and it is easiest to draw a tangent to the curve 
at the point of greatest slope which according to the theory, gives the maximum rate 
of production of monomer. 

From the bonds broken-time curve, the maximum rate of breaking of bonds is 


1 bond/moleoule/43min. = 410 methyl methacrylate units/molecule/43 min. 

= 9-53 methyl methacrylate units/molecule/min. 

Therefore the average fraction of each molecule which is lost per minute as monomer 


= 9-53/6170. 

0-3 g. of pol 3 rmethyl methacrylate were originally present, therefore 
of monomer should be produced per minute, 


9-53 X 0-3 
6170 


g- 


9-53 X 0-3 X 60 
6170 

9-63 X 0-3 X 60 
6170x0-94 
^ 0-0296 ml./hr. 


g./hr. 

ml./hx. 


The maximum rate, from figure 6, is given by F = 0475, and » 0*365, which 
gives (F^- F§)/Fg = 0*71 and according to figure 4, part I, this is equivalent to a 
rate of production of monomer of 0*0305 ml./hr. 

Such good agreement is not obtained with all points on the curves, but considering 
the factors involved, it seems satisfactory even to have obtained agreement to 
within a factor of two or three. 

The induction period is rather chificult to understand, but an explanation appears 
to be that the acrylonitrile units (where the breaks occur) tend to be protected from 
attack within the coils of the larger molecules, so that the rate will only increase 
when the molecules have been somewhat broken down. Another possibility is that 
the two fragments formed at a break do not become free radicals but disproportionate 
to molecules, at least one of which has the potentiality to degrade at some future 
time. The rate will only increase when a high concentration of these molecules has 
been built up. 

Energy of activation 

It has been established that the degradation of copolymers proceeds by breaking 
at the acrylonitrile units, followed by the degradation of part of the chain. This 
reaction is very slow in the initial stages but becomes faster as the chains are partially 
broken down. Although breaking of acrylonitrile bonds is slow, in the initial stages 
a certain amount of monomer is produced by degradation from the ends of the 
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chains, as in the case of pure methyl methacrylate, but only to the first acrylonitrile 
unit. Once all the chains have degraded to the first acrylonitrile unit, each chain -will 
have at one end, either a benzoyl or a phenyl group, and at the other, an acrylonitrile 
unit. Henceforth, all degradation must take place by chain scission at the acrylonitrile 
bonds. 

It would be of interest to discover whether degradation by the breaking of these 
acrylonitrile bonds requires more or less energy than the normal degradation through 
the ends of the molecules. 

The energies of activation at various stages of the reaction, which are shown in 
table 6, were measured by the usual methods. 

Table 6. Energy of activation of degradation of copolymers 
1/410 copolymer 1/40 copolymer 


% degradation 

e" 

% degradation 

e" 

2 

32,000 

7 

29,200 

10 

30,700 

16 

25,000 

31 

19,700 

3] 

19,200 


The initial value of about 30,000 is probably due to the degradation from the ends 
of the chains. As the copolymer breaks up into smaller fragments the energy required 
to break the acrylonitrile bonds becomes less, probably because the bonds are more 
vulnerable to attack in the smaller molecules. 

Thanks are due to I.C.I. Ltd. (Dyestuffs Division), for samples of 1,4 diamino 
anthraquinone, to I.C.I. Ltd. (Plastics Division), for certain polymer samples, 
and to the Carnegie Trust for financial assistance to one of us (N.G.). 

The experimental work was done in the Chemistry Department of the University 
of Aberdeen during the tenure by one of us (N.G.) of a Carnegie Scholarship. 
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The experimental procedure used in studying the angular distribution of y-radiation pro¬ 
duced by the proton bombardment of some light nuclei is described. Results are given for 
the radiation following proton capture by the nuclei Li% Be», 0^^ 0^® and for the radiation 
from the residual nucleus produced in the reaction (p, a) 0^®*. Proton energies 
between 300 and 1000 keV were available. The distribution of the radiaition from Li’ was 
investigated over the whole range of energies; in the other oases the distribution was measured 
at energies corresponding to resonance maxima for the processes. 

The main results are: 


reaction 

Li’(p, r) Be® 
Be® (p, y) Bi® 
CiMp,y) Ni® 
(p, y) Ni* 
Gp, a) 0^®* 


proton energy 
(keV) 

440 

960 

450 

650 

330, 470 and 670 
590 
870 


angular distribution 

1 + 0-06 cos $ 

1 + 0-09 sin® ^ 
isotropic 
isotropic 
isotropic 
1 + 0-2 cos® 6 
1 + 0*1 cos® 6 


Lsttrodxjotioit 

In the study of y-transitions between the energy levels of medium and heavy nuclei, 
information about the multipole nature of the y-radiation can be obtained from 
measurements of the internal conversion coefficients for the emission of K, -6, etc., 
orbital electrons, and this information, supplemented by measurement of the 
transition energy, and sometimes also of the half-life, is of value in establishing the 
properties of the nuclear states between which a transition occurs. Such procedures 
are usually inapplicable to the study of y-transitions in fight nuclei, and particularly 
those occurring in competition with nucleon emission, for the following reasons. 
The internal conversion coefficients are normally much smaller in fight than in heavy 
nuclei. The com m only occurring transition energies are also somewhat larger for 
fight nuclei, which is one of the features responsible for small conversion coefficients. 
The radiating nucleus may be recoiling as a result of the nuclear transmutation 
process in which it was formed in an excited state, so that it cannot be reliably assumed 
that the nucleus is surrounded by the normal electron configuration. In addition, 
in the particular case of y-radiation associated with nuclear reactions and emitted 
during bombardment, the experimental conditions are not particularly suitable for 
precise measurement of internal conversion coefficients. 

Information about the multipole nature of a y-transition can, in principle, be 
obtained from a study of the electron-positron pairs produced by internal conversion 

[ 56 ] 
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in the field of the radiating nucleus. The probability* of this process is almost in¬ 
dependent of the nuclear charge, and of the presence or absence of the extranuclear 
electrons, and increases with increasing transition energy (Jaeger & Hulme 1935 )- 
Such conversion coeificients are, however, quite small even in favourable oases, and 
their dependence on multipolarity is not so pronounced as to make the method easy 
to employ. The spatial distribution of the electron pairs is also dependent on the 
multipolarity of the transition, but again the dependence is not very marked 
(Horton 1948 ). 

In view of the difficulties in applying the above-mentioned methods to the study 
of y-radiation from fight nuclei, we have made some investigations of the extent to 
which the properties of a particular radiative transition can be ioferred from 
measurements of the angular distribution (with respect to the incident beam of 
particles) of the y-radiation emitted by excited nuclei in some reactions involving 
fight Auclei. The present paper describes the experimental procedure and results. The 
theoretical interpretation of the results is dealt with in the following paper, part II. 

The interpretation of such measurements is least ambiguous in the case of y-radia¬ 
tion emitted directly after particle capture, and most of the investigations have been 
of processes of this type (proton capture by Li"^, Be®, and F^®). When the 

y-radiation is emitted from a residual nucleus, produced in an excited state as a 
result of a nuclear transmutation or by inelastic scattering, the interpretation of 
any observed angular correlation will usually require considerable additional in¬ 
formation about the particular nuclear processes involved. One such case has been 
studied, the reaction P^® (p, a) 0 ^®*. 

A few measurements of the angular distribution of y-radiation in some of these 
reactions have already been reported, but the results obtained do not seem to have 
been sufficiently precise or extensive for substantial deductions to have been made 
from them. (Ageno, Amaldi, Bocciarelfi & Trabacchi 1941 ; Van AUen & Smith 1941 ; 
Jacobs, Malmberg & Wahl 1948 ; Fowler, Lauritsen & Lauritsen 1948 ). 

BxPEBIMENTAIi TECHNIQUE 

In many instances the expected and observed degree of anisotropy m the radia¬ 
tion pattern is quite small, so that one of the principal requirements of the experi¬ 
mental arrangement is that aU extraneous sources of anisotropy should be efiminated. 
In practice it is usually necessary, ultimately, to compromise between this require¬ 
ment and that of adequate intensity, and also, but less important, between the latter 
and the angular resolution used. 

The arrangement used is shown in figure 1 . A parallel beam of protons produced 
by a Cockcroft-Walton type accelerator was deflected through 90° and brought to 
a focus by the magnet H. The adjustable horizontal slit was used for*energy resolu¬ 
tion, the highest resolution employed being about 0-3 %, corresponding to a vertical 
slit width of 0-4 mm. The circular apertures 8^^ 8^ define the beam incident on the 
target T which is a deposit, obtained by. evaporation in vacuo^ of the material under 
investigation on a thin brass foil ( 0 - 2 mm. thick). This foil is mounted on a water- 
cooled, thin-walled copper tube arranged so that the front side of the foil passes 
accurately through the axis about which the frame supporting the coimters rotates. 
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The cylinder A is of aluminitim of 1 mm. vail thickness. Three sets of counters are 
used to detect the radiation. The two pairs of thin-walled aluminium (0-2 mm.) 
counters c^, Cj and Cj, are separately connected to coincidence circuits. The thick- 
walled brass counter M is used singly to monitor the intensity at a fixed angle. This 
counter is usually shielded by 2 mm. of lead. Proton currents on to the target itself 
varied from 0-5 to 15/tA, and apart from being maintained as constant as possible 
were not measured accurately. 




In the investigation of a particular y-transition the combined thickness of the 
alumimum radiators, and absorbers, A^, was chosen so that any secondary 
electrons ejected by the y-radiation from the aluminium cylinder A, or from the 
target support, could not penetrate both counters. In addition, the thickn e ss of the 
absorbers, A^, as chosen so as to reduce to a minimum the effect of scattered 
radiation (mostly of much lower energy), and of soft radiation originating from the 
proton beam striking the defining apertures, although some compromise usually 
had to be made between the requirement of adequate intensity and the elimination 
of the disturbing radiation. The effect of scattered radiation was tested by pla cing 
a slab of lead (10x6x lorn.) in several positions about 4cm. from one pair of 
counters, but no measurable increase in the recorded number of coincidences due to 
the scattCTed radiation could be detected. In each investigation the effect of ex¬ 
traneous sources of radiation was measured by allowing the proton beam to impinge 
on the reverse, blank, side of the target supporting brass foil. The contribution due 
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to such sources seldom exceeded a few percent of the genuine effect and was usually 
much less. 

The radius of the aperture 8^ and the distance of the movable counters from the 
axis of rotation govern th6 geometrical imperfection of the arrangement, and these 
were determined in particular instances by the need for adequate intensity. The size 
of the beam spot on the target ranged, in different experiments, from about 1 to 
3 mm. radius, and the distance of the inner counters from the axis from 7-5 to 15 cm. 
The angular resolution varied therefore from about ± 3"^ to ± 6° at 90° to the incident 
beam, and from ± 8° to ±16° at 180° or 0° to the beam. 

The,advantage gained by using two pairs of counters, apart from the obvious 
increase in statistical accuracy, lies in the fact that accidental anisotropy introduced 
by small displacements of the beam, in the plane of figure 1, are eliminated to the 
first order if the average distribution as registered by both pairs of counters is used 
ia estimating the real angular distribution. The target support could be rotated ia 
the course of a series of measurements, and its position relative to that of the counters 
could be arranged so that absorption of the y-radiation by the copper tube supporting 
the target backing was unimportant. The absorption in the target backing itself 
never amounted to more than 1 % and was allowed for where significant. 

Angular distributions were measured by observing the ratio of the number of 
coincidences, in each counter pair, cO, to the counts in the monitor Jkf as a function 
of the position of the former. Check experiments showed that the intensity recorded . 
by the monitor was predominantly proportional to the radiation from the target, 
although a small correction, always less than 3 %, had to be made for other sources 
of radiation, in particular that arising from proton bombardment of the apertures 
Si, 82- The mean intensity of the radiation was usually held constant to within 
±10% during measurement of the angular distribution at a particular proton 
energy. 

A resolving time of 1*5/^sec. was used in the coincidence circuits, and the random 
‘ coincidences ’ were estimated by feeding the pulses from one pair of counters into 
a supplementary coincidence circuit with a much larger resolving time (20/6sec.).t 
The procedure was necessary since the random ‘coincidence’ rate could not be 
computed from the mean counting rate in each counter of'a coincidence pair, oil 
account of the inherent modulation (mainly at 200c./sec.) of the beam current 
on the target caused by the a.o. ripple of the high-voltage equipment and other 
sources of current fluctuation. The number of genuine coincidence N is then given 
by the expression 

where and Nj^ are the total numbers recorded by the channels with short and long 
resolving times and r^, are the respective resolving times themselves. The correc¬ 
tion due to random coincidences was usually of the order of 1 % of genuine count, 
or less. The errors indicated in the individual results given below are derived simply 
from the normal statistical fluctuations in the numbers of counts, both in the 
coincidence counters and monitor. The compromise between ideal geometry and 

t We are indebted to Mr H. G, Hereward for drawing our attention to this procedure. 
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Tna.yiTirvnTn intensity was usually made so that other sources of error were substan¬ 
tially smaller than the random statistical one, but in some cases (where the radiation 
intensity is particularly weak) the two sources of error are comparable. 


CORRECTIOKS FOR CENTRE OF GRAVITY MOTION 

For a comparison of the experimental results with theoretical predictions it is 
necessary to deduce from the measurements the angular distribution in a frame of 
reference at rest with respect to the centre of gravity of the radiating nucleus 
('centre of gravity frame’). If/(0) is the relative intensity of radiation (i.e. number 
of quanta) per unit solid angle in the direction 6 to the proton beam, as measured in 
the laboratory frame of reference, and v is the velocity of recoil of the radiating 
nucleus, then a Lorentz transformation gives for the intensity per unit solid angle, 
g{d% in the centre of gravity frame of reference: 

-/(^)(l+»/c.cos 07 ’ 

where O' is the transformed value of d given by 

. oosd'+vlc 

cos d = ;-j-. 

l+t;/c.cos0 

Since v/c is of the order 0-01 or less in all the cases investigated, terms of higher power 
than the first in vjt are neglected. With this approximation we obtain for the dis¬ 
tribution in the centre of gravity frame, the expression 

g(6) = {/(0—t;/c.sm0)}{l —2r;/c.cos0}, 

A further correction that has to be applied in practice arises from the Doppler fre¬ 
quency shift associated with the recoil motion and the effect of this frequency shift 
on the efficiency of detection of y-radiation. If jB is the quantum energy (independent 
of angle) in the centre of gravity frame, then in the laboratory frame the energy is 
JE{1+vjc cos 6). For such small relative changes in quantum energy we have assumed 
that the variation in efficiency of y-ray detection can be estimated as follows. In 
a curve showing the number of coincidences between a pair of counters (such as 
Cj, Gi) as a function of the thickness of absorber between them (and with, a constant 
thick radiator) it appears from experimental observations that: (a) the number of 
coincidences per quantum at zero absorber thickness is linearly proportional to the 
quantum energy, and (6) the shape of the absorption curve, allowing for the change 
in scale of absorber thickness with energy, is roughly independent of the quantum 
energy (Fowler et cd, 194 ^)- If the number of coincidences as a function of absorber 
thickness is represented by N{t)^ then with the above assumptions, the change, SN, 
in N due to a small change 8E in the quantum energy is given by 

8NIN = {8EIE){l^tlN,dNldt.SEIE), 

The appropriate values of dNjdt are obtained from measurements made with the 
particular geometry used in the main experiments for one or two quantum energies 
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and comparison of these results with similar measurements made by other in¬ 
vestigators (Bleuler & Zunti 1946 ; Fowler et al. 1948 ). The maximum correction 
that was necessary for Doppler frequency shift amounted to 1*5 %. 

ExPBEIMENTAn RESULTS 

All the measurements reported below have been made with protons as the bom¬ 
barding particles and with target materials containing the naturally occurring 
isotopic abundance ratios. 

lAthiurn^ (Li*^ y) Be®) 

The y-radiation studied arises from the reaction Li^ (i5,y)- The cross-section for 
this reaction shows a pronounced resonance at a proton energy of 440 keV, but has 
an appreciable and approximately constant value for proton energies up to 1 - 0 MeV 
which cannot be attributed to the same level of the compound nucleus as that 
responsible for the resonance at 440 keV. Making the assumption that for proton 
energies in the neighbourhood of 440 keV the reaction can be treated as arising from 
a single level of compound nucleus, several investigators have studied the variation 
and absolute magnitude of the cross-sectionj and deduced from their results the 
following properties of the level (Bonner & Evans 1948 ; Fowler et aL 1948 ): proton 
width (r^)»total width (F) == 12 keV. y-radiation width (Fy) = Og-^eV; y-energy 
(at 440 keV) 17*5, 14*7 MeV (g is the undetermined statistical factor 

( 2 J+l)/( 2 i^ + l)( 2 i^ + l)). 

Recent measurements of the y-radiation spectrum (Walker & McDaniel 1948 ) 
indicate that-the ratio of the intensities of the 14-7 and 17*5 MeV components is not 
independent of proton energy. 

The first measurements of the angular distribution of the radiation were made 
using a thick target (fused LiOH) and a proton energy of 500 keV. Under these 
circumstances the radiation is principally from the 440 keV resonance, although as 
will be seen later even an approximate distinction between the resonance and 
background radiation is apt to be misleading. The average of the results obtained 
from several sets of observations is shown in figure 2 . The solid curve a shows the 
best fit to the experimental points (corrected only for absorption by the target 
support) of the type 1 + oc cos 6 , The dotted curves b and c illustrate the magmtude 
of the corrections that have to be applied to allow for recoil motion. Curve c is the 
one to be compared with theory. Figure 3 shows the typical results obtained from 
two individual sets of observations, one with an aluminium absorber of 8 mm. 
thickness, the other 2 mm. In order to check more thoroughly the effect of the 
Doppler frequency shift on detection efficiency the absorber between the counters 
was increased to 22*5 mm., and the relative intensities of the radiation in the forward 
(15®) and backward (145®) directions were remeasured. With this absorber thickness 
the effect of the 14*7 MeV component is almost entirely eliminated, and the detection 

*f* Some prelinoinary results of these iavestigatioDS have been published elsewhere (Devons 
& Hine 1948 ). ’ 

t The angle at which the radiation is measured is not usually specified. 
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efficiency for tke 17-5 MeV component more sensitive to exact y-ray energy than with 
the thinner absorbers. The ratio /(15'’)//(145'’) for the 8 mm. absorber was found 
to be 1-11 + 0-005, and this ratio increased to 1-15 + 0-01 for the 22-5 mm. absorber. 
Correction for Doppler frequency shift reduces the first ratio to 1-10 and the second 
to 1-09. Thus the increased asymmetry observed with the thicker absorber can be 
attributed entirely to the Doppler frequency shift associated with a Be® nucleus 
moving with the full recoil velocity. This result is consistent with the short half-life 
to be expected for the compound Be® nucleus (of the order 10~^*sec., according to 
the measured width of the resonance level). It is possible, of course, that part of the 
observed change in the angular distribution is due to the elimination of the effect 
of the 14-7 MeV component, but in view of the difficulty of checking this point we 
have made the simple and plausible assumption that the angular distribution of the 
two components is similar. - 



angle 6 (degrees) 

Figote 2. Angular distribution of y-radiation from a thick lithium target. 
Proton energy: 600 keV. Absorber thickness: 8 mm. ' 


The observed asymmetry indicates the presence of interference between two states 
(of the compound nucleus) of opposite parity (see part II), and since one of these 
states corresponds to the sharp resonance at 440 keV, the asymmetry should be 
a pronounced function of proton energy. This variation was examined, first, by 
measuring the ratio of the intensities of the ‘forward’ (15’’) and ‘backward’ (145®) 
radiation for proton energies of 250 to 950 keV, using thin lithium targets of thick¬ 
ness^ corresponding to stopping powers of between 6 and 20keV, and also by more 
detailed measurement of the angular distribution at 650 and 900 keV. The results 
of the first set of measurements are shown in figures 4 and 5, the latter showing the 
detailed measurements in the neighbourhood of the resonance maximum. In all 
cases the proton energy plotted is the effective mean energy averaged through the 
target thickness. This is not exactly equal to the incident proton energy less half 
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Figure 3. Angular distribution of the Li’ y) radiation with thick and thin absorbers. 
Absorbers: O = 0-2cm. AI; A = 0*8cm. Al. 



Figure 4. Variation of asymmetry with proton energy. 
Target thickness O = 12keV at 500 keV; A = 20keV at 500keV. 
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the energy loss in traversing tlie target, since the absolute intensity of radiation, at 
any angle, varies with energy, and particularly rapidly in the neighbourhood of 
440 keV, so that the effective mean energy is not equal to the mean energy of the 
protons traversing the target. In estimating the correction to be applied to the 
incident proton energy, the value 12 keV was adopted for the total width of the 
resonance level.f With the thinnest targets used the simple correction of half the 



Figxjbb 6 . Variation of asymmetry near 440 keV. Target thickness 6 keV. 

energy loss in the target does not differ substantially from the more precise correction. 
The angular distribution for proton energies of 650 and 890 keV are shown in figures 
6 a and 6 . The sohd lines represent functions of the type 1 + acos^+/ff cos^0 fitted 
to the experimental points after correction for recoil motion and Doppler shift have 
been made. At the time that these measurements were made there was some in¬ 
dication that the energy of the y-radiation was substantially different for the 440 keV 
resonance and for higher energies (Fowler et ah 1948 ), a fact that would conflict with 
the interpretation of the observed asymmetry as due to interference between two 
levels of the compound nucleus from which y-transitions of the same energy could 
occur. A qualitative check was therefore made for the presence of an appreciable 
component of 17-5 MeV energy with proton energies some distance from the reson¬ 
ance. This was done by measuring the excitation function for the radiation with two 
pairs of counters, one having an absorber thickness of 8 mm. and the other 22-5 mm. 
The first pair detects the 14*7 and 17-5 MeV components with comparable efficiency 
and the second predominantly the latter. From the results (figure 7 ) the ratio of 
the two components can be estimated to be approximately equal away from the 
resonance, and the 17 MeV component to be about four times as intense as the 
14MeV component at the resonance. This result is in accord with more quantitative 
spectrometer measurements of the radiation that have been made recently (Walker 
& McDaniel 1948 ), 

t This refers to the energy width as measured in the laboratory frame of reference with 
proton bombardment. The real width is seven-eighths of this. 
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FiGtntB 6. Angular distribution of Li’ (p, y) radiation for proton energies of 
a 650 keV, fid) = 1 + 0-25 cos d + 0-1 cos® 6. 
b 890 keV, /(d) = 1+ 0-12 cos d+0-20 cos® d. 



Figuee 7. Variation of spectrum of the Li’ {p, y) radiation -with proton energy. 
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A quantity which is significant in providing a quantitative theoretical inter¬ 
pretation of these results is the proton energy Eq for which the radiation is exactly 
isotropic. [From figure 5 this energy can he seen to be somewhat different from that 
of the resonance maximum, E^., the difference {E^—Eq) being about 6 keV. An 
alternative estimate of this quantity can be obtained from the measured anisotropy 
of the radiation from a thick target (figure 2). Assuming that the ratio 7(15°)//(145°) 
varies linearly with proton energy in the region 400 to 500 keV (cf. figure 5), the 
asymmetry for a thick target and bombarding energy of 500 keV is due almost entirely 
to difference between E^ and Eq, since the shape of the excitation function is almost 
symmetrical about the energy E^, in this range of energies. Using the observed 
variation of the ratio J(15°)/l(145°) shown in figure 5 and the excitation curve given 
by Fowler et aL ( 1948 ), the asymmetry shown in figure 2 is found to correspond to 
a value of E^-Eq of 7±2keV, which is consistent with the approximate value 
obtained directly. 

Beryllium (Be® (_p, y) 

Resonances for the capture of protons by Be are well estabhshed at proton 
energies of 990 and lOSOkeV with the following properties (Fowler et ah 1948 ): 

E^ = 990keV: T = 94keV, 12*5gf“^eV, y-energy 7*4MeV. 

E^ = 1080: r = 4keV, Fy^O-Sgr-^eV, y-energy 6-7,0-8MeV. 

There is possibly an additional weakly excited level corresponding to a proton energy 
of 880 keV. 

We have measured the angular distribution of the radiation from the 990 keV 
level, using as targets thin evaporated films of beryllium whose stopping power for 
protons was about lOkeV (at IMeV). The aluminium absorbers between the 
counters was 0-5 cm. thick. The average of several sets of observations is shown in 
figure 8 . The departure from isotropy is very small and although it appears to be 
significant it should be remarked that the magnitude of the anisotropy varied 
appreciably amongst the individual sets of observations, indicating sources of error 
other than the normal statistical fluctuations. These arise, no doubt, from the 
somewhat degraded geometrical arrangements (larger beam defining apertures) 
adopted in order to obtain maximum intensity. The results are consistent with the 
interpretation of the process as arising predominantly from a single level of the 



Figure 8 . Angular distribution of Be® {p, y) radiation. 
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compound nucleus. Measurable interference between the levels at 990 and 
lOSOkeV would not be expected if the energies of the y-transitions from the two 
states are different, and in any case the width of the higher level is so small that its 
contribution at the proton energy employed would be barely measurable. 

In the course of these measurements we had occasion to investigate the excitation 
curve for the Be^ {p, y) reaction, both to establish the energy scale and to determine 
the target thickness. With every Be target studied in the region 800 to 900 keV we 
observed some evidence of the reported weak resonance at the proton energy of 
880 keV, and we consider it unlikely that this was due to fluorine contamination. 
Some measurements of the angular distribution were made with protons of this 
energy, but the statistical accuracy was not sufficient to obtain*a more precise 
conclusion than that the departure from isotropy, if any, was less than 10 %, 

Carbon 

Two resonances for the capture of protons by carbon are well established with 
the foUowing properties (Fowler et al. 1948 ): 

energy of 

Ef (keV) r (keV) Vy (eV) y-radiation (MeV) 

C 12 450 35 2*3 

C13 550 40 15sr-i 2*3, 5-8 and 8*1 

The angular distribution of the radiation was measuredjusing a ‘ thick ’ carbon target 
(a deposit of soot). 

(i) Ci2(^,y)Ni3 

A proton energy of 500 keV was used. At this energy the radiation from the tail 
of the 550 keV resonance in makes a small contribution to the measured effect, 
but since this latter radiation is practically isotropic {vide infra), this circumstance 
does not seriously affect the conclusions that can be drawn from the observations. 

An absorber of only 1 mm. thickness was used between the counters in order to 
obtain reasonable counting rates, and with such a thin absorber there was a small 
contribution to the counting rate from the annihilation radiation produced by 
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positrons from tke formed in. the reaction. A small correction was made for this 
contribution, determined by observing the counting rate immediately after the 
proton beam had been switched off. It was also necessary to use additional lead 
shielding around the monitoring cotmter to ensure that the contribution to its 
counting rate from the annihilation radiation was negligible, in comparison with the 
more energetic captzire radiation. The results, corrected for absorption in the target 
support and Doppler shift are shown in figure 9 a. There is no significant departure 
from isotropy. A distribution isotropic m the centre of gravity frame would become 
in the laboratory frame of reference, 1 + 0-006 cos d. 

(ii) C^®(p,y)bP-* 

Protons of 625 keV energy and aluminium absorbers between the cormters 4 mm. 
thick were used. Under these conditions the contribution from the resonance 
was negligible (as confirmed experimentally) and the sensitivity of the arrangement 
to the 2 - 3 MeV component extremely'small. Effectively, then, the measurements 
determine the angular distribution of the combined 8-1 and 5-8 MeV components, 
of which the first is certainly, and the second probably, a direct transition from the 
state of responsible for the capture resonance. The results (figure 96), with the 
usual corrections applied, indicate no significant departure from isotropy. 

Fluorine (E^® (p, a) 0^®* -> O’-®+ y) 

The variation of the cross-section of this reaction with proton energy has been 
extensively studied and there are well-defined resonance maxima, for proton energies 
of less than iMeV, at 338, 470, 590, 666 , 860 and 920 keV, and several much more 
weakly excited levels (Bonner & Evans 1948 ; Bennett, Bonner, Mandeville & Watt 
1946 ). Eecent measurements of the y-spectrum from the residual 0 “ nucleus, and 
of the energy of the short-range a-particles, indicate that this nucleus may be 
produced in one of two excited states which can emit y-radiation, the excitation 
energies of these states being 6-1 and 7-0 MeV. Eor proton energies less than 700 keV 
the radiation is almost entirely from the lower of these two states. The angular 
distribution of the radiation has been measured for the first four of the resonance 
levels mentioned above, using in each case thin targets made by evaporating CaEg 
in vamo, and al uminiu m absorbers between the coimters 4 mm. thick. 

ISTo correction for Doppler frequency shift or centre of gravity motion has been 
applied to any of the results in the case of fluorine y-radiation. In addition to the 
primary recoil of the compound Ne®® nucleus one should also consider the recoil of 
the excited 0^® nucleus left after the emission of an a-particle. Eor an a-particle of 
2 MeV energy the recoil velocity of the 0^® nucleus is about 4 x 10®cm./sec. If the 
half-life for the subsequent y-transition is of the order 10 -^® sec., or more (i.e. radia¬ 
tion width of 10-®eV or less) it is probable that most of the recoil momentum of 
the 0 ^® nucleus will be dissipated before the emission of the y-radiation, and the 
angular distribution measured in the laboratory frame will be the same as that in 
the centre of gravity frame. It is assumed, of course, that the half-life of the y-transi¬ 
tion is sufficiently short for any interaction between the nuclear magnetic moment 
and any extranuclear magnetic fields to be negligible (of. part II). Even if the 
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y-transition usually occurs before most of the 0^® recoil momentum is destroyed, 
the effect of this recoil motion on the observed angular distribution will only be 
appreciable if there is pronounced angular correlation between the direction 
of emission of the a-particles and the incident proton beam. Some such correlation 
may, in general, be expected to exist, although in the only case in which detailed 
quantitative conclusions have been drawn, the angular distribution of the a-particles 
has, in any case, been assumed isotropic. Hence, apart from any residual effects of 
the primary Ne^®* nuclear recoil (which is an order of magnitude less than the 0^®* 
recoil), the neglect of the recoil motion does not, in this particular case, involve 
additional assumptions. 

(a) 338 and 4:10 keV levels 

The proton bombarding energies were 350 and 480keV. in the respective cases, 
and the target thickness about 25 keV. No significant departure from isotropy was 
observed in either case (figures 10 a, 6), in agreement with the results of previous 
investigators. For both of these resonance levels the y-radiation is almost entirely 
from the 6 MeV level of 0^®. 
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Figtoe 10. y-radiation from reaction F (5?,a) O^®*; a 338, h 470keV. O^®* -j-y. 

590 keV level 

The resonance at 590 keV is characterized by a much larger total width (F » 40 keV) 
than any of the other levels up to 1*2 MeV proton energy. Since the total width for 
this level is almost certainly determined primarily by the partial width, F^, for the 
emission of an a-particle, the large observed width might be interpreted in one of 
the following ways: 

(i) The level is an unresolved superposition of two or more closely spaced levels. 

(ii) The radiation is from a different, lower, excited level of 0^®, and the a-particle 
is emitted with correspondingly greater energy than in the case of the other, narrower 
resonance levels. Since the penetrability of the Coulomb potential barrier is very 
sensitive to the a-particle energy, a relatively small change in the latter (of the 
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Proton Energy: o, c5 590 keV, x 670 keV, A 338 keV. 
Figtoe 11. 
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order 0-8MeV) would be sufficient to account for an increase in the level width by 
a factor of ten or so. 

(iii) The angular momentum with which the a-particles are emitted in the break¬ 
up of the compound Ne^® nucleus is smaller (and the penetrability therefore larger) 
for this level than for any of the other levels mentioned. 

In order to test the first possibility a careful check was made of the excitation 
function in the neighbourhood of 600 keV, using a target of thickness IkeV and a 
proton energy resolution of about 2keV. It seems safe to conclude from the results 
(figure 11a) that the large width is not attributable to the superposition of several 
narrower resonances. To test the second possibility, a measurement was made of 
the relative energies of the y-radiation at 590 and 340 keV, using the method of 
coincident counters and absorption of the secondary Compton electrons. The results 
of these measurements (figure 116) indicate that the dffierence in energy, at least 
for the major part of the y-radiation, is less than 0-2 MeV for the two cases. 

It seems likely, then, that the third explanation is the most probable, f It is 
possible, of course, that the level width for emission of an a^particle without potential 
barrier changes by as much as a factor of ten from one level to another, but this 
explanation appears unlikely in view of generally similar properties (apart from the 
width) of this and the other levels. 



t This conclusion is supported by some recent measurements, in this laboratory', of the rela¬ 
tive intensities of the two groups of a-particles emitted in this reaction, the main group leaving 
the nucleus in the state with excitation energy of 6*1 MeV and a much weaker group, of 
smaller energy, corresponding to a state of with an excitation energy 7-0 MeV. The low energy 
a-particle group has been observed for all of the resonance levels examined, except that at 
590 keV. This is just the result one might expect, since, if for this level the main a-particle group 
corresponds to emission with zero angular momentum, the low energy group will be weaker by 
at least the ratio of the penetrabilities as calculated for zero orbital angular momentum, which 
would probably render it undetectable. For other levels conditions would be more favourable for 
the emission of the low energy particles on account of the main group being emitted withnon-zero 
angular momentum. The intensity of this additional a-particle. group is not sufficient to affect 
substantially the comparison of y-energies mentioned above. (We are indebted to Dr Burcham 
for informing us of these unpublished measurements of the a-particle groups; cf. also Walker <fc 
McDaniel 1948). 
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In a quantitative examination of the level widths for this reaction Schiff (i94^) 
also concluded that this level at 690 keV corresponds to the emission of the a-particle 
with zero angular momentum, andthis very plausible conclusion is further supported 
by relatively strong angular correlation between the directions of emission of 
radiation and incident proton. This was measured using a proton bombarding energy 
of 600 keV and a target of thickness 15keV (figure 12 ). The angular distribution 
shows no marked asymmetry, and a satisfactory fit to the experimental points is 
obtained with the expression 1 + 0‘2 cos^ 6 (solid line in figure 12 ). 

(c) 665 keV level 

The angular distribution of the radiation, using a bombarding energy of 675keV 
and a target thickness of 15keV, shows no significant departure from isotropy 
(figure 13a). 

(d) 660 heV level 

A proton bombarding voltage of 870 keV and a target of thickness lOkeV were 
used. The angular distribution (figure 136) shows a small departure from isotropy 
which is probably significant. A satisfactory fit is obtained by the expression 
l + O-lcos^S. According to the measurements of Walker & McDaniel ( 1948 ), the 
radiation associated with this level probably contains an appreciable component 
(of the order 30 % of the total) with 7-0 MeV energy. The measurements reported 
here are not sufficient to separate the contributions of the two components. 
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Figuke 13. y-radiation from (p, a) 0^®*. 

Proton energy a 675 keY; 6 870 keV. O^® 4-y. 
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A general discussion is given of the factors which determine the angular correlation between 
incident particles and emitted radiation, in the case of particle capture by nuclei of light 
atoms. The results are applied to the oases Be® (p, y); (p, y ); 0^® (p, y); (p, a) 

and in some detail to LP (p, y). 

In the case of Li’, the variation of the angular distribution of the y-radiation with proton 
energy has been studied, and the results compared with a detailed theoretical interpretation, 
based on the Breit-Wigner dispersion formxda applied to more than one level of the com¬ 
pound nucleus. The comparison provides excellent support for the validity of the dispersion 
formula, and the conditions are very favourable for such a check. 


Inteodttction 

In. the preceding paper (Devons & Hine 1949 ), referred to subsequently as part I, 
an account has been given of some measurements of the angular distribution of 
y-radiation arising from the bombardment of some light nuclei "with protons. In 
the present paper Tve shall indicate the general nature of the theoretical interpreta¬ 
tion of such measurements aqd a more detailed interpretation of the results in one 
case, Li(p,y). 

We shall consider first the angular distribution, in the centre of gravity frame of 
reference, of the y-radiation resulting from the capture of particles A by target 
nuclei B. This radiation is to be regarded as a second-order process. One or more 
states of the compound nucleus, O^, are formed by capimre of A, each in some super¬ 
position or mixture of its individual substates (denoted by Jg, i.e. the z-component 
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of the total grignlnr momentum J), from which radiative transitions occur to the 
lower states, O^, of this nucleus in competition with the (usually more probable) 
process of re-emission of the particles A., i.e. elastic scattering. 

Formation or the coMPOirND ntjolexts 

« 

The incident and bombarded nuclei have intrinsic angular momenta (‘spins’) 
j{A),j{B) whose orientation with respect to the incident beam (the 2:-axis) is deter¬ 
mined by jg{B)y the 2-components of the spins. A complete set of eigenstates 
of the system at a definite bombarding energy can be obtained by describing the 
2-components of the spins of the two particles separately, i.e. j^(A) and jg{B) or, 
equally well, by j, the magnitude of the combined angular momentum, j {A) -f j (JS), 
and its 2-component. In particular, the incoherent mixture, with equal weights, of 
all the states of the separate spins of A and B which we use to describe the randomly 
oriented spins in the beam and the target of an actual experiment can be replaced 
by a similar mixture of all the possible (j, j^) states representing the combined spins 
of the system (Breit &; Darling 1947 ). The total number of such eigenstates is, of 
course, the same in either representation, since 

\jU)H(B) I 

S (2j+l) = (2i(A) + l)(2i(B) + l). 

The wave function representing the orbital motion of the initial state for all (j, j^g) 
states is the same, a plane wave in the 2-direction which can be resolved into a 
coherent superposition of spherical waves each of which represents particles with 
a definite orbital angular momentum, I, whose 2-component, is zero. Thus each 
Jg substate of can be formed only from that initial {j, jg) state which has the same 
2-component of angular momentum, and the incoherence of the (j, jg) states means, 
therefore, that y-radiation intensities from the different substates of 0 ^ are added to 
obtain the observed intensity in any particular direction. 

The probability amplitude for the formation of a substate of Cv can be regarded 
as the product of three factors. 

(i) A term depending on the amplitude of the component of orbital momentum 
in the expansion of the initial plane wave. 

(ii) The usual transformation coefficients for combination of the angular momenta 
(cf. Condon & Shortley 1935? chapter m), which determine the probability that the 
initial momenta wiU combine to give a state with the correct total angular momen¬ 
tum, J{ 0 ^). 

(iii) The probability amplitudes for the formation of the actual state Cj. from the 
component of the initial state with the same total angular momentum, J(Cy). This 
quantity is energy dependent, includes barrier penetrabihty and specifically nuclear 
factors, and depends in general on j and Z, but not on jg, since there is no preferred 
direction for this particular process. 

If the angular momentum conservation laws allow particles with more than one 
value of Z to participate, the probability amplitudes for each process must be added, 
taking into account their relative phases, which are coherent if the same (j, j^) states 
are involved. 
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Only orbital momenta differing by an even number of units (X) can take part in 
the formation of a particular since the parity of the initial states must be the same 
as that of C^. and the parity of the orbital motion is even or odd with L With charged 
particles of moderate energy (in the experiments described in part I the maximum 
proton energy was about 1 MeV) there is a large difference in barrier penetrability 
for difference of 2 in Z, and this often means that only the component of lowest Z, 
usually 0 or 1 , makes an appreciable contribution to the process, though since 
components of different Z are coherent, the barrier factors for amplitudes of wave 
functions must be compared rather than the more usual factors for intensity. 


Properties oe the y-RADiATioisr 

The absolute probability and multipole nature of the y-transition from any state 
Cr{J> Jg)^ of the compound nucleus to a lower state, Cq, e.g. the ground state, depends, 
inter alia, on the angular momenta and the parities of the two states. If the transition 
is a 2 ^-pole one, the quantum carries away A units of angular momentum (Heitler 
1936 ), and the parity of the radiation field is related to the multipolarity as indicated 
in the following scheme: 


A odd parity 

1 electric dipole 

2 magnetic quadmpole 

3 ' electric octupole 


even parity 

magnetic dipole 
electric quadrupole 
magnetic octupole 


Since the wave-length of the y-radiation (A) is usually much larger than nuclear 
dimensions (i?) and the probability of particular multipole transition contains the 
factor the higher order radiation will be progressively less likely. Where 

conservation of angular momentum and parity permit a transition to have a mixed 
multipole nature, it will normally be the lowest multipole that predominates. How¬ 
ever, since also the velocities of the nucleons in the nucleus are small compared to 
the velocity of light, magnetic radiation will be much less probable than electric of 
the same multipolarity, so that transitions of the type electric quadrupole-magnetic 
dipole may occur with comparable amplitudes of the two components (of. cases of 
Q 12 , Q13 below). When such mixed transitions occur, the corresponding radiation fields 
must be added directly and an adjustable complex parameter introduced to express 
the ratio of the two multipole moments. We use the expressions given in Condon & 
Shortley ( 1935 , chapter iv) for the radiation fields corresponding to transitions 
between particular pairs of states, and (7o(/', /«). 

The angular distribution of radiation produced by the compound nucleus formed 
from a particular (J, state can be found by summing, over all the states 
affected, the product of the probability amplitudes for forming 0^{J, «4) and the radia¬ 
tion field for its decay to a state Cq{J\ Jg), The magnitude squared of this sum gives 
the radiation intensity. The distribution foimd experimentally will be obtained by 
summing this intensity over y, jg, and finally over J', if J' 4 = 0. 

Before discussing in detail the results given in part I we shall indicate the type of 
angular distribution to be expected in different types of reaction. 



76 


S. Devons and M. G. N. Hine 


Types oe nisTEiBUTioiir 

The most marked features of an observed distribution are: 

(i) Whether isotropic or not, 

(ii) If anisotropic, -whether symmetrical about the plane normal to the incident 
beam, 

(iii) Whether the distribution is energy dependent or not. 

(i) Since the a.ngn1a.r distribution for a transition between single substates of 
Of and Oq is always anisotropic, isotropy must result from angle-dependent terms, 
from different substates, cancelling out. This can occur, either by some fortuitous 
values of the numerical constants specific to a particular reaction; or, more generally, 
because the distribution in the substates of 0^ is that of a randomly oriented assem¬ 
bly of nuclei, i.e. populations of equal weight and random phase. This latter is the 
case if = 0 or or if only the component 1 = 0 of the incident beam takes part 
in the process. Approximate isotropy may occur if, on account of barrier penetrability, 
the contribution from the Z = 0 component predominates over that from possible 
higher components, Z = 2,4,.... Notice that isotropy due to an outgoing ^S-wave, 
a common occurrence for nucleon emission, is not possible for y-radiation. 

(ii) A transition between single states, CJ,, which have definite parities, will have 
an intensity distribution symmetrical to refiexion through the radiating nucleus, 
which, since there is always axial symmetry about the incident beam, implies back-to- 
front symmetry as well. 

Even if several states Of participate coherently in the transition, there -will still 
be symmetry if all the states have the same parity. 

(iii) Distributions will be energy independent if the term depending on energy in 
the probability for forming the states Of can be taken as a factor outside the various 
summations; the total intensity -will then vary, but the distribution remains con¬ 
stant. This -will in general occur if there is only one level of the compound nucleus 
Of involved, and if the proportion of states of different Z in forming it remain fixed. 
This will be true for sharply resonant processes, and even if the width of the 
resonance level is comparable with the bombarding energy, although the relative 
contributions from different Z components -will generally be energy dependent, the 
approximate constancy of the ratio of barrier factors for different Z will keep the 
distribution nearly independent of energy. 

In practice, the spins j(A), j{B) of interacting particles will be known, and total 
level -widths for resonant reactions may give rough values for the predominant value 
of Z. We can usefiiUy discuss different cases, as follo-ws: 

(a) Neither nucleus has spin; j(A) =j{B) = 0 and j = = 0. 

(b) One nucleus, say A, has spin: j = jiA). 

(c) Both nuclei have spin: j can take values between 

\jiA)-j{B)\ and | j(A)4-j(-B) [. 

{a)l=J{Gf) 

If Z = 0, radiation is isotropic. 
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If, as is usual for such reactions, J'{Cq) = 0 , and the parities oi A, B and C are 
aU even, then the parity of is even or odd according as J{Cj) is even or odd, and 
radiation is of purely electric type. The distribution depends only on!! if a single state 
Gj. is involved. 

( 6 ) (j, j^) substates have only one value of j, j = jiA). 

If Z = 0 , J(G^) the substates of (7^ are distributed as and radiation is 

isotropic. 

If J ^ 1 , more than one value of I can lead to same C^, Adjustable complex constants 
will be needed for the ratio of the influences of the states of different L 

(c) substates can have values ofj from | j{A) —j{B) [ to | j(A) +j{B) |. 

Since the intensity of radiation is summed over different j, additional real adjust¬ 
able constants will be needed to allow for the unknown relative efficiencies of different 
j states in forming 0 ^. 

In all the cases (a), ( 6 ), (c) if several levels Cy, take part (i.e. overlapping of levels 
occurs), extra complex parameters are needed if different levels can be formed from 
the same j state, and real parameters if different levels are formed from different 
j states. 

Radiation prom a residual nucleus 

The treatment of the angular distribution of y-radiation from a residual nucleus, 
although formally similar, is usually much more involved than that of capture 
radiation. The process of emission of a nucleon from the compound nucleus can be 
regarded as formally the same as that of capture of a nucleon, but in the former case 
the nuclei will not generally have the normal random distribution in before the 
emission process. One particularly simple case may occur in practice; namely, if the 
disintegration of the compound nucleus occurs by the emission of a particle with zero 
intrinsic and orbital angular momentum. In such a process the symmetry pro¬ 
perties of the residual nucleus are identical with those of compound nucleus, and the 
subsequent radiation may be treated exactly as capture radiation. 

In the foregoing discussion of the factors determining the angular distribution of 
the radiation, it has been tacitly assumed that the effect of the extranuclear structure 
is negligible. The possible influence of the interaction between atomic and nuclear 
magnetic moments on angular correlation of successive y-radiations has been in¬ 
vestigated theoretically by Goertzel ( 1946 ). He establishes as a conservative criterion 
for neglecting the interaction, in oases where the radiating nucleus is part of a normal 
atom, the condition 

r < 0*05(Az^)”^ 

where Av is the hyp)erfine-structure frequency interval and r is the half-life of the 
nucleus in the state from which the radiation occurs. The same general condition 
applies in radiation processes studied here, although it is difficult to estimate the 
effective value of Av for a recofliag nucleus which is almost certainly hot surrounded 
by the normal electron configuration. For capture radiation the half-Kfe of the 
radiating state is determined by the combined probabilities of y-radiation and re¬ 
emission of the incident nucleon, i.e. by the total width of the state. The total widths 
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of the states of the compound nuclei in all the cases of capture radiation studied 
here is of the order of lO^eV or more, corresponding to half-lives of 10“^8sec. or less, 
which is certainly far too short for the precession of the nuclear moment in any 
plausible local electric or magnetic field to be appreciable. For y-radiation from a 
residual nucleus, on the other hand, there is no competition by particle emission, 
so that T is determined solely by the probability of y-emission, and may easily exceed 
the limits imposed by the above inequality. If the y-transition has an energy of 
several MeV and is of low multipolarity, say not higher than quadrupole, then r is 
likely to be of the order 10~^^seo, or less (i.e. a radiation width of 10 ^eV or more) 
and the condition above is probably satisfied. 


Li^ 


The differential cross-section for the emission of a y-quantum in the direction 6 
to the incident proton beam can be expressed as follows: 


(T{d) = s S I 






( 1 ) 


In this expression A denotes the imtial state, i.e. a parallel ( 25 -direction) beam of 
protons and a Li*^ nucleus in a particular {j,jz) state, Cj. the compound state of 
Be®, {CQ,Jg,d) the final state, i.e. the Be® nucleus in the de-excited state and a 
y-quantum emitted in the direction 6 ^ represent interaction operators corre¬ 

sponding to the formation of Be® and the emission of y-radiation. E^^ E^ and 
have the usual meanings, 

LF has a total angular momentum quantum number, j, of f and, we assume, odd 
parity, and for the ground state of Be® we assume = 0 and even parity. From the 
observed angular distribution of y-radiation near resonance (approximate isotropy), 
we conclude that the resonant state is formed predominantly by the Z = 0 proton 
component, and therefore has odd parity. Now the cross-section for the reaction 
LF {'p, 2a) does not show any resonance features at an energy of 440keV, and it is 
therefore legitimate to assume that the resonance state of Be® formed at this energy 
cannot dissociate into two a-particles. Since a-particles obey Bose statistics, this 
will be the case for any state of Be® other than those with even J and even parity. 
Thus the assumption that the Z = 0 component is responsible for the resonance at 
440 keV is consistent wdth the absence of any resonance at this energy for the 
Li (^, 2a) reaction, and also with the relatively small total width of this level, which 
would not be consistent with the emission of energetic a-particles. 

The Z = 0 component can produce a state of Be® with either J* == 2 or / = 1. The 
y-transition J = 2 odd^ / = 0 even, would be magnetic quadrupole, whereas 
J = 1 odd-> J = 0 even, would be electric dipole. In view of the large radiation 
width (i^e part I) and the fact that magnetic radiation is much less hkely than 
electric, even for the same multipolarity, it seems very probable that the second 
transition is the correct one. (In this case F^ for the transition is 24 eV.) With the 
Z = 0 proton component the compound state «7 = 1 can be formed from the single 
J-state, j = 1, comprising three { 3 , 3 ^ components, == ± 1,0. This state of the 
compound nucleus could also be formed from the Z = 2 proton component, but on 
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account of the reduced barrier penetrabiKty, we would expect the matrix-element 
corresponding to such a transition to be of the order 0-1 of that for the I = 0 com¬ 
ponent, and in order to keep the treatment free from undue complication we neglect 
this contribution. 

The observed asymmetry in the distribution of the y-radiation requires inter¬ 
ference between at least two states of Be®, and the variation with energy of the cross- 
section indicates that, apart from the narrow level at 440 keV, the other level(s) are 
very wide. This is explained in a straightforward manner if it is assumed that the 
other state(s) are associated with the Li*^ (jo, 2 a) reaction for which the,variation of 
cross-section with proton energy is known (Heydenburg, Hudson, Inglis & Whitehead 
1948 ) and shows no resonance maxima for proton energies up to 1 MeV. These states 
will have even total angular momenta, J = 2 ,4,... (J = 0 is not significant here since 
the radiative transition J = J = 0 cannot occur). Analysis of the angular 
distribution of the a-particles in the reaction indicates that states with J = 0,2 
are involved in that case, and since, even if the transition J = 4-> J = 0 does occur, 
both the proton width and the radiation width will be much smaller than for the 
transition J = 2^7 = 0 , we consider only the state(s) with J = 2 . The transition 
J = 2 even-> J = 0 even, will be electric quadrupole. 

A state J = 2 even can be produced by the Z-components 1 , 3, and for reasons 
already given we consider only the Z = 1 component. It is irrelevant for our purpose 
whether we regard this J = 2 even state as essentially a single state of Be® or several 
broad overlapping states all with the same symmetry properties, since in either case 
we shall assume that the amplitude and phase of the state, or mixture of states, vary 
only slowly with energy. The compound state J = 2 even can be formed from the two 
possible ji-states,y = 1 , = 0 , + 1 andy = 2 , — 0 , ± 1 , + 2 . 

Denoting the narrow level by the suffix n and the wide level(s) by w we can write, 
from ( 1 ): 


cr(0) = 


(A(Z=0;i==l)|gJ(7J(C|H,|Co,g) 

W 




( 2 ) 




(^(0,1. 0,) II <7„o;)) (q,o;) | \ c,) 

W 

■ (^( 1 , 1,3,) II gjj,)) I H, I gp ) ^ 

iw] 

+ 2 (^(l» 2, j,) I H, I CJj,)) {CM I H, I Co) n 

:/a=*0,±l,±2 [ui] 

( 3 ) 


where A( 0 , l,j^) indicates an initial state with Z = 0 , j == 1 , j^, etc., and the state C 
is designated C{jg) to denote the fact that =j^ on account of the choice of the 
a;-axis. [ti], [w] are abbreviations for the complex quantities — amd 
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The matrix elements corresponding to the formation of the compound nucleus 
can be factorized into two terms, the first resulting from the transformation from 
a 1 , 4 , j, {l^ = 0 ) representation to one in which J, assume definite values, and the 
second factor denoting the extent to which couples the initial state of appropriate 
symmetry with the actual states of the compound nucleus {C^ and OJ). Using the 
usual transformation coefficients for the first factor we can write 

(the first factor is unity in this case). 

(46) 


(4c) 


(^( 1 , 1 , 

\ + 2 \ 

+ 1 

4 ( 1 , 2 , 0 \H^\C^ 

-1 


;•)- 


1/V2\ 

VI cosxe“/J-®p) 
1/V2/ 

/—Vl\ 

/ I 

I 01 ^xfwiK)- 


fniEp), fw{Ep) are complex functions of Ep, assumed to be slowly varjfing compared 
with [n]-\ a is a phase angle introduced to indicate the unknown phase difference 
between the matrix elements represented by (4a) and (46). The factors cos^, sin;\; 
represent the relative coupling by of the relevant components of the initial states, 
l=l,j = I and l = l,j = 2 with the state Oy,. From (3) it is clear that the phase of 
(4c) is irrelevant. 

For the matrix elements (C„(j^) [ | and (Oy,{jg) | | Cq) corresponding to 
electric dipole and quadrupole transitions respectively, we use the following expres¬ 
sions for the electromagnetic fields {E) at unit distance from the radiating nucleus 
in the direction {6, ^) (Gondon & Shortley 1935 ). 



■ 

transition 

jz ~~^jz 


—Z)(0 o cos 6 — e~^'* 

1^0 

dipole = ^ 

—X®jD(6osm0) 

0^0 ■ 


D{% cos 6 -H i<p^ e*<* 

-1-^0, 


'^K^Q sin 6 e"''*^^(0o cos 6 + i4>o) 

±2-s-0' 

•®quad. ~ 

+ iiK^Q e^*’?*(0o cos 26 T i<f>Q cos 6 ) 

±l->0 ■ 


A—iV^ sin 6 cos 6 6 q 

0-^0. 


(5a) 

(56) 


In these expressions D, Q are complex quantities representing the strengths of the 
dipole and quadrupole moments, K is the wave number of the radiation, and Bq,. 
unit vectors in the directions of increasing 6 and <f>. Using these expressions for the 
electric field, taking EE* as a measure of the intensity of radiation in the direction 
(6, <j>), and neglecting constant factors which do not affect the angular distribution. 
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we obtain from (3), (4) and (5) the following expression for the variation of intensity 
with angle: 

I((9)= ^{%oosd-if>Q)e^^+~j^e^^{%Gos2e-i4>QGOsB) _ 

A . . B . 2 

+ ^{%Gosd + i4>Q)e'^ + ^^e'^{6QGos2d+i<f>QGOs6) 


+1 J. 6 „sin 0 +J?9nSin^ oos5 P 


2 I C 


+ -7^sin^e~2*’<*(0ocos0—i^o) + -^sin0e2^^(6jcos0+i^o' 


+ -7^e-^^(0ocos2(9-i<3&ocos<9) + -7^e^s^(0ocos20+i^(,cos(9) , 


where we use the abbreviations 

_ K^\fn{E)D\e^P R _ iK^GOsxe^'^\fu,(U)Q\^‘' 

[n] ’ ^ [w\ 

° -^ M ■ 

Expression ( 6 ) simplifies to 

I{d) = 244* + iB£*(l + cos 2 d) + {4B* + B*4)cos0+Oa*(i+isin2^), 
i.e. J(<9) = 2m2 + J-4^(l+|«2) + i:|l!(i_i2)cos2d+2|^ll5lcos0oosd, (8) 


where 


t = tanx, S = (p-a-T- 7 „+ 7 j, tan 7 „ = rj2{E-En), 
tan 7 ^ = TJ2(E-EJ. 


In order to compare the theoretical expression (8) with the experimental results 
we need to know the following energy-dependent quantities: | -4 |/[ B |, ^ and t We 
make the assumptions that the variation of t with energy is negligible and that of 
d is due to the variation of and 7^. 7^ varies only slightly with energy, and we 
have computed (8) first on the basis of ignoring this variation and secondly by 
assuming that the wide level of Be® has a broad resonance (F^ 1 MeV) at an energy 

Eyj of 3 MeV (Heydenburg et al, 1948). The variation of 7^ is obtained by using the 
values, ^r^-GkeV and -EJ^ = 440keV (Bonner & Evans 1948). Similarly, in 
estimating the variation of | -4 |/| J51 with energy we have taken ^ Q 
energy independent, made the two corresponding assumptions for the variation 
of {w\, and for the variation of the ratio f^{E)lfyj{E) with energy we have used the 
calculations of Christy & Latter (1948), of the relative penetrabilities of the Coulomb 
potential barrier for /S-wave and P-wave protons. Despite these numerous simpli¬ 
fications we do not consider it likely that our assumptions wall lead to substantial 
inaccuracies, since the predominant variation in I{6) will arise from the variation 
of 7^, [n], both of which can be evaluated from experimental data with fair accuracy. 

A more serious difficulty in interpreting the actual variation of 7-intensity with 
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angle is the fact that the radiation consists of two components, about 17 and 14MeV, 
and the quantities D, Q and 8 will differ for the two y-transitions. We have estimated 
the relative variation of D and Q with proton energy from our own results (part I, 
figure 7 ) and from the more accurate recent measurements of Walker & McDaniel 
( 1948 ). In the absence of other information we have assumed 8 to be the same for 
both y-transitions, an assumption which could, in principle, be tested experi¬ 
mentally by examining the angular distribution of the two y-components separately. 
The actual observed distribution will then be the sum of two expressions like ( 8 ), 
allowance being made for the different ratio DjQ in the two oases and the different 
efficiency of detection of y-radiation of the two energies. This assumption gives for 
the expected angular distribution 

I{6) = 2-S\A l®-t- (1 (1 cos20-h 3-231J. 1 1 5 [ cos ^ cos^, (9) 


where | A [ and ] B ] stiU refer to the 17 MeV component as in (7). The quantity t can 
be estimated from the term m cos®d in the angular distribution at proton energy of 
890keV. At this energy | A |/| 51 <^1, so that we can neglect the | A term and 
thereby obtain t directly. Comparison with experiment gives = 0-6 (part I, 
figure 6). We next use the result that the maximum asymmetry occurs, according 
to (8), when 151/| A | = 1-38. The experimental results (part I, figure 4) allow us to 
f (H) D JB I 

estimate the quantity j , yr and hence -r at any particulax energy. Lastly we 

SnK’^i V 1 

wish to know 8 . This may be obtained directly from the experimental results by 
noticing the energy at which the asymmetry is zero, i.e. cos ^ = 0, but this procedure 
is unreliable for two reasons. In the first place the direct experimental determination 
of ^presents difficulty on account of the finite target thickness, and the indirect deduc¬ 
tion of 8 from the thick target measurements requires an accurate knowledge of the 
variation of cross-section with energy. Secondly 8 may be different for the two 
y-components and an estimate of the effective average to be used in (8) cannot be 
obtained reliably from measurements near resonance. We have therefore chosen 
a value of 8 which is a compromise between the directly observed value and that 
required to give the measured maximum asymmetry (part I, figure 4). It should 
also be pointed out that any slight non-imiformity in the targets used, and par¬ 
ticularly even small local regions where the target was substantially thicker than 
average, would not be revealed by a substantial modification of the total cross-section 
curve, but might result in large reductions in the asymmetry below the values that 
would be obtained with an ideally thin target. The small discrepancies between the 
results shown m part I, figures 4 and 6, are probably attributable to this source. 

The curve ain figure 1 shows the theoretically predicted variation of/(15°)/I(146‘’) 
using the values 

JD 

t® = 0-6, 2 =0-065, at 440 keV, ^?„ = 440keV, r„ = 12keV, 

.B„ = 3-0MeV, r,„ = l-0MeV, ^ = Jtt at 428keV. 


Curve b is the theoretical curve obtained if the variation of [to] with energy (with 
respect to both magmtude and phase) is ignored and the quantity replaced by its 
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average value. It can be seen from figure 1 that although the agreement between 
theory and experiment is not exact, it is as good as could be expected in view of the 
theoretical approximations and the experimental limitations. Two features are, 
however, quite clear. First the variation in | ^4 | at high proton energies (600 to 
lOOOkeV), where — is exactly that to be expected from the term 

+ and is independent of any exact knowledge of r,^. Secondly the 



riSkeV 

Fiouee 1. Li’ (j5,7). Target thickness < and 6keV, 


variation in the asymmetry near resonance clearly indicates the change in phase 
as E passes through the value arising from the term The interference 
between the two levels, and in particular the large value of | JI/J51 at resonance and 
the approximate constancy of ] jB | enable us to study the shape of the resonance term, 
1 I, at an energy some hundred half-widths from the resonance peak. 

The results fully confirm the correctness in this case of the Breit-Wigner dispersion 
formula on which equation (1) is based. In the following cases we shall be dealing 
with essentially simpler cases in which only one level of the compound nucleus is 
involved and we shall give only the results of the calculations. 

Be^ 

The small departure of the observed angular distribution from isotropy, 
(1-|-O-O9sin^0), is most readily interpreted as due to the contribution of the !! = 2 
component of the incident proton beam to a process which proceeds primarily 
through the Z = 0 component. The resonance level of B^^, at a proton energy of 
990 keV would then be a J = 2 or 1, odd state (assuming that the ground state of 
Be^ is a j = f odd state); and the lowest multipole radiation for the y-transition to 
the ground state of B^^ {j = 3 even, assumed) would be either electric dipole {J = 2), 
or electric octupole and magnetic quadrupole mixed (/ = !). The y-radiation widths, 
as deduced from the observed cross-section, would be 20 and 33 eV respectively. 

6-2 
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The former value is reasonable for electric dipole radiation of energy 7-4 MeV, but 
the latter is improbably latge for radiation of such high multipolarity. 

In both cases there would be some coherent interference between the contributions 
from the Z = 0 and I = 2 components. Por J = 2 the responsible j-state would be 
j = 2 (proton and Be® spins parallel) and for <7=1, the j = 1 state (spins anti¬ 
parallel). One would expect then the order of magnitude of the term in oos®d 
in the an gnlar distribution to be proportional to the ratio of the matrix elements for 
formation of the compound nuclear state by the two Z-components. On account of 
the difference in barrier penetrabihty for 8 and D proton waves, one would expect 
the matrix elements for the latter to be smaller than for the former by a factor of 
about 0-15 (Christy & Latter 1948 ), which is of the correct order of magnitude to 
©xplain the experimental results. 

The presence or otherwise of terms of the type cos^d in the angular distribution 
would be decisive in determining whether the radiation is dipole, but in view of the 
smallness of the contribution from the D-wave, and the fact that there is coherent 
interference between 8 and D contributions, the term in cos*d is likely to be, even 
if it is present, an order of magnitude smaller than the cos® 6 term, and therefore not 
excluded by the experimental results. The most plausible assignment for the reson¬ 
ance level is then, J = 2 , odd, and all the data are consistent with this. 

012 

Both the large total width (35 keV) and the isotropic distribution of the radiation 
suggest that the Z = 0 proton component is responsible. Assuming the ground 
state is a j = 0 even state, this would mean that the compound nucleus is formed 
in a J = i even state, and no contribution from proton components of larger Z would 
be possible. If ground state is j = -^ odd, then the radiation could be electric 
dipole which is consistmit with the y-radiation width, 0-6 eV; remembering that the 
y-transition energy is only 2-3 MeV, and the radiation width is strongly dependent 
on y-energy (approximately as the cube of the energy for dipole radiation). 

The analysis of the angular distribution is considerably simplified by the fact 
that the bombarded nucleus has zero angular momentum and even parity, since 
as a result, the compound state can be formed with only two values of < 4 , ± i> 
these are formed with equal weight and incoherently {j^ = + D- Thus the angular 
distribution is determined by the value of J, the total momentum of the compound 
state, and does not depend on Z explicitly. Only one particular Z-component is 
effective (i.e. for a single level of the compound nucleus), and states will be even or 
odd according as Z is even or odd. Thus in the case of transitions between the resonance 
level and ground state of N^® we have the following possibilities: 


1 

0 

1 

1 

2 

2 

3 
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I 

I 

parity 

even 

odd 

odd 

even 
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odd 
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radiation 
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elect, dip. 
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The corresponding angular distributions are: 

J — isotropic (a general result), 

J = I even f{d) ~ 1 —| cbs^ 6 , 
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r 3 jj j!iQ\ ^ . R- 3 a 5 ®- 6 a:snif 

J = fodd, /(d)~l + 6 oos^^—5cos*^. 


cos® d. 


(x is proportional to the ratio of magnetic dipole to electric quadrupole mdments 
and ^ the phase difference between the two radiation fields in a mixed transition.) 

The observed angular distribution for (p, y) is consistent with J = Z = 0 or 1 , 
or possibly, but very unlikely, with particular values for x and i resulting in very small 
anisotropy in the case of a <7 = f odd state. 


C13 

Two y-components contribute to the observed angular distribution, the S-l and 
5-8 MeV components, the former being a direct transition from the resonance level 
to the ground state of N^*. Since our experimental arrangement was about twice as 
sensitive to the radiation of the higher energy, and in the absence of rehable data 
about the intermediate states in we shall consider the direct transition only. 

The observed level width and isotropy both indicate that the I — 0 proton com¬ 
ponent is mainly responsible but this does not determine J uniquely. The possi¬ 
bilities, assuming the ground state of C^® is j = J odd, and of = 1 even, are: 
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The corresponding angular distributions are: 


/ = 0 , 

J = 1 even, 
J = 1 odd, 
J = 2 even. 


isotropic, a general result. 

( 1 -ha;®— 6 a;s in^)( 2 ^— 1 ) | 


1 + 


COS®0. 


(l+a:®) (3 -I-2Z) + 2x{2t- 1) singj 
isotropic (if Z = 2 component is neglected). 


1 + 


\l-hf|a:®-ha:sm^/ 




J = 3 even. 


4(1+ 3Z) 

(3 + 20 


5 (1 + 60 
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cos*^. 
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X, g have the same significance as in the previous example t (real and positive) 
is a factor denoting the relative contributions from the j = 0 and = 1 spin-states 
to the formation of the compound nucleus. The most hkely possibihties are J = 0 
and J = 1 , although there is, as mentioned above, a chance that the values of x, ^ 
reduce the coefficient of the cos*^ term in a particular case to a value too smafi to 
give detectable anisotropy. 

If we tahe into account the possible contribution from the 1 = 2 component to the 
J = 1 odd state, the angular distribution becomes 


3/g^— 6 /?cos^ 
"*"4—7/5*4-cos ^ 


cos* d, 


where y5e^‘’ is the ratio of the matrix elements for the 1 = 2 and 1 = 0 components. 
(As in the case of Be® there is coherence between the contributions arising from the 
1 = 2 and I = 0 components since the J =1, odd, state can be produced from the 
j = l spin-state by both Z-components.) From the ratio of penetrabilities of S and J> 
proton waves we would expect /5 to be about 0-085, so that unless 7 ) ^ there would 
be detectable anisotropy for this value of J. 

The measured cross-section for the process corresponds to a radiation width of 
30eV if J = 0 , and 10 eV if t7 = 1 (assuming that half the observed radiation is 
attributable to the 8 -lMeV transition), both of which are consistent with electric 
dipole radiation. 

F=^» 

In attempting to interpret the results for the reaction F^® {p, oc) 0^®* we must take 
into account the fact that none of the resonance levels for the emission of a low-energy 
a-particle and the production of 0 “* (i.e. the y-radiating state of 0 “ at about 
6 MeV) can emit a-particles with the full energy available, leaving 0^® in the ground 
state.t We can account for this fact in a straightforward manner by fl.ganTning that 
these radiation-producing resonance levels of Ne*® have either even parity and odd 
angular momentum or odd parity and even angular momentum, symmetry pro¬ 
perties which would prohibit the dissociation into normal 0 ^® and an a-particle. 
Assuming the grotmd state of F^® is j = J odd, we then have the following possi¬ 
bilities for Z-components up to 3 . 


1 3 — 3 {A)+j{B) J(Ne*®) parity 

0 0 odd 

2 0, 1 2 odd 

1 0,1 1 even 

3 0,1 3 even 

To some extent the value of I can be estimated from the size of the cross-section at 
resonance; and the orbital angular momentum with which the a-particle is emitted 
from the compound nucleus from the measured total width of the resonance levels 
(Schiff 1946 ; Boimer & Evans 1948 ). Such an analysis indicates, although with no 


t The excitation Action for energetic a-partidles from the reaction a) 0“ show no 
resonance levels at the energies for which the y-radiation resonances are observed 
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great certainty, the following values for Z, the angular momentum of the incident 
protons, and L, that of the emitted a-particles: 


proton energy 

i{p) 

X(a) 

state 

338 

0 

1 

0 odd 

470 

2,1 

2 

2 odd or 1 even 

590 

2,1 

0 

2 odd or 1 even 

665 

2,1 

2 

probably 1 even 

870 

2,1 

2,3 

— 


338 heV level. Isotropy of the y-radiation (and also of the low energy a-particles) 
will be perfect if the Z = 0 proton component is responsible, since the selection rule 
for prohibition of emission of energetic a-particles limits the Ne^^ state to a J = 0 odd, 
and therefore no other Z-component will contribute. The direct y-transition to the 
ground state of Ne^® cannot take place from this level in accord with observation 
(Devons & Hereward 1948 ). Emission of an a-particle with orbital momentum 1 
will result in a j = 1 even, state of 0 ^^*. 

470 arid 665 heV levels. If the first assignments of angular momenta given in the 
above table, Z = 2 , D = 2, are correct then one might expect some departure from 
isotropy in the y-radiation associated with both these levels, but the anisotropy is 
likely to be small, possibly too small to be revealed with the limited experimental 
accuracy available. However, the assumption of the value Z = 2 , and therefore 
J = 2 , odd, for the Ne^^ level, leads to difficulties in explaining the observed 12 MeV 
y-transition from the 665 keV level with a y-radiation width of about 2 eV, a value 
which is rather large for magnetic quadrupole radiation. The assignment D = 2 to 
the orbital momentum of the a-particle also leads to difficulties, since it corresponds 
to the production of the 6 MeV excited 0^®* nucleus in an odd state, whereas the 
evidence from the 338 keV level indicates even parity for this state. 

A more likely assignment to the 665 keV level is Z = 1 for the proton component 
and J = 1 , even, for the Ne^® state, magnetic dipole radiation for the 12 MeV transi¬ 
tion to the ground state of Ne^®, and = 2 for the orbital momentum of the a-partiole. 
It still remains to be explained why the break-up of the compound Ne^® nucleus into 
0^®* and an a-particle does not take place by emission of an a-;^artiole with L = 0. 
That this does not, in fact, happen is indicated by lack of detectable anisotropy in 
the y-radiation. The assignment of J = 2 odd, to the resonance level of Ne^ at 
470 keV proton energy would be consistent with the non-observation of the 12 MeV 
y-radiation from, this level. 

590 JceV level. We have already indicated reasons for believing that this level is 
associated with the emission of a-particles with zero orbital momentum, and 
therefore the symmetry properties of the resonance level of Ne^® and the y-emitting 
016 * state are identical. Possible values for momentum and parity are therefore 
1 even; 2 odd; 3 even; etc. The magnitude of the cross-section at resonance indicates 
formation of the compound nucleus by the proton component Z = 1 or 2, and to 
obtain consistency with the assignments already made it is necessary to choose 
Z = 1, and the radiation from 0^®* (1 even), is then magnetic dipole. 

The compound Ne^® state can be formed from both spin combinations, j = 1 , and 
j = 0 , together with the Z = 1 proton component. Denoting by t the ratio of the 
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coupling between each of these two initial states (j = 1 , /I = 1) and (j = 0, ^ = i) 
and the resonance state of Ne®®, we obtaiu for the angular distribution of the 
y-radiation from 0^®: 

Comparison with the experimental results (part I, figure 12) indicates a value of 
3 for i As in the case of li’ (p,y) we see that there is no strong tendency towards 
conservation of intriusic angular momentum, but this does not necessarily imply 
that spin momentum itself is not approximately conserved in reactions of this type, 
since the intrinsic momenta of the complex nuclei involved (Li^,Fi») cannot be 
assumed to be entirely spin momentum. 

SlOkeVkvel. It is not possible from the measurements available to decide 
between the several possible assignments for this level, since, apart from the 
anisotropy and limited accuracy, there is an additional complication due to an 
appreciable contribution from the y-transition from another state of 0^®, with 
excitation energy at 7*0 MeV. The experimental technique employed in the present 
measurements was insufficiently refined to separate the contributions of energy 
6-1 and 7-0 MeV. 


One of us (M.G.N.H.) is iadebted to King’s College, Cambridge, and the Depart¬ 
ment of Scientific and Industrial Research for grants during the course of this work. 
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Spectroscopic studies of low-pressure flames. II. Effective 
translational and rotational temperatures from CH bands 

By a. G. Gaydon and H. G. Wolfhaed 
Chemical Engineering Dept, Imperial College, London 

{Communicated by Sir Alfred Egerton, F.R,S.—Received 2 February 1949 ) 

[Plat© 1] 

Using a Fabry-Perot interferometer, the Doppler widths of lines of the OH bands emitted 
from the reaction zone of an oxy-acetylene flame have been examined. The experimental 
arrangement and method of computation are described. The effective translational tempera¬ 
tures of the excited CH radicals are around 4000 ® K in the low-pressure flames, compared 
with theoretical maximum flame temperatures around 2700 ® K. At atmospheric pressure 
the translational temperature is near the expected flame temperature. The effective rotational 
temperatures have also been measured for the CH bands 4315 and 3900 A and do not differ 
much from the theoretical maximum flame temperatures for any of the several flames ex¬ 
amined. The method of excitation of the CH is discussed. It seems likely that the radicals 
are excited by collision with other active species in the flame; the high translational tem¬ 
perature shows that we do not have normal thermal excitation, but there are also difficulties 
in attributing the effects to true chemiluminescence. For the weak CH band at 3143 A the 
effective rotational temperature is very high, especially at low pressure. 


LmtoDUOTioN 

By spectroscopic methods it is possible to learn something about the distribution 
of energy among its various possible forms in the reaction zone of a flame, where 
thermal equilibrium is not to be expected. Also it is of importance to find out to what 
extent thel light emission in flames is due to thermal causes and to what extent it 
is chemiluminescence. This knowledge is necessary for a reliable apphcation of 
spectroscopic observations to combustion problems, and also may give us detailed 
information about collision processes in reacting gases which is of wider application. 

In a previous paper (Gaydon & Wolfhard 1948a) we have stressed the advantage 
of using flames at very low pressure (pressures down to 1 mm. of mercury) to give 
a very thick reaction zone and a flat flame which can be examined in detail, and have 
reported on temperature measurements on acetylene flames by thermocouples, by 
the spectrum-line reversal method, and from studies of the rotational temperature 
of the excited OH radicals. It was then shown that the OH emission from hydro¬ 
carbon flames was mainly due to a chemiluminescence, which may be due to reaction 
of CH radicals with O2 molecules to form CO and excited OH at high rotational tem¬ 
perature. We have also given other reports on this work, especially relating to the 
OH radical (Wolfhard 1939; Klaukens & Wolfhard 1948; Gaydon & Wolfhard 
1948 c). In the present paper we propose to concentrate on results for the emission 
from the CH radical, and in particular to describe the experimental method and 
results of measuring the translational temperatme of the excited CH radicals by 
the Doppler broadening of the spectrum lines. While Doppler shifts are frequently 
used to determine stellar velocities and occasionally gas velocities, and pressure 
broadening has been used as a measure of gas pressure in flame gases (Bundy & 
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Strong 1948 ), this is probably the first detailed account of the use of Doppler broad¬ 
ening for the measurement of temperatures in flames. The strong bands of OH 
around 4315 and 3900 A are among the strongest features of the emission spectrum 
of the inner cones of premixed flames of hydrocarbons and many organic com¬ 
pounds, but they do not fit readily into most detailed theories of combustion pro¬ 
cesses, as do the OH radicals, and it would be of interest if we could settle whether the 
strength of these bands resulted from the high concentration of CH radicals in the 
flames or was merely the result of chemiluminescence in some side reaction. 

Translational temrebattjres ; experimental 
Theory 

The width of a spectrum line depends on its natural width, resulting from the 
uncertainty principle, collision broadening, due to interference by neighbouring 
inert molecules, to resonance broadening due to interference by similar molecules, 
and to Doppler broadening due to the random thermal motions of the emitting 
molecules. To make use of the Doppler broadening to determine the effective trans¬ 
lational temperatures of the emitting molecules, we must be sure that broadening 
from the other causes is negligible compared with the Doppler broadening. The 
natural breadth of a spectrum line is extremely small and may safely be neglected 
in comparison with Doppler broadening above room temperature. The resonance 
pressure broadening is most serious in the case of atomic spectra, especially for the 
resonance lines and ceortainly precludes the use of any strong atomic lines such as 
the sodium D lines, and for other atomic lines it would be necessary to ensure a low 
partial pressure of the atomic species; for molecular spectra, however, we can again 
safely neglect resonance broadening. The normal collision broadening will, of course, 
be a function of pressure and will affect all molecules to some extent at high gas 
pressure; we may say at this stage that the breadth of the CH lines in a flame at 
atmospheric pressure was close to that expected for Doppler broadening alone, so 
that in the flames at low pressure (from 1/50 to 1/500 atm.) the pressure broadening 
must certainly be quite negligible. Thus for the spectra of molecules such as CH, OH, 
C 2 and NH it should be possible to obtain information about the effective trans¬ 
lational energy of the molecules from a study of line breadth. 

It can be shown (see Tolansky 1947 ) that the half-breadth, 6 , of a spectrum line 
due to Doppler broadening is given by 

b = 2^log2^{2RTIMc^) .voiar^s 

where M is the molecular weight, R the gas constant, c the velocity of light, T the 
absolute temperature and v the wave-number of the spectrum line. Inserting 
numerical values 

b = 0-71 X 10-6 V(y/-3f).vcm.-i, 

M, of course, having the value 13 for CH. 

Since the half breadth of the line is proportional to the square root of the tem¬ 
perature the method will clearly not be a sensitive or accurate one for temperature 
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measurement, but by measming the ha,]f breadth of the bufla of CH it should at least 
be possible to determine whether or not there is any marked departure jfrom expected 
flame temperature and to learn something of the time required for the translational 
energy of excited radicals to reach equilibrium with the surrounding gas. For 
obtaining a value for an ejBFective translational temperature it is sufficient to measure 
the half-width of the line, but to find whether there is any departure from a 
MaxweU-Boltzmann distribution of translational energy among the molecules it is 
necessary to compare the intensity contour of the spectrum line with that expected 
theoretically for pure Doppler broadening. 

In order to study the Doppler broadening it is clearly necessary to the 

spectrum line with very large dispersion and to photometer its intensity accurately. 

Apart from the question of broadening, the contour of a spectrum line may be 
modified by self absorption. In the case of CH it is known that flames do not readily 
show any absorption of these bands, and at the low pressures \ised in these experi¬ 
ments we may safely ignore self-reversal effects. 

Apparatus 

For detemaining the intensity contour of the lines a Fabry-Perot interferometer 
crossed with a large quartz Littrow-t 37 pe spectrograph was used. 

The interferometer plates, 6 cm. in diameter, were of quartz, and were aluminized 
by evaporation, the transmission used for most of the work being about 6 %, with 
a reflexion coefficient of 81 %. The separation between the plates was varied, etalons 
of 3,4, 6 and 8 mm. being used, but the 5 mm. one was found most siiitable and was 
used for most of the final measurements. The theoretical resolving power for 81 % 
reflexion and a 5 mm. separator is 0-07 cm.”^; in practice the instrumental half¬ 
breadth of the lines was around 0-12 cm.“^, although values down to 0-08 were 
obtained sometimes with short exposure times. Some difficulty was experienced 
with temperature control, owing to the change of the refractive index of the air 
between the interferometer plates. The temperature of the room was controlled 
thermostatically to about 0-5° C and the interferometer itself was placed in a lagged 
box; in this way it was usually possible to maintain the temperature constant to within 
0 - 1 ° C for about an hour, which was adequate, but for longer exposures temperature 
changes were troublesome. 

The quartz spectrograph has been described (Gaydon &, Wolfhard 1948 a). It gave 
excellent definition and had a dispersion of 9 A/mm. in the violet, with an aperture 
of about jF/25. Since it was necessary to resolve the rotational fine structure of the 
CH bands the slit width had to be restricted to 0-2 mm., which was sufficient to 
enable the interferometer fringes to be photometered. 

The experimental lay-out is shown in figure 1 . The technique of running the low- 
pressure flames has been described (Gaydon & Wolfhard 19486 ). Light from the 
flame F is brought roughly parallel by the lens Dj, passes through the Fabry-Perot 
interferometer I, and is brought to focus by the lens on to the slit 8 of the spectro¬ 
graph. L-y was a plano-convex lens of focal length 37-5 cm. and was adjusted to give 
an image of the flame on the slit when was in positiom was a good quartz lens 
(taken from a spectrograph) of focal length 60 cm. For focusii^ and for determining 
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the instrumental line width as given by the interferometer a water-cooled mercury 
arc, A, was used; this was placed behind the flame and could be brought into focus on 
the slit by moving L^. The circular interference friuges formed in the interferometer 
were brought to a sharp focus on the slit by moving the lens L^, since this lens was not 
achromatic it was necessary to take focus plates for near the wave-lengths required 
using the water-cooled mercury arc. The interferometer plates were adjusted for 
parallelism in the usual way, and the interferometer was set at a slight anglo so as 
to throw the centre of the fringe system just above or below the slit which was then 
crossed by about ten horizontal fringes. 



L, 1 


1 


Fiqtibe 1. The experimental arrangement. 

The jahotometer 

A non-recording microphotometer of the usual type with photocell and galvano¬ 
meter was used. Each photographic plate was calibrated by taking a spectrum 
(without the interferometer in) of a mercury discharge tube with a stepped sector 
over the slit; for this a quartz lens was placed over the sHt of the spectrograph and 
the position of the discharge tube was adjusted to give an image in the spectrograph 
lens, this system ensuring even illumination of the sUt; a check exposure with 
the sector stationary was always taken to ensure that uniform illumination of the 
sht was m fact being obtained. From the intensity marks made in this way with the 
sector, the relation between the optical density of the photographic plate and the 
mteaiaty of the light was derived and this enabled the actual intensity contour of 
the mterference pattern of the spectrum lines from the flame to be obtained. There 
w^ usually a faant continuous background in the spectrum of the flame, and the 
mt^ity of this was measured in a region close to the spectrum line being studied 
and this mtensity was subtracted to get the true intensity contour of the line. 

coinmn^ disadvantage, 

t^r^ ^ f^^lates, of bemg rather grainy, but the light-gathering power of 
interferometer and spectrograph was so smaU that fast plates were 

The method of computing 

^ spectrum line results from a combination of 

orde^n interferometer fringe system. In 

order to get the instrumental contour the water-cooled mercury arc was useA the 

CH W compared with that of the 

CH hues m the flame because of the water-cooling and the Wgh atomic weight of 
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mercury; apart from main resonance lines, pressure broadening also appeared amq.n 
in this arc; most of the mercury lines showed a definite hyperfine structure, but the 
central component due to the isotopes of even atomic weight was much stronger 
than other components and no difficulty was found in deriving the instrumental fine 
contour from measurement of suitable mercury lines. 

In determining the instrumental contour in this way, it was desirable to do so 
under exactly the same conditions as those imder which the spectrum of the flamA 
was examined, so as to avoid errors due to change in the temperatime or adjustment 
of the interferometer or atmospheric pressure during the exposure. We therefore 
exposed the mercury arc at the same time as the flame; the mercury lines were thus 
superposed on the flame spectrum, fortunately falling between the OH lines. In 
practice, since the arc was brighter than the flame, we made several short exposures 
of the mercury spectrum at regular intervals throughout the main exposure on the 
flame. 




Figxjbb 2 . (o) Intensity contour of three fringes of the line of the 3900A band of OH in 
a stoichiometric oxy-acetylene flame at 9* 5 mm. pressure. The lower curve is the continuous 
background from the flame. (6) The intensity contour of the Hg line at 4077*8 A under 
identical conditions; the lower curve again represents the background from the flame. 
In tl:^ plate the fringes are rather more widely spaced than was usually the case, so as to 
give maximum detail for study of the fringe contour. 

The next etep was to derive the true half-breadth b, of the spectrum line from the 
measured half-breadth m, and the instrumental fringe breadth i. For the summation 
of two curves of the type for collision broadening it is known that m = 6 + i. For the 
summation of two contours of Doppler-broadening type, however, we have the 
relation = 6^ -f For the summation of a Doppler contour and the instrumental 
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contour "wc arc unaware of any exact law, and tlie resultant seems to be between tbat 
given by the square and by the linear summation. Owing to varying effects of adjust¬ 
ment, focus, and temperature change, the instrumental contour changes slightly from 
plate to plate. It was therefore necessary to make a detailed calculation for each 
plate. 

An ideal Doppler contour for an assumed temperature was plotted using the 
expression I = exp[-{2.y/(loge2).a:/6}*], where x is the difference in wave-number 
from the centre of the hne. A graphical integration was then made with this curve 
and the observed instrumental contour, as derived from the mercury line. The 
resulting curve was compared with the observed mtensity contour. The method was 
rather laborious, but with practice it was possible to get quite a fair fit from the first 
approximation, and a good fit with a second approximation. 



FiGtTBE 3.-the instrumental contour as deduced from the contour of the TTg line shown in 

figure 2 b. -an ideal Doppler curve for CH at 3700° K. the graphical integration 

of the two curves. © points derived from the observed intensity contour of the strongest 
fringe in figure 2 a. This fringe lies slightly below the centre of the reaction zone of the 
flame, which accoimts for the temperature being a little lower than the value of 4000° K 
usually obtained. Plate 1 shows a reproduction of the spectrogram from which the curves 
of figures 2 and 3 were derived. 


To obtam accurate intensity contours it was found necessary to make rather heavy 
exposures so that both the continuous background from the fiame and the instru¬ 
mental background between the interference fringes should be easily measurable; 
this was only the case when these backgrounds were weU above the threshold of 
sensitivity of the photographic plate. 
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Figure 2 a and b and figure 3 show respectively a t 3 ^ical group of observed in¬ 
tensity contours for a CH line, the observed contour of the mercury line at 4077-6 A 
for deriving the instrumental contour, and in figure 3 three curves, one the deduced 
instrumental contour, the second the assumed line contour for a selected value for 
the temperature, and the third the result of graphically integrating these two; 
points derived from the experimentally obtained curve are plotted along the 
calculated curve for comparison. 

The spectrum lines used 

The CH band at 3900 A corresponds to a transition, and the band has 

P, Q and B branches, each branch consisting of double lines due to the spin splitting 
in the state. This spin splitting decreases with increasing rotational energy and 
the fines become close together and cannot be resolved with the relatively wide slit 
which must be used for photometering along the spectrum fine. In consequence, 
there was only one line, the weak ^2(4) 3900 A band which was suitable 

for detailed study. The weakness of this fine and the need to bring up the backgroimd 
between the fringes above the threshold of plate sensitivity meant that heavy ex¬ 
posures were required. The reduction of fight by the interferometer and spectrograph 
therefore limited observations to very bright fianies, and in fact satisfactory results 
were only obtained with oxy-acetylene flames. Exposure times were usually around 
^hr., although some exposures up to 2 hr. were made; with the longer exposures 
temperature changes in the interferometer were a fimitiag factor. 

For the CH band at 4316 A, due to a transition the rotational structure 

was even more complex the P, Q and B branches each having four close components 
due to spin and A-doubfing. Near the band head the structure was impossibly 
complex, but near the tail of the band where only the B branches remained strong 
the A-doubfing was well resolved, while the spin doubling was quite small. For a 
few fines of the B^ branch the components By^ and B^ were separated by about 
1 om.~^ and with suitable separation of the interferometer plates the fringes of the 
two lines were roughly equally separated. In this way the combined fiinge system 
could be microphotometered and calculations made as for the fine of the 3900 baud 
but vrith the graphical integration complicated by the need to take into account the 
presence of two lines of equal strength. The resolving power was also reduced by the 
need to separate the firinges and hence to use a smaller separator. The majority of 
measurements were therefore made with the fine of the 3900 A band, but some were 
made as weU. with the 4315 A band. 

TEANSLAHOIirAL TBMPERATXrBBS; RESULTS 
Oxy-acetylene flame at atmospheric pressure 

For an ordinary weldiog flame the continuous backgroimd was very strong when 
the spectrum was photographed using a wide slit, and accurate results could not be 
obtained. Using a 3 mm. etalon, to increase the sharpness of the fringes, an approxi¬ 
mate value of 2600° K was obtained, using the ^2 (i) ^® *^® 3900 A band. The 

exact mixture strength in this flame was not known, but it was probably not far 
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from stoichiometric and the theoretical flame temperature would be rather higher 
than the observed translational temperature in the reaction zone as obtained in 
this way. The value does, however, serve to show that even at atmospheric pressure 
the pressure broadening of the OH lines is comparatively negligible and that at this 
pressure the average translational temperatures of the excited molecules does reach 
approximate equilibrium with the gas temperature. 

Flames at low pressure ; the centre of the reaction zone 

In the flames at low pressure the reaction zone varies from a few mm. up to about 
3 cm. thick, according to the pressure, and it was possible to determine the variation 
of translational energy through the zone. Por the moment we shall concentrate on 
measurements for part of the reaction zone from which the emission of the CH bands 
was strongest; this lies rather above the centre of the luminous reaction zone as 
observed visually. Table 1 contains a collection of results from individual plates for 
stoichiometric oxy-acetylene mixtures using the Q 2 (J) line of the 3900 A band. 


Table 1. Teanslational TEJsiPEBATtrEBS bob stoiohiombtrio 

MIXTTTEES AT VARIOUS BBBSSURES 


diameter of 

gas 

etalon 

measured 

half-breadth 

half-breadth 


flame burner 

pressure 

distance 

of CH 

of Hg line 

temperature 

(mm.) 

(mm.) 

(mm.) 

(cm.“^) 

(cm.”^) 

CK) 

13 

14 

3 

0-438 

0-174 

4000 

13 

14 

4 

0-407 

0-123 

4050 

13 

14 

5 

0-362 

0*117 

4150 

21 

9-5 

4 

0-347 

0-133 

3700 

21 

9-5 

5 

0-373 

0-127 

3900 

34 

5 

3 

0-42 

0-17 

4150 

34 

5 

5 

0-35 

0-112 

4000 

34 

4-2 

5 

0-374 

0-16 

4000 

54 

2-2 

5 

0-40 

0-162 

4000 

54 

2-0 

3 

0-43 

0-185 

4500 

54 

1*9 

5 

0-37 

0-12 

4000 


Over this pressure range from 2 to 14 mm. there does not appear to be any syste¬ 
matic change of temperature with pressure. Values obtained with the 5 mm. etalon 
are rather more consistent than with the smaller separators. The mean value appears 
to be about 4000° K. The scatter of the results suggests a probable error of less than 
200° K, but in view of the possibility of more systematic errors it is probably safer 
to assume a temperature of 4000 ± 400° K for the centre of the reaction zone. 

For mixtures other than stoichiometric the temperatures came only very slightly 
lower. Thus a rich mixture, containing about double the required amount of acetylene 
gave 3800° K. A weak mixture containing about 50 % too much oxygen gave 
3900°K. 

Measurements on stoichiometric mixtures using a line of the 4315 A band gave less 
consistent results, values of 3700, 4500, 4000 and 4150° K being obtained from 
separate plates, but the mean value is again not far from 4000° K. 
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The observed intensity contour for the line of the 3900 A band was in satisfactory 
agreement with the contour calculated from the instrumental contour combined 
with an ideal Doppler broadening. The degree of agreement varied somewhat from 
plate to plate, largely because of the experimental error in allowing for the back¬ 
ground intensity. In the curves reproduced in figure 3 it will be seen that the circles, 
derived from the observed line contour, foUow the calculated contour quite well. 
The experimental error is such that the comparison between the observed and 
calculated curves caimot give high accuracy, but it does seem that there is no marked 
indication that the distribution of velocities in the excited CH radicals differs 
appreciably from a Maxwell-Boltzmann distribution at an effective temperature of 
^bout 4000° K. 

Variation through the reaction zone 

The translational temperature as deduced from the Doppler broadening was 
appreciably higher at the top of the reaction zone and lower at the base of the zone. 
The results for a typical plate are listed in table 2, for a stoichiometric flame at 
2*2 mm. pressure. The actual results varied somewhat from plate to plate owing to 
the experimental error, but it was clear that at the very base of the reaction zone 
the effective translational temperature was relatively low, values between 2500 and 
3200° K being obtained, while near the top of the reaction zone it was a good deal 
higher, some plates giving temperatures in excess of 5000° K at the top. 

Table 2 . Variation of translational temperature 

THROUGH THE REACTION ZONE 


fringe 


temperature 

no. 


CK) 

1 

top 

4400 

2 


4550 

3 


4100 

4 

centre 

4050 

5 


3500 

6 


3450 

7 


3200 

8 

base 

3050 


Measurement of rotational temperature 

The method of calculating the effective rotational temperature from the rotational 
fine structure of a band is well known. If I is the intensity of a single spectrum line 
of wave-number v, then 

7-(7Pj^^exp[-^,/fen 

where (7 is a constant depending on the total intensity, P is the transition 
probability for the particular line, E,, is the rotational energy, fe is the Boltzmann 
constant and T is the absolute temperature. Erom this we have 

loge I —loge {Pv^) = Ej.lkT’\’ constant, 

hence if we plot log/—log,(P j^) against E^jJc the slope will give the temperature. 
I is obtained experimentally from photometry of the spectrum; the transition 
probability may be derived theoretically. 


VoL 199. A, 


7 
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The quartz Littrow-type spectrograph was again used, and the intensity marks 
to calibrate the photographic plate were again made with the rotating stepped 
sector. Over the region of the OH bands it was found, by measurements with a tung¬ 
sten strip lamp at known temperature using Wien’s law, that the effect of change of 
sensitivity of the plate with wave-length and the change of aperture of the spectro¬ 
graph was quite negligible for the comparatively short regions in which the lines of 
the rotational structure were being photometered. 

The 3900 A hand of CH 

This is due to a transition, and the lines of the P, Q and Jt branches show 

a small but resolved spin-splitting. In order to resolve this it was necessary to use 
a fine slit and to be careful to obtain the maximum resolving power from the spectro-' 
graph. Temperature changes were troublesome, but could be overcome for exposures 
up to an hour by using thermostatic control. The use of the fine slit reduced the 
accuracy of the measurements a little, because of the graininess of the plates, but 
satisfactory results were obtained. Owing to the predissociation in this band setting 
in around X' = 15 only lines of lower jSl' could be used. 

For the lines used, all with X' less than 14, it was sufficient to take the rbtational 
energy as being equal to B'X'{X* + 1 ) where P' is the rotational energy constant 
for the excited state. Values for the transition probability P were calculated from 
the formulae given by Earls ( 1935 ); there seems to be some inaccuracy in these 
formulae at very low quantum numbers, the JS lines being too strong and the P lines 
too weak, so that it was necessary to neglect points with X' less than 4. 

The 4315 A band of CH 

This band is due to a transition. Near its head the structure was much 

too close to resolve with the dispersion used, but away from the head the lines of the 
jB banch were satisfactory. For these the A-doubhng was easily resolved, but the 
spin-splitting was quite small (about 1 cm.""^ in one component, and much less in the 
other) and so a comparatively wide slit was used and the two spin components were 
measured together. The A-doubling was then not readily resolved before the P ( 12 ) 
lines, and points above R ( 22 ) were disregarded because of the onset of predissocia- 
tion at R (24). 

For this band the rotational energy was derived from the expression 

E, = B'X\X' +1) - D'X'\r -1-1)2, 

where P' and P' are the rotational energy constants for the state. 

Accurate intensity factors for ^A -> transitions intermediate between Hund’s 
coupling cases a and b have not been derived, but both electronic states of OH are 
very close to case b and it was sufficient to use the formulae given by Mulliken, as 
summarized by Jevons ( 1932 ). 

The 3143 A band of CH 

This* is much weaker than the other two bands and is usually at least partially 
masked by the OH band. However, we were able to make measurements for a few 
flames. The transition is -^ 2 jj u]j;e the 3900 A band. The spin-splitting was rather 
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small, and so a rather wide slit was used and the two spin components were measured 
together. Data for the rotational analysis were taken from T. Heimer ( 1932 ) and 
a number of lines of the P and R branches which were not overlapped by OH lines 
were used. 

Values for effective rotatioi^al temperatures 
Results for the 390G A band 

Owing to the need to work with the large quartz spectrograph and to use some of 
the weaker lines of the R and P branches, it was only possible to apply this method of 
measuring the rotational temperatures to relatively bright flames. All the mixtures 
used were stoichiometric. In all cases a satisfactory straight line was obtained, apart 
from the discrepancy between the P and R lines at very low rotational energies 
already mentioned and believed to be due to failure of the intensity formulae at 
very low values of K. The fact that the graph was fairly straight indicated that the 
distribution of rotational energy among the excited OH radicals was similar to that 
for a Maxwell-Boltzmann distribution. Figure 4 shows a typical graph of 

{log/-log (Pp^)} 

against and table 3 summarizes the results, aU measurements being for the part 
of the reaction zone from which the CH bands were emitted most strongly. 



in cm.“^ 


Figure 4. Results for the 3900 A band of CH from the flame CaH 2 4 - 2 J 02 
at 6 nun. pressure; temperature = 2600® K. 

It will be seen that the values all come near the theoretical flame temperatures. 
The probable error is about 200 ° K. There was, however, no marked change of effec- 

7-2 
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tive rotational temperature through, the reaction zone, as with the translational 
temperatme. For the oxy-acetylene flame at 1-8 mm. there was some indication of 
a slight rise of temperature passing upwards through the reaction zone, hut it was 
quite small, being about 2360° at the base, 2460° at the brightest part, and 2580° K 
at the top. 


Table 3. Eeeeotivb rotational tempbratitbes eor OH 3900A 




temperature 

flam© 

pressure 

CK) 

oxy-acetylene welding flame 

latm. 

3200 

oxy-acetylene low-pressure flame 

f 6 mm. 

\ l‘8mm. 

2520 

2460 

oxy-methan© 

18 mm. 

2670 

acetylene-nitrous oxide 

8 mm. 

2800 


Remits for the 4315 A band 

This band again gave fairly good straight lines for the plot of {log I —log (Pv*)} 
against F, as shown by the examples in figure 6. These are for individual plates and 
the values differ slightly from the averaged values summarized in table 4; these 
are again for the brightest part of the reaction zone. Results were again consistent 
to about 200° K or perhaps a little better in some cases. 

These results show that the effective rotational temperatures for the OH radicals 
in the excited ®A state do depend on the theoretically expected flame temperatures, 
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but tend to come rather on the high side, being in some flames up to 10 % too high. 
The result for methyl alcohol seems in line with the results for acetylene. This methyl 
alcohol flame was examined because it is one of the few flames for which the OH 
bands are reasonably strong but which does not show strong Og bands. For the 
4315 A band there was httle variation in the temperature from the base to the top 
of the flame. 


Table 4. Effective eotatiokal TEMFERATtrEEs foe CH 4315 A 


flame 

pressure 

temperature 

(°K) 


1*7 mm. 

2750 

CjHa + l-TOa 

2-2 mm. 

2750 

CaHa + SOa 

2*2 mm. 

2300 

C 2 H 2 + 12 air 

12 mm. 

2420 

C 2 H 2 + 20 air 

21 mm. 

2050 

CH 3 OH O 2 approx, stoichiometric 

8 mm. 

2400 

oxy-acetylene welding flame 

latm. 

3600 


Results for the 3143 A band 

This band was only obtained in sufficient strength and not overpowered by the 
overlapping OH in flames of rather fuel-rich mixtures of oxygen and acetylene. 
Fairly good straight lines were obtained for lines of both the P and jR branches, but 
the P lines were relatively too strong compared with the B lines. 

For the welding flame at 1 atm. pressure a value of 3700® K was obtained; this is 
appreciably higher than the theoretical maximum temperature for the rich mixture 
used. For the low-pressure flame, at 11mm., the very high value of 5070® K was 
obtained. It thus seems that this band behaves differently from the other two. The 
band is emitted from the same part of the reaction zone of the low-pressure flame, the 
upper part, as the other bands of CH. There is, however, some indication that it is 
favoured, relative to the other bands, by richer mixtures. Also its occurrence is 
restricted to very hot flames. The overlapping by the OH makes accurate observa¬ 
tions of its relative intensity difficult. 

Discussioisr OF results 

The experimental results may be summarized as follows. The effective translational 
temperatures for both the 3900 and 4315 A bands in the low-pressure oxy-acetylene 
flames come much too high, being around 4000® K against maximum theoretical 
temperatures of 2500 to 2800® K. The translational temperature is appreciably lower 
at the base of the reaction zone and higher still near the top. At atmospheric pressure 
the effective translational temperature is near the theoretical maximum flame 
temperature. The effective rotational temperature for the first excited state of 
CH (3900 A band) is near the theoretical maximum flame temperature, both at 
atmospheric and at low pressure; there are indications of a slight rise from the base 
to the top of the reaction zone. For the excited state (4315 A band) the effective 
rotational temperature is again closely related to the flame temperature, but tends 
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to come up to 10 % both at atmospheric and at low pressure, and there is little 
indication of any variation from the base to the top of the reaction zone. The second 
excited state, the upper state of the weak 3143 A band, gives quite a different result, 
with a rotational temperature of 3700° K at 1 atm. and over 3000° K at low pressure. 

We thus have the rather surprising result that for the main bands at 3900 and 
4315 A the rotational energy of the excited CH molecules is closely related to the 
gas temperature, whole the translational energy in the low-pressure flames is con¬ 
siderably in excess of what must be the average translational temperature of the gas 
molecules. Tor the case of OH it was shown (Gaydon & Wolfhard 1948 a) that the 
rotational temperature was abnormally high and that this was due to the OH 
radicals being formed in the excited electronic state by chemical reaction and to the 
number of collisions during the lifetime of the excited radical being too few to bring 
the rotational temperature into equilibrium with that of the surrounding molecules. 
Tor CH we should expect a shorter radiative life than for OH (it having been shown 
that OH has a long radiative life of the order 4 x 10 “® sec.). There seem two possible 
interpretations, first to assume that the CHradiation is not due to chemiluminescence, 
or secondly to assume that the chemiluminescence has httle energy to spare for high 
rotational excitation of the newly formed CH radical. The high translational tem¬ 
perature in the low-pressurje flames clearly shows that the excitation of the CH 
radicals does not result from normal thermal causes and also shows that at pressures 
below 14mm. the number of collisions occurring during the radiative life of the 
excited radicals is too few for excess translational energy to be lost to surrounding 
molecules. We should expect that almost every collision would lead to a considerable' 
loss of excess translational energy and that something near equilibrium would be 
attained in a very few collisions. At 14 mm. pressure and around 2500° K one might 
expect around 5 x TO® coUisions per sec. Since in this range the translational tem¬ 
perature does not vary appreciably with pressure we may conclude that the radiative 
life of the excited CH is less than 2 x 10 ~’ sec> On the other hand at atmospheric 
pressure, where kinetic theory data would indicate around 3x10® coUisions per sec., 
translational energy equihbrium appears to be established, and hence the radiative 
life must be appreciably longer than 3 x 10 ~i®Beo. These values would be in accord 
with a normal radiative lifetime for the CH radicals arotmd 10 ~® sec. 

H we consider the first assumption, that the excitation of the CH is not due to 
true chenuluminescence, then since it is clearly not normal thermal excitation we 
must conclude that the radicals receive their electronic excitation from other active 
species in the flame, but that in this way there is little conversion to rotational energy, 
so that the rotational temperature of the CH remains related to the rotational tem¬ 
perature of the surrounding molecules, although the CH gains both electronic and 
translational energy. If the angular momentum of the system has to be conserved 
during the collision then it seems reasonable that this may be the case. 

If we examine the second possible assumption, that the excitation is due to 
chemiluminescence, but that it does not result in giving the new CH radicals an 
appreciable excess of rotational energy, we require a fuller knowledge of the actual 
ch emil u min escent process and of the stearic factors to be able to decide whether 
or not this is likely. 
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The simplest reaction for the formation of excited CH is 

C2+0H = CH* + C0. 

This reaction has been supported in the past by the work of Pannetier & Gaydon 
( 1947 ) on the production of OH in moist cyanogen flames. There is some doubt about 
the energies of dissociation of C 2 and CO, but this reaction is certainly very exothermic 
and we should have expected that it would lead to a considerable excess of rotational 
energy in the newly formed CH radical. In the low-pressure flames the CH bands 
usually occur high in the flame while the Cg bands occur lower. Prom the above 
reaction the strength of the CH emission should depend on the concentrations of 
C 2 and OH; while we might expect the maximum of intensity of the CH to lie higher 
than that for Cg, it seems difficult to account for the strength of the CH at the very 
top of the flame where the Cg bands seem quite absent. 

Apart from the above reaction, it is very difficult to postulate a reasonable reaction 
which would be sufficiently exothermic to form electronically excited CH. Reactions 
of Cg with HOg, or of atomic carbon with some other molecule give enough energy 
but seem improbable. 

There is some indication that the rotational temperature obtained from the 
4S15A band is a little ( 200 ° K) higher than from the 3900 A band. This may be 
because there is a slight departure from a Maxwell-Boltzmann distribution of 
rotational energy and the 4315 A band uses points at relatively high energy, while 
the curve for the 3900 A band is limited to points from low rotational energy levels, 
so that the slight difference may not be significant. If it were, however, shown to be 
genuine then it might support the view that the excitation is a real chemiluminescence, 
although the energy difference between the upper levels of the two bands corresponds 
to much more than 200 ° K. 

There does not, at present, seem to be any conclusive way of deciding between the 
two possible modes of excitation we have discussed, but on present experimental 
evidence we favour the view that the excitation of the CH radicals results from 
collision of unexcited CH radicals with some other excited species in the flame and 
not from either true chemiluminescence or normal thermal excitation. Our reason 
for this is the difficulty of finding a satisfactory mechanism for a chemiluminescence, 
and the knowledge that in other cases there appears to be an unusually high excita¬ 
tion temperature in flames; for example we have found (Gaydon & Wolfhard 1948 a) 
that iron atoms show a very high temperature in the reaction zones of acetylene 
flames. We hope that further measurements on translational and excitation tem¬ 
peratures of other molecules and atoms may settle this problem. 

The excitation of the weak 3143 A band of OH appears to be of a different character 
from that of the two main bands. The high rotational temperature, increasing to 
very high values at low pressure, resembles the results for OH, and we are most 
probably dealing wdth true chemiluminescence. This band, however, is relatively 
weak and requires very hot flames for its occurrence. This suggests that the reaction 
responsible for the chemiluminescence requires a considerable activation energy. 

In conclusion we wish to thank Sir Alfred Egerton, F.R.S., for his interest and his 
suggestion to use Doppler widths to measure translational temperatures, and one 
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of us (A.G.G.) is grateful to the Royal Society for the award of a Warren Research 
fellowship. 
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Distribution of solute atoms round a slow dislocation 

By a. H. Cottbell ajstd M. A. Jaswon 
Metallurgy Department, University of Birmingham 

{Communicated by N. F. MqU, F.R.S.—Received 21 March 1949) 


The factors determmmg the average velocities of solute atoms attracted to a dislocation are 
discussed, and an equation is set up for the concentration of solute round the dislocation. This 
leads to a symmetrical distribution of a MaxweU-Boltzmann type round a stationary dis¬ 
location, In the case of a slowly moving dislocation the distribution is given as a series solution 
in Mathieu functions, and the non-symmetry of this distribution causes a force on the dis¬ 
location, opposing its motion. This force is calculated and shown to increase linearly with the 
speed of the dislocation, at low speeds, and a critical range exists above which the motion is 
unstable and the dislocation accelerates. The characteristics of the plastic flow below this 
critical range are compared with those of micro-creep in tin crystals and are shown to be 
similar. Quemtitative agreement can be obtained by assuming plausible values for the density 
of dislocations and the rate of difEiision of solute atoms in tin, but the need for further experi¬ 
ments on micro-creep is emphasized. 


1. iNTBODXrCTION 

There are grounds for believing that solute atoms which strain a crystal lattice 
migrate to dislocations and there form equilibrium ‘atmospheres’ in which large 
atoms are collected in the regions expanded by the dislocations and small atoms in 
the compressed regions (Cottrell 1948 ). An atom in substitutional solution which 
can relieve hydrostatic stresses is considered to interact with a positive edge dis¬ 
location with a potential given by 

a) 

where r and 6 are its co-ordinates relative to the dislocation, 0 and v are the rigidity 
modulus and Poisson’s ratio, respectively, A is the slip distance in the dislocation, 
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and and ra{l-h€) are the respective atomic radii of solvent and solute. The equi¬ 
librium concentration of this species of solute in the neighbourhood of the point 
r, d is then 

c(r, d) = Co exp { - F {r, 6 )lkT}, (2) 

where Cq is the average atomic concentration, provided that the dislocation is at 
rest and that the atmosphere is not so concentrated that the local dilatation caused 
by solute atoms is comparable with that caused by the dislocation. 

The existence of such atmospheres makes it possible to divide moving dislocations 
into two classes, slow and fast, the slow ones being accompanied by imperfectly 
formed atmospheres and the fast ones moving too fast to possess atmospheres. The 
speed of a slow dislocation is limited by the rate of migration of the solute atoms, 
whereas a fast dislocation probably moves at a speed approaching that of sound 
{Mott & Nabarro 1948; Frank 1948); it seems unlikely that stable states of motion 
at intermediate speeds can exist. In a preliminary analysis (Cottrell 1948) it was 
shown that slow dislocations could move fast enough to account for the rates of creep 
observed in certain slow creep tests and, in particular, in the micro-creep of tin 
crystals observed by Chalmers (193 6). It was also suggested that the non-symmetrical 
distribution of solute atoms round a moving dislocation would cause a perturbation 
force to act on the dislocation in opposition to the force due to the applied stress; 
this force can be regarded as a viscous drag which increases as the speed of the dis¬ 
location increases, for small speeds, thereby allowing a steady state of motion to be 
reached under a steady apphed stress. The concept of slow dislocations has also been 
discussed by Nabarro (1948) in connexion with the mechanical properties of iron at 
elevated temperatures. 

The purpose of this paper is to develop a quantitative theoi^y of the way that 
solute atoms distribute themselves round a slow dislocation, and to examine the 
characteristics of the viscous drag caused by this distribution. The theory is confined 
to the case of a positive-edge dislocation interacting with soliite atoms by means of 
the hydrostatic effect represented by equation (1), and it is assumed that the 
equilibrium atmosphere is Maxwellian (equation (2)), i.e. that the solution is dilute 
and the interaction is weak. This means that the theory cannot be applied quan¬ 
titatively to atmospheres of carbon and nitrogen in iron, where the strains round 
solute atoms are not even approximately spherically symmetrical (Nabarro 1948) 
and the atmosphere is not Maxwellian (CottreUfe Bilby 1949). However, it is believed 
that the assumptions made allow the deductions of the theory to be compared with 
the behaviour observed in micro-creep. 

2 . The equation of conoenteatioh 

A positive-edge dislocation is assumed to be moving with speed v in the direction 
of slip; the direction of v defines the positive a;-axis in a right-handed system and the 
dislocation line coincides with the ;2;-axis (figure 1). The differential equation satisfied 
by the distribution of the solute atoms round the dislocation is obtained by con¬ 
sidering that a group of solute atoms in a small region of the crystal acquires a 
velocity relative to the dislocation in three ways: 
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(i) A drift velocity due to the field of force -VF; this is given by Einstein’s 
formula for Brownian motion as 

Vi = DF/feT = - DWjkT, (3) 

■where D is the diffusion coefficient. 

(ii) A diffusion velocity caused by the concentration gradients set up by the 
segregation of the solute atoms. From Fick’s la-w this is 

V 2 = —DVcjc. (4) 

(iii) A constant velocity — v along the ic-axis, due to the motion of the dislocation; 
it is convenient to think of the dislocation being at rest and the crystal flowing past 
it with this velocity. 


i/2=+3-5 

X 

y^r 

FiGTTItB 1 

The total relative velocity of the solute atoms is therefore 

v = Vi + V2-t;i, (6) 

where i is the unit vector along the a;-axis. 

In a steady state of motion the concentration in any small region at a fixed position 
relative to the dislocation must not change with time, so that the equation of 
continuity to be satisfied is V(cv) — 0. On substituting for v and writing 

U^V+{kTID)vx, 

this becomes V(cV?7+ kTVc) = 0, (6) 

which is the required equation of concentration. This equation is a second-order 
partial differential equation of the elliptic type for c as the unknown with the 
boundary condition that c = Cq at infinity. If v = 0, then !7 = F, and the equation 
determines the concentration round a dislocation at rest. In this case an additional 
condition is that there should be no resultant velocity anywhere, so that only the 
particular solution cVF-ffeTVc = 0 is required; this is readily integrated to give 
equation (2). 

When the dislocation is moving the solution has to satisfy three conditions. It 
must reduce (i) tp c = CqCxp ( — F/ftlP) when (ii) to c = Cq everywhere when 
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everywhere, and (iii) to c = Cq at infinity. By analogy with equation (2), one 
might suggest the pseudo-equilibrium solution cVXJ ^kT^c = 0 , which leads to 
c = CQexp(— UjkT), for the moving dislocation, but it fails to satisfy conditions 

(ii) and (iii). It corresponds to the case where the solute atoms have no resultant 
velocity relative to the dislocation, which obviously only holds when the dislocation 
is at rest. 

To find a more general solution of equation ( 6 ) it is necessary to consider the 
explicit form of F. Equation ( 1 ) gives V = -4sin0/r, where 0 = tan-^ (y/o;) and 
r = + in which case the concentration has a singularity at the origin. This is 

because equation ( 1 ) is based on the elasticity theory of a dislocation in a continuous 
medium, which is not apphcable at the origin. It is to be expected on physical grounds 
that the dilatation is zero at the centre of a dislocation, and this is supported by 
Nabarro’s theory of dislocations ( 1947 ) which shows that, when account is taken of 
the discontinuous atomic structure of the medium, the stress field does not become 
infinite at the origin. However, the simple form A sin djr can be retained in the 
present work because the boundary conditions, which together with equation ( 6 ) 
determine the concentration, do not involve the origin, and because the stresses 
given by the simple theory approximate closely to those given by Nabarro except 
within a region of about two atoms from the origin. As will be seen later, conditions 
at the origin are not very important in the present problem; the rate of adjustment 
of the atmosphere to equilibrium is rapid near the origin, so that the perturbation 
of concentration is small in this region. 

3 . Sepaeation into paets 

By setting c/cq = where ir{x^y) is a function to be determined and 

= exp {—UlkT) = exp (- V jkT) exp (— vxjD) (7) 

is the pseudo-equilibrium function, equation ( 6 ) can be transformed to 

Vh/r-'^f = 0, ( 8 ) 

•which, in. polar co-ordinates, is separable into parts. The boundary conditions for 
^ are (i) ^ = exp{ — Vl2kT) when v = 0, (ii) ^ = exp(w/ 2 Z>) when F = 0, and 

(iii) ijr = 0[exp (vxl2D)] at infinity. Equation ( 8 ) could be -written out explicitly 
and separated as it stands, but it is convenient first to introduce the changes 
I = AjkT, p = r^{vjDl), q = vljit) and w = 6—In, in which case it becomes 

~ 2 w) 5 ^^ = 0 . (9) 

The factors p and q are non-dimensional. It will be shown later, on the basis of the 
magnitudes of the physical quantities involved, that the perturbation parameter q 
is a small jfraction. 

Introducing ^ = P{p)Ci{(o) in the equation and separating into parts in the usual 
manner, the angular function Q is found to satisfy the Mathieu equation 

d^Q. 

■^+(a + 2qcoB2a))Cl = 0 , 


(10) 
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and tlie equation for the! radial function P is 

where a is a constant. Since the concentration must be single-valued the angular 
function must be periodic in 27r and, from the theory of Mathieu fmictions (Whit¬ 
taker & Watson 1946 ), this necessitates that a be a function of q, of the form 
a = n^+ 0{q), where n is any positive integer or zero. 

When q is zero, equation ( 10 ) reduces to a harmonic equation for D, with a == v?, 
having the solutions 

1, COSCi), C0S2(U, ..., COSTIO, ..., 

sin(y, sin 2 &), ..., siuww, .... 

■ i( 

following McLachlan ( 1947 ), the analogous solutions of equation ( 10 ) are 

ceo, ce^, cCj, ..., ce,i> 

se^, soj, ..., se„, ..., 

where ce„ = cosmo+O^q; o)) and se,i = sin«&»-!- 0{q; a), and 0(q; 0 ) vanishes when 
q = 0. Since q = vll4D the angular Mathieu functions reduce to the corresponding 
harmonics when ?; = 0 or i = 0 . It should also be noted that the harmonics coswi) 
and sin MW correspond to the same value of the characteristic number, a = n^, but 
in the analogous Mathieu functions the harmonic level is split and the characteristic 
numbers differ to the order q. 

The only angular functions which will be needed explicitly in the present problem 
are cCi and se^, which are, to the order q, 

ce^ = cosw-t-|gcos3w, ( 61 ) = 1 —g,] 
sei = sinw-H^smSw, (ffli) = H-ff,, 

with the corresponding characteristic numbers, to the order q, designated in brackets 
at the side. 

As can be seen by writing p = e®, the radial equation is a h 3 q)erbolic Mathieu 
equation and, since the parameter a is the same as in equation ( 10 ), each solution of 
the former equation must correspond to one of the latter. Of the several types of 
solutions available, the functions Pel^ and Gek^ will be used. These are multiples 
ofthe functions Pek^j and Gek,j, defined in McLachlan ( 1947 )) and have the properties: 
(i) Fek^, Ge^ = 0{p-*e~P'^^) at infinity (McLachlan 1947 , p. 248) 

and 

(ii) Pek* = Gek*= 2I^Qqlp) [1 + 0{q]iiq; p)], 
where 4 is the Bessel function of the first kind with imaginary argument, and where, 
as may be shown (Jaswon i949)> f'b© term 0{q\siq', p) contains no terms which are 
powers of either p^q ot ^^qjp and vanishes in the limit when q is zero, i.e. when either 
« or Z is zero. 

Prom the fact that ^Jqjp = Z/ 2 r and from the properties of Oiqlaq; p) just noted, 
it follows that 


[I'ekJll.^o = [Gek*],^„^24(V2/p), 
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and, when n>0, 

[Fek*]j^o = [G!-ek*]j^o-^[24(Vff/P)l^o = 0, 

since /„(»;) - 4 - 0 as a:0 except when » = 0. 

4. A SERIES SOLUTION 

The simplest general solution of equation (9) which satisfies all the boundary 
conditions is 

f = (F/2*T) exp (w/ 2 D) - S ce 2 ,,+i Fel^^+i+i) seg^+j Ge]4,+i, 

0 0 

(13) 

where the constants and are the constants associated with ce^ and se^ 
respectively in the Mathieu function expansion of exp{Vj2kT)ex’p{vxl2D), This 
expansion is a particular case of a more general expansion (McLachlan, p. 206), as 
can be seen by writing 

exp (F/ 2 feT)exp {vxl2D) = exp[(^qlp)sm9+^Jqpoosd] 

= exp (cosh z cosa>-j-sinh 2 :sina)), 

where 2 ; = hap and o) — 6 —and leads to the expressions 

AS. = 2 cos (m7r/4) [1 + 0{q)] 

and AS. = — 2sin(m7r/4)[l + 0(g')]. 

The product pairs ce 2 „+i Fek*„+i and se 2 „+i Gekf.^^.i provide particular solutions of 
equation (9). Also, the function exp(F/2k!r)exp(va:/2X)) may be expanded into a 
series of Mathieu function product parrs, each pair of which is a particular solution. 
Hence the function ^ is a solution of the equation of concentration. 

Considering the boundary conditions, it should be noted that, at infinity, 

tjr = [exp (F/2feT) exp (W/2D)]* + 0[p~* exp (- p ^q)} 

= 0[exp {vxl2Dy] + 0[(a:/cos d)-* (vjDl)-^ exp ( —vxj2D cos d)] 

= 0[exp (i«c/2Z))], 

as is required by the third boundary condition. 

When 1 = 0 the solution becomes 

tjr = [exp (F/2feT) exp {vxl2D)1^ = exp {vxl2D), 

as is required by the second condition. 

When v->0, then Fek* = Gek*->24(^g’/p), A®.->-2cosm7r/4, ASi->-2smm7r/4, 
ce.„->cosm(y, se„.->sinina) and therefore 

tjr = [exp (F/2feT) exp {vxl2D)']^o - S 2 cos [(2re+ l)7r/4] cos [(2 m.+ l)a)] ^Izn+ii-'JitP) 

0 

, -S2sia[(2ra+l)7r/4]sin[(2n,4-l)w]2J2„+i(^g/p) 

0 

= exp (Vl2kT) + (- 4 i; ^ 1) 

0 
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and, upon forming Bessel function series for exp(Vl2kT) and exp(-F/2fe!r) 
(Copson 1935 , p. 321), one obtains ^^.0 = exp (- F/ 2 feT), as is required by the first 
bomdary condition. 

The numerical evaluation of ijr is facilitated by observing that, from the symmetry 
properties of hyperbolic Mathieu functions -with respect to an interchange of p and 
Ijp (Jaswon 1949 ) and from the properties of trigonometric functions, evaluating 
ijr at the point p, 6 is eqxiivalent to evaluating it at the point Ijp, —{6 + ^). Hence 
computations are only necessary in the region p > 1 . The functions Feh^ and Gek* 
decrease rapidly with increasing index, for p > 1 , so that in this region the solution is 
adequately represented by 

ir = exp(F/2feT)exp(OT/2Z))—AiceiFek*+ AfseiGek*, (14) 

which is much easier to compute. It should be noted that the solution could be used 
for all values of q, although in practice the computations become extremely difficult 
unless 9 ' is a small fraction. 

Using equation (14), rjr has been computed at the points p = 0-20,0-26,0-5,1,2, 4, 
6 and 10 along each of a series of radii emanating from the origin, the radii being 
taken at intervals of 15°. Taking q = 0*04 as a convenient value, accurate com¬ 
putations of the relative concentration, c/cj, were then made to provide data for 
estimating the perturbation force. An approximate calculation was also made for 
a faster dislocation, q = 0 - 2 , for the purpose of showing clearly the way in which the 
equilibrium distribution is upset by the motion of the dislocation. The results of 
this are given in figure 2 in the form of the variation of c/Cq along the four lines 
= + 1 > 2^2 = + -Vx and —y^ of figure 1 for the cases where the dislocation is 
at rest (fuU lines) and where it is moving (broken hnes); x and y are here measured in 



terms of p = 1 as the unit of length. It will be seen that the effects produced 
by the motion of the dislocation are the displacement of the centre of the distribution 
to the traoling side of the dislocation and the creation of a wave or trough on the 
leading side. These can be understood qualitatively by considering how an atmosphere 
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would adjust itself to a dislocation that was suddenly jerked forward through a small 
distance and then held fixed. The disturbance of the equilibriujn distribution is 
smaller along those lines passing close to the centre of the dislocation than along the 
more distant ones; this is because the interaction forces, and hence the rate of 
relaxation, are greater near the centre of the dislocation. 

5 . The perturbation poroe 

The force exerted in the shp direction on a dislocation by a solute atom is dVjdx; 
hence, if is the number of solvent atoms per cm.®, the total force in the slip direction 
on unit length of the dislocation, from its atmosphere, is 



If the concentration is written in the form c = Cq{1 -f- Q) exp (- VjkT), where Q is 
the relative perturbation at x, y, the Maxwellian term, Coexp( —F/fe^F), can be 
omitted since it does not contribute to the force m the slip direction. Introducing 
the variables p and 6, and noting that dVjdx = — A sin2<9/r®, the force becomes 

F = — A/iCq j^exp {--VjkT) Q^^^dpdd. (15) 

This expression has been integrated numerically by selecting a value for p and then 
evaluating the integrand at a series of annular points spaced at intervals of 15"^, 
obtaining in this way the contribution of force from an annulus of the chosen radius. 
These contributions have been determined at p = 0-2, 0*26, 0*5, 1, 2, 4, 5 and 10, 
using the values of the physical parameters discussed in the next section, and are 
assembled in figure 3. The area under this curve from p = 0*1 (corresponding to 
r 5 A) outwards, when multiplied by Afic^, gives the total perturbation force. 



Figure 3 


The approximately linear increase of this force with the speed of the dislocation, 
for small speeds, can be shown by examining the deviation of tJt, in equation (13), 
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from its equilibrium form corresponding to the case when the dislocation is at rest. 
When p^l and q is sufficiently small, the terms in equation (13) differ from their 
equilibrium values by 0{q) (Jaswon 1949 ) or by 0[^qp), Hence ^ can be written 
in the form [1 +0(g)+ 0 (-^/ 2 p)] exp (-“F/2feT) or as [H-0(t?)]exp(-F/2fe^r) since 
q^vll4:D and ^Jqp = vrl2D. Noting also that = [l + 0(^gp)]exp(—F/2fe2’) 
when p < 1 , then 

cjc^ = [1 + 0{v)] exp (^ VIkT). (16) 

The same result can also be deduced for the region where p > 1 by making use of the 
fact that the function exp {Vj2kT) exp (—w/ 2 D), like the function ijr, has the same 
value at the points p, d and 1 /p, - ((9 + ^tt). Since c/Cq can be written in the above form 
for small v, then Q in equation (15), and hence the perturbation force, is linearly 
proportional to the speed of the dislocation. 


6. Creep due to slow dislocations 

Because the speed of a slow dislocation is limited by the mobility of nearby solute 
atoms, examples of flow due to slow dislocations are best looked for in slow creep 
tests, of which those of Chalmers ( 1936 ) on tin crystals are particularly suitable. 
Micro-creep occurs in tin crystals at room temperature at rates of tensile strain 
below about 10 ""®seo“^ and at tensile stresses below 160g./mm.^. Above this range 
rapid flow occurs, typical of a plastic crystal stressed above its yield strength. The 
three main characteristics of micro-creep are: 

(i) the initial rate of creep increases linearly with the applied stress, being zero 
only at zero stress; 

(ii) under constant stress the rate of creep falls steadily with increasing strain, 
becoming practically zero after a total strain of 3 x 10 “®; 

(iii) once micro-creep has been exhausted at any given stress, change to another 
stress within the micro-creep range gives no more creep. 

These effects led Chalmers to suggest that micro-creep is caused by the slow 
migration of dislocations present at the start of the test, since in this case the creep 
would slow down and stop as these dislocations were used up. This is consistent 
with the recent view (Frank 194 ^) that only fast dislocations can multiply and so 
produce a large and rapid glide. If Chalmers is correct, the possibility arises that the 
dislocations move slowly because they are held back by atmospheres, in which case 
the first characteristic of micro-creep would be explained by the linear variation 
of the perturbation force with speed. 

A quantitative comparison can be attempted by evaluating the perturbation 
force. Chalmers gave the tensile coefficient of the micro-creep rate as 3 x 10“^ per 
mm., per g./mm.^. This corresponds to a shear rate coefficient of 2 x 10“^® per sec., 
per dyne/cm.since the multiplicity of glide planes in tin allows one to assume that 
slip occurs at 45^^ to the axis of tension. A shear stress r on the glide planes in the 
glide direction produces a force tA per unit length on a dislocation (Mott & Nabarro 
194^)3 hi a steady state of motion this force must be equal and opposite to F, 
the perturbation force. If the density of dislocations is p cm.“^ then the rate of shear 
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strain is Hence, if the theory is correct the relation 2 x = vpX^jF 

should be obeyed. Substituting q = vll4D gives this test equation as 

2qX^pDllF = 10-1^ (17) 

The calculation of I and F requires a knowledge of e and Cq defined in equations 
(1) and (2) respectively. The two grades of tin that Chalmers examined, one of which 
had been degassified, were observed to have the same initial creep rates. Although 
these samples were of different purities the total copper and iron content was about 
the same in each. Moreover, the degree of misfit, as determined from atomic diameters, 
is greater for these metals than for any of the other impurities that were reported 
present; taking the diameters for tin, iron and copper as 3*10, 2-48 and 2-55, respec¬ 
tively, e = — 0'20 for iron and — 0-18 for copper. It will therefore be assumed that 
these impurities formed the atmospheres and the corresponding values e = “0-2 
and Cq = 3 X will be used. With A = 3 x 10”® cm., A and I are 9-2 x 10”^^ dyne cm.^ 
and 2*3 x 10”'^ cm. respectively, and the area under the curve of figure 3 is 0*68 
in non-dimensional units. With = 3*7 x 10^^ atoms/cm.®, the perturbation force 
is therefore F = 0-6SA/iCq = 7 x 10 ”® dyne/cm. Substituting F and q = 0*04 in 
equation (17) then gives pD = 2x 10”®c.g.s. units. This result could be explained 
by the plausible assumptions of a density of dislocations of IC^ to 10® cm.”®, which is 
in the range usually suggested for soft single crystals, and a diffusion coefficient of 
10”^^ to 10”^® om.®sec.”^, which is reasonable for a low melting point metal at room 
temperature. No data on diffusion rates in tin appear to be available. 

Two other numerical comparisons are possible. Only when q is small can the 
perturbation force increase linearly with the dislocation speed. For faster speeds, 
where q approaches unity, higher order terms become important and cause a devia¬ 
tion from linearity, leading eventually to the unstable range where the dislocations 
break away. The corresponding critical range of stress should therefore be given 
approximately by substituting g — 1 in equation (17); with^D = 2x10”® this gites 
the critical tensile stress as 120g./mm.® in agreement with observation. The critical 
creep rate can be examined by an independent method. The critical dislocation 
speed must be determined by the condition that solute atoms near a dislocation 
cannot keep up with it; it is therefore given in order of magnitude finm equation (3) 
a>svc^ {DjkT) IVF j = DZ/r®, where r is some representative small distance from the 
centre of the dislocation. This corresponds to a critical rate of tensile creep of 
pDXlj^r^] equating with Chalmers value of approximately 10”®sec.”^ gives 
which is reasonable for the distance which might be taken when estimating the 
critical speed. Since p® = vr^jDl by definition, this method for the critical speed 
involves the condition p = 1; the alternative criterion q = 1 coincides with this 
when it is assumed that the representative value of r is JZ. 

It is thus evident that the type of creep expected from slow dislocations resembles 
micro-creep in several ways, within the limitations of existing data. A knowledge 
of the dependence of micro-creep on temperature and specifiLc impurities, and of the 
diffusion rates of these impurities, is required before a really critical comparison can 
be made. 
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The absorption and dispersion of ultrasonic waves 

in acetic acid 


By J, Lamb, Electrical Engineering Department, Imperial College, London 
AND J. M. M. Pinkerton, Cavendish Laboratory, University of Cambridge 

{Communicated by Sir Lawrence Bragg, F,R, 8 ,—Received 1 April 1949 ) 


The paper gives the results of measurements of the absorption and velocity of propagation 
of ultrasonic waves in acetic acid over the frequency range 0*6 to 67*6 Mc./seo. and at tem¬ 
peratures from 16 to 60° C. It is shown that a dispersion and a maximum in the value of 
absorption per wave-length occur, and the results confirm the existence of a relaxation pro¬ 
cess arising from the perturbation of a molecular equilibrium by the ultrasonic vibrations. 
The absorption coefl&cient, a, at a frequency, v, is represented by an equation of the form 




Av^ 


where A, B and are parameters independent of v but varying with temperature, and is, 
related to the relaxation time, t, by = parameters are evaluated for a series 

of temperatures. 

The results are discussed in the light of existing theory, and in particular the activation 
energy of the process is obtained from the measured variation of relaxation time with tem¬ 
perature. It is su^ested that the relaxation mechanism is possibly connected with a perturba¬ 
tion of the equihbrium between smgle and double molecules of acetic acid. The results also 
indicate the existence of a further relaxation process giving a second mfl.yiTYmTn in the 
absorption per wave-length at some frequency greater than 67'6 Mc./seo. 
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1. Introdtjction 

It is now weU estabKshed (Pellam & Galt 1946; Rapuano 1947; Elittel 1946, 1948; 
Pinkerton 1949 a) that the pressure absorption coefficient a relating to the propaga¬ 
tion of Tiltrasonic waves through liquids, is in most cases appreciably greater than 
the value which can be attributed to viscous loss (Stokes 1845) and to thermal con¬ 
ductivity (Kirchhoff 1868). The accepted explanations of this discrepancy postulate 
the occurrence of a relaxation phenomenon arising from the perturbation by the 
ultrasonic wave of some molecular equilibrium. Any such relaxation mechanism 
would be expected to cause both dispersion and a maximum in the value of = aA, 
the coefficient of absorption per wave-length, at a frequency related to the relaxation 
time. However, examination of the experimental results (Pinkerton 1949 a) does not 
reveal much rehable evidence of these two effects. 

It is the purpose of this paper to present results of new measurements of the absorp¬ 
tion and velocity of propagation of ultrasonic waves in acetic acid over a wide range 
of frequencies (0-5 to 67*5Mc./sec.) and temperatures (16 to 60° C), and to show that 
these results confirm both the dispersion and the maximum value of /i required by 
a relaxation process. Preliminary accounts of this work have already appeared 
(Pinkerton 1948; Lamb, Andreae & Bird 1948). 

2. Previous work 

The excess absorption in gases has been attributed (Kneser 1931, 1935) to the 
equilibrium between molecules having differing amounts of vibratory energy, and 
Kneser (1938) and Herzfeld (1941) considered that a similar explanation might also 
account for the increased absorption in some liquids. Hall (1948), following a sug¬ 
gestion by Herzfeld, ascribed the absorption in water to perturbation of the equili¬ 
brium between an ordered and a disordered arrangement of molecules in a lattice. 

The measurements of Bazulin (1936) demonstrated that in acetic acid a maximum 
value of fi occurs at some frequency less than 3 Mc./sec. at 17° 0, whilst a dispersion 
of about 1 % was claimed by Spakowski (1938) between 0-25 and 3 Mc./sec, The 
latter suggested that, in this case, the absorption might be due to the equilibrium 
between double and single molecules, on the grounds that a relaxation time of 
about 10“'^ sec., indicated by his results, was much greater than that expected for the 
exchange of vibratory energy. 

The theories of Stokes and Kirchhoff require ajv^ to be independent of frequency, 
V, at a given temperature. For methyl and ethyl acetates and for solutions of certain 
metallic acetates several authors (Claeys, Eirera & Sack 1937> ^9375 BS'Zulin 

1939; Beyer & Smith 1946) have reported departures from this. These variations in 
ocjv^ are, however, not accurately in accordance with the relaxation hypothesis, 
and, moreover, there is no record of a dispersion in these Hquids. 

3. ExPERIMEIirTAn IVEETHOB 

AH the measurements were made by the pulse method which has already been 
fully discussed (Pellam & Galt 1946; Pinkerton 19496); two complementary sets of 
observations were taken independently by the two authors of this pappr, at the higher 
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frequencies (7-6 to 67-5Mo./seo.) by and at the lower frequencies (0-6 to 

9-8Mc./seo.) by J.L. The frequency ranges of the two-series of measurements were 
thus arranged to overlap between 7 and lOMc./sec. The observations at the higher 
frequencies were taken in the Fresnel region of the X-cut quartz crystal generating 
the ultrasonic pulses, whilst at the lower fequencies the Fraunhofer region was used 
and a suitable correction applied to allow for the divergence of the ultrasonic beam, 
as previously explained (Bom 1943 > Pinkerton 19496 ). 

The absorption in acetic acid at the highest frequency was about 60db./cm., so 
that a quartz bar had to be used as a delay line, in order that the reflected echo might 
be distinguished from the transmitted pulse when viewed on the screen of the cathode- 
ray tube (Rapuano 1947). At the lower frequencies the technique described by Pin¬ 
kerton {19496) was modified somewhat, in that at each frequency separate, but 
similar, quartz crystals were used to generate and detect the ultrasonic vibrations 
respectively. The high-frequency apparatus used for detecting the waves was thus 
separated electrically from the generating circuits. The latter consisted of a signal 
generator feeding a high-frequency amplifier, the push-pull output stage of which 
was biased well beyond cut-off. Thus the transmitting quartz crystal was only excited 
into vibration upon the receipt of a positive pulse of large amplitude on the grids of 
the two output valves. The received high-frequency pulses were amplified and dis¬ 
played, after rectification, as uni-directional pulses on a cathode-ray tube, the time 
base of which controlled the pulse repetition frequency. The duration of each pulse 
was so chosen that it contained at least forty complete high-frequency oscillations. 
The receiving crystal was connected by a short length of low-capacity coaxial cable 
to a piston attenuator operated in the Hu mode (Gainsborough 1947), the attenua¬ 
tion constant of which was approximately 3 db./cm.; this was checked for linearity 
of operation at each frequency against a similar type of attenuator of larger diameter 
(attenuation constant = 2 db./cm.). At frequencies less than 2Mc./sec. the insertion 
loss of the piston attenuator became excessive, and it was replaced by a calibrated 
resistance attenuator, fed from the receivmg crystal through a suitable matching 
unit. In this way the input voltage of the sensitive receiving amplifier was constant 
during each measurement. 

The velocity of ultrasonic waves in the liquid was measured directly by feeding 
a small continuous wave signal from the signal generator into the receiver and 
counting the number of beats of the recorded pulse as the receiving crystal was moved 
through a known distance. 

In all the experiments the temperature of the liquid was carefully stabilized, 
particularly at the lower frequencies where the smaller absorption necessitated longer 
distances from source to detector. 

Each frequency of operation was measured by comparison with the known har¬ 
monics of a standard quartz crystal oscfilating at a frequency of 100 kc./sec. 

4. Expbeimental results 

Observations were taken over a range of temperatures (from 16 to 60° C) at fifteen 
fixed frequencies (0-5 to 67-6Me./sec.), which were selected to coirespond roughly to 
equal increments in log v. At each frequency the absolution coefficient a was found 
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directly from the observations, but the curves of a plotted against T corresponding 
to the lower frequencies lie so close together, that in order to present all these 
results on one diagram it is more convenient to plot log^^ {cc/v^) instead of a against T 
(figure la); at the higher frequencies the curves of a against T are well spaced 
(figure 16). 



temperature (° C) 

a h 


Figure 1 . Absorption in acetic acid; measured values of absorption as a function of temperature. 
The figures against each cxirve denote the corresponding frequency of measurement in 
Mc./sec. The curves of a plotted against T corresponding to the lower frequencies lie so close 
together that it is here more convenient to plot loga/z'® against T. At the higher frequencies 
. the curves of a against T are weU spaced. 

The velocity of propagation was measured at each of the frequencies used between 
0*5 and 9-8 Mc./sec., but the results for 0*5, 4 and 5 Mc./sec. only are given in figure 2. 
The values of the velocity at frequencies above 4 Mc./sec. coincide with the upper 
Kne, whilst the lower line gives the corresponding values for the lowest frequency, 
0*5Mc./sec.; the experimental points for the intervening frequencies lie between the 
two lines. 

The measured values of absorption and velocity did not appear to be affected by 
the purity of the acetic acid; samples graded Analar and the ordinary commercial 
glacial acetic acid gave similar results. All samples were rejected before corrosion 
of the container had contaminated them sufficiently to affect the observations. 
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PiQUEB 2. Diq)ersion in acetic acid. The velocity values at frequencies above 4 Me./sec. all 
coincide -with the upper line but only points for 4 and 6 Mc./sec. are sho-wn. The lower line 
refos to the lowest frequency of measurement, 0-6 Mc./sec. Experimental points for 
frequencies between 0-5 and 4 Mc./sec. lie between the two lines but are not shown 
O 6Mc./see., A 4Mo./sec., □ 0-6Mo./see. 


6. ThbORETIOAL analysis OB' THE EXPEBIMBlirTAL UBSXJLTS 

It wffl be shown in § 7 below that if the absorption can be ascribed to a single 
relaxation mechanism in addition to the normal contributions due to viscosity and 
thermal conductivity, then it may be represented to a good approximation by 


a = 


Bv^+ 


Av^ 


( 1 ) 


Here B and are parameters independent of v but varying with temperature and 

~ ^ relaxation time. It is noteworthy that the absorption per 

wave-length corresponding to the second term on the right-hand side of (1) is 
m form to that given by,Debye (1929) for the variation of loss factor with frequency 
m the case of the dielectric absorption associated with dipole relaxation. 

m above parameters were obtained for a series of temperatures between 16 
and 60 C by the methods given in § 6 and are listed in table 1. Using these values 
c^es of a/v* as a function of v have been evaluated and are shown in figure 3 for 
three temperatures only. Comparison of these curves with the experimental points, 

^o given m figure 3 , confirms that equation (1) apphes for acetic acid over the 
frequency range of the observations. 

A more familiar representation may be given to the experimental results by con¬ 
sidering the absorption per wave-length, due to the relaxation mechanism alone. 
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3. a/v* as a fimction of frequency. The curves axe calculated using the values given in 
table 1, and the points are taken from the smooth curves of figure 1. Curve 1,20® C;j2/35® C; 
3, 60® C. 
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Figure 4. jn' = a'Vjv, the absorption per wave-length due to the relaxation process alone, as 
a function of frequency. The curves are calculated using the values given in table 1. Values 
of a have been taken from the smooth curves of figure 1 to give a' = a — O 60*^ C, 

X 36® C, □ 20® a 
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as a function of frequency. Putting a' = a - Bv^ then /t' = a'A = a/Vjv, which may 
also be calculated from the parameters of table 1. Figure 4 , in which the curves have 
been calculated and the points represent the observations, shows the variation of 
/i' with V. 


6. Evaluation op the pabambtees A, B and 

It has been suggested that in cases where some of the absorption is due to a relaxa¬ 
tion and some due to viscosity and thermal conductivity a relation of the form of (1) 
should give the dependence of a upon v. A test of this equation, using the experi¬ 
mental results, requires the choice of the best values for A, JS and to represent the 
absorption coefficient observed at fifteen difFerent frequencies between 0-6 and 
67 - 6 Mc./sec. This fit must be made with different values of the parameters at each 
temperature considered and has been done in the following way. When 
equation (1) becomes approximately 


ocfuBv^+Av^, ( 2 ) 

which, since Av^ is independent of v, may be tested by plotting a against v^. This 
plot for three temperatures is given in figure 5 , in which the values of a have been 
taken from the smooth curves of figure 1 b. Figure 6 shows that equation (2) is accur¬ 
ately obeyed at all the temperatures for three frequencies between 22*7 and 
32-5 Mc./sec.; the departure of the points from the straight lines at lower frequencies 
is due to the fact that the condition v > is no longer satisfied. A similar discrepancy 
in the points corresponding to 67-6 Mc./sec. is discussed in § 8. The value of the con¬ 
stant B in equation ( 2 ) is deduced at each temperature from graphs similar to those 
of figure 5 and is given in table 1. 


Table 1 


tem- 

periature 

B X 101^ 

A X 10« 

first 

rc) 

(seo.^cm.-^) 

(sec.^cm.-^) 

estimate 

17 

160*(0) 

178,000 

0*493o 

20 

161‘(5) 

160,000 

0-5527 

25 

140*(1) 

132,000 

0-7043 

30 

132-(0) 

107,000 

0-910i 

35 

124*(0) 

88,700 

I-I67 

40 

118*(6) 

72,900 

1-468 

45 

112*(5) 

58,800 

l-SSs 

50 

106*(8) 

48,400 

2-372 

55 

100-(8) 

41,100 

3-007 

60 

95*(0) 

33,800 

3*785 


./sec.) 

Ftoln. X 10-* 

X 10-» 


^m2 

or Fo X 10”® 

or F„ X 10-' 

*/4«.xi0* 

second 

(cm. see.-i) 

(cm. sec.~i) 

_AVp„ 

estimate 

f'=0-5 Mc./sec. 

>'>4 Mc./sec. 

2 

0-488o 

llSj 

M6, 

5*01 

0-556o 

M 4 i 

M65 

6-10 

0-725o 

M2, 

MS, 

5-37 

0-915o 

1-10, 

112, 

5-46 

MSs 

1-08, 

MO4 

5-61 

1-483 

l-07i 

l-OS, 

5-83 

1-874 

1-06, 

l-07o 

5-87 

2*408 

1-03, 

1*05, 

6-10 

2-985 

1-01, 

1-03, 

6-35 

3-772 

l-OOi 

1-01, 

6-41 


* The value of F used here is that corresponding to a ftequenoy at the temperature considered. 


Once B is known values for A and are found by writing oc' = oc-Bv^m equation 
(1) which may then be transformed into 
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Figubb 5. a plotted against for v>v^. As explained in the text, the straight Hnes have been 
drawn through the points at three frequencies only, namely at 22*7, 37*6 and 52-5Mo./sec. 
for which The parameter B, at any temperature, is given by the slope of the corre¬ 

sponding straight line. O 50® C, x 35° C, □ 20° 0. 



Figube 6 . Linear relationship between 1/a' and 1 /j^ at different temperatures. The slope gives 
the parameter A whilst is obtained from the intercept on the 1/a' axis. 0 50° C, 
A 35° 0, □ 20° C* 
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A plot of 1/a' against 1/v® should therefore be a straight hne, which can be used to 
find A and v„. Typical plots are shown in figure 6, and the corresponding values of 
A and are given in columns 3 and 4 of table 1. These estimates of v^, denoted 
may not be the most accurate, since in drawiag the liues of figure 6 equal weight 
cannot readily be given to each pomt. If the value of A is regarded as known, a second 
estimate, is possible by again transformiug ( 3 ), to give 


J (a'/v2 ~ 

A plot of J 1 j against v should be a straight Hne passing through the origin, 

and the points are more uniformly spaced. These plots are shown in figure 7 and the 
corresponding values of ^ column 6 of table 1. 



V (Mc./sec.) 


Figueb 7 . Linear relationship between 1) and v at different temperatures. The slope 

gives the parameter mor^ reliable estimate of 0 60° C, A ^5® C, □ 20° C. 
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7. Detailed theory 

The following treatment is based on that used by Kjieser (1931, 1938), Eiitgers 
(1933), Richards (1939), Herzfeld (1941) and Bauer (1949). ^^^.at has 

previously been written on this subject only an outline is necessary here, in order to 
reveal certain obscurities and to consider the variation of the relaxation time with 
temperature. 

In gases the absorption is discussed in terms of an equilibrium of the form 

calories, 

where A^ and A^ represent states of the same molecule differing by one quantum of 
vibrational energy. An equilibrium of the same form is assumed to apply for liquids, 
but it is not necessary to specify initially the nature of the energy change, AjB. If 
%, are the molar fractions in states J-i, A^ respectively, and the correspond¬ 

ing rate constants, dependent solely on the temperature, then the kinetic relation is 


dn^ 

dt 




( 5 ) 


By definition ^1 + ^.2 = 1 , and at equilibrium = .K’2^2 also njn-y^ = 
according to the Boltzmann distribution law. 

A small perturbation of the equilibrium condition varying sinusoidally with time 
at frequency o)I 27 T may be shown (e.g. Hall 1948) to produce a change Sn^ in 
given by 

-S[AEIRT] _ 1 


2[1 + cosh (AEIBT)] 1 -f jcojiKy^ 4 - K^) ’ 


(B) 


where j — aJ{ — 1) and the factor e^‘"^ has been omitted. Equation ( 6 ) involves no 
approximation except that (^712/^2)^ higher powers are neglected, as is entirely 
justified for the small disturbance caused by the ultrasonic wave. The dependence 
of on frequency may be characterized by a relaxation time r = l/(Z‘i 4 -iS^ 2 )- 
It is now necessary to consider the mechanism by which the equilibrium is dis¬ 
turbed. For water Hall (1948) supposed that it is perturbed by the ultrasonic change 
in pressure, and consequently evaluated Idnjdp]^!. In the present case it is assumed 
that, as in gases, there is no change in volume associated with the transition from 
A^ to A2; the equilibrium is assumed to be perturbed by a change in temperature only. 
If AE is independent of T, equation (6) gives 


dn^ 

dT 


j 


(AEIBT^) 


I 


9T 2[1 + cosh {LEjBT)} (1 +j<ut) ' 


( 7 ) 


The quantity CP- = dimension of a specific heat, and represents 

the additional contribution to the specific heat of the system due to the perturbation. 
Since CP depends on o) it is usually called the relaxing specific heat; it is convenient, 
to write CP = ( 7^/(1 +j<i>T). Then from equation ( 7 ): 




(8). 
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If AEjltT > 4 - 6 , then to within 2 % 

0.-*[11J (9) 

which is the form usually quoted (e.g. Richards 1939). 

Equation (8) shows that Q = 0 when AE/ET = 0, or AEjBT = 00, and takes 
a maximum value (= 0 - 44 J?) when AEjBT = 2 - 4 . Thus, equilibria involving either 
very small or very large energy changes give rise to small relaxing specific heats 
(and, as will be seen, to relatively small absorptions of ultrasonic waves). Now Cp is 
about lOi? to 15 J 2 for most liquids, and if the approximate equation ( 9 ) applies 
CJOp will be a small firaction and, in what follows, it may be neglected in comparison 
with unity. 

More generally AE represents the change in free energy and must be written 
AE^AE^—TASq, where AE^ and ASf, are the changes in internal energy and 
entropy respectively. Equation ( 7 ) then has to be written 


rdjH] [AEJBT^ 1 

Ji) 2[1 + cosh (AEjBT)] (1 +joyT) ’ 

and leads, when AEjBT > 4 - 5 , to a modification of equation (9), namely. 


Ci = B 



q—A.Eq/R'X' ^^Sq/R 


( 9 a) 


in which the relaxing specific heat has been increased by the factor 

The absorption and dispersion caused by the relaxing specific heat may be found, 
following Herzfeld (1941), by writing the complex velocity of sound 


72 


_ 

~ Jp. 


ladlabatlc 


( 10 ) 


The adiabatic change is equivalent to one at constant entropy, and hence by a 
vrell-known thermodynamic relation 


dp r^p^ 

?P- adialiatlc S ^ J^P^ T * 


( 11 ) 


where y = 0^1 These assumptions are not justified a jpriori^ since the perturbation 
of the equihbrium implies an irreversible change; the only justification that can be 
offered here is that the relations deduced from them appear to give a satisfactory 
representation of the experimental results. It is assumed in what follows that 
[ 3 ^/ 9 /)] does not depend on a>, which is equivalent to the previous assumption that 
may be neglected. and ( 7 ^ in (11) are regarded as including G^ which 
depends on o. [S^/Sp]^ is then eliminated from (10) and (11) by writing 


yi 






~dp~ 
_dp_ y ’ 


where Vq is the velocity at veiy low frequencies and CpQ and are the specific heats 
normally measured. At any higher firequency v = o)j 2 Tr 


F2 a., a 
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Herzfeld ■writes Gp^ = {Gp„—CpJ)+Op^ = A + where A is supposed independent 
of CO, and thus A = OpQ-C„o. He also puts = [Cpa, + CJ{l+j(OT)], where G„„ is 
Gp at a frequency such that cor’^l. 

Now the expression p =Po 6 ““'® represents an ultrasonic wave propagated 

in the x direction -with velocity Vq and coefficient of absorption a'. Hence the complex 
velocity V is given by 1 /F = {IfFo-joc'Ico), and F2/Fgw(l + 2 ja%/&>) if {ocVJco)^ and 
higher powers are neglected. 

Substitution for Gp^ and G^^ in ( 12 ) may thus be shown to lead to a value of a'jv^ 
given by 


a' 277* Gi T 

v*-F„^^ "^Gp,{l+cohy 


(13) 


assuming that G^JG^qx!. 


Following the notation of Kneser ( 1938 ), put t = 


1 


SO that (13) becomes 


V* CpoV^[l + (plvJ^] 


(13a) 


The absorption per wave-length p' = a'A = a'F/v, and neglecting the small variation 
of F with V, this is given by 


/ = 77(7-1) 


Gi iyjvj 


q,o [! + («]’ 


(14) 


which shows that when v = fi' has the maximum value 


/4ax. = (IS) 

^po 

If the appropriate expression for Q be inserted in this relation from ( 8 ), (9) or (9a), 
there follow complete expressions for the absorption in terms of the parameters 
AjBq, A/Sq, and determining the equilibrium, and the known quantities y 
and ( 7 ^ 0 - 

Equation ( 12 ) may also be used to show that the relaxing specific heat causes the 
velocity to change with frequency. This dispersion has been assumed to be small in 
order to write a simple expression for of jv^\ Elneser ( 1938 ) has shown that the total 
change in velocity associated with a relaxation process is related to the absorption by 

^ = ^-, ( 16 ) 

V Tf 

pro'vided AF/F-< 1 . ' 

It ■wiU be of interest to consider the dependence of t and therefore on the 

absolute temperature T. Now v„, = = {K-^+K^(2tt, and if /^ElItT>4^'5 then 

K-jJK^ = go may be ne^ected in comparison with K^. If 

the equilibrium between and .dj is chemical in the broadest sense then might 
be expected to vary ■with T as required by 


( 17 ) 
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where D is a constant, m is zero or a small positive number, and is the apparent 
activation energy of the back reaction (2-^1); the activation energy of the forward 
reaction is (A^+ AEg). Thus 


IT T) 

, =z^ = ±- TniQ-AB^BT 

™ 27r 27r 



It win be possible to test this relation using the experimental results (see § 8). 

If the possible oocmrence of compressional viscosity be ignored the contribution 
of ordinary viscous loss to the absorption is given by Stokes’ formula 


“viscous 

3pV^’ 

where ^ is the shear viscosity and p the density. Experimental values oioc/v^ often 
exceed, but are never less than, the value given by this formula. It is reasonable to 
assume therefore that the viscous absorption always forms part of that measured, 
and must be suitably combined with the absorption due to relaxation. If each 
separate contribution to a satisfies the condition = aA<^ 1, then it may readily be 
shown that the values are additive. Further, it is possible that more than one 
relaxation process may contribute to the loss at any given frequency. If, however, 
it be supposed that is the lowest relaxation frequency, and that v^, etc., aU 
greatly exceed v^, then, at frequemjies near to or less than these additional 
relaxation processes may be seen from (13a) to contribute terms to a varying as vK 
The effect of these other relaxations may therefore be included together with viscous 
abso^tion,* in a single term and using (13a) the overaU dependence of a on 
will be of the form previously quoted in § 6, namely 


a = Bv^+ 


Av^ 
1 + 


where A, B and are independent of p but vary with T. 


( 1 ) 


8. Disottssion 

The agreement of equation (1) with experiment indicated by figures 3 to 7, which 
has been discussed m §§ 6 and 6, is regarded as conclusive evidence for the occurrence 
of a relaxation phenomenon in acetic acid. Unfortunately, the nature of the mole- 
^r equihbnum which is perturbed by the ultrasonic wave and gives rise to this 
estima^rtA considerations; it is not possible therefore to 

f ^ beeii shown to satisfy the relaxation 

At 30°n V equation(16),AF/F = /4ax/7^- 

+ 1 , P. *^e measured change in velocity AF/F» 1-4 % whilst from 

the observed value of the calculated dispersion'^s 1-7 0 /,. This a^^en" 

* The loss due to thermal conductivity (Kirchhoff i868) is negligible for most liquids. 
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within the experimental error for the determination of V, estimated to be J %. 
At the lower temperatures the range of frequencies used was.not quite sufBicient 
to cover the total dispersion. 

A further test of theory is possible from an examination of the dependence of 
and temperature T, The values of ^ 1 ^sed to test 

the validity of equation (18). Thus if m = 0, a plot of log against IJT should yield 



4;X 10® 

T 

Fiottbe 8. Dependence of logioV^ and logio(J'm/^) oii The slope gives the apparent 
activation energy of the backward reaction (2 1). From the plot of logjo (Vm) 

against l/T, curve 1, AEa = 8‘86kcal./mole, whilst from theplot oflogjo {v^fT) agaiost l/fT, 
curve 2, = 8-46kcal./mole. 

a straight line, whereas if m = 1, log {vJT) should be a linear function of I[T. In 
fact, as shown by figure 8, the experimental Values lie close to a straight line for both 
plots, and accordingly a specific value cannot be assigned to m. Prom the first 
plot of logJ^^ against 1/T the apparent activation energy, of the backward 
reaction is 8-86kcal,/mole; the corresponding value from the plot of lc%{vJT) 
against 1/T is 8*46kcaL/mole.* 

* The linear plots of figure 8 indicate that the activation energy is sensibly independmt 
of temperature. 
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The dependence of on T may be compared with theory in an analogous wav 

by substituting an expression for in equation (16). Now AF = AB -T nj 
and provided AFjBT > 4-5, Oi is given by equation (9a), so that equation (16) gives” 



PiGUBE 9. Log(2’Xua.) plotted 
between the states 1 and 
column 8 of table 1. 


ag^t 1/r. The slope gives the difference in energy level 
2. The pomts correspond to the values of given in 


values of f+aW ^ ^®a,r function of IjT. When the 

by amrftml Blot, m this woy tte graph is a straight line as shown 

0 TrTf^ of 2'32kcaI./mole, 

yields A«, _ J.89 “ <»“> 

this, however, invaUdates Ltanditit etaLt^ d 

rszxtrto^r ^— 2v“f^(Str’ t. 

examination of the expeLentaSr ^ ^ 
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Acetic acid is known to form double molecules united by two hydrogen bonds in 
the vapour phase, and this association is confirmed for the liquid by partition 
experiments between inert solvents, measurements of the permittivity of dilute 
solutions and electron diffraction experiments (Latimer & Rodebush 1920; Pauling 
& Brockway 1934; Broughton 1934; le Eevre & Vine 1938; Halford 1941). It has been 
suggested that the absorption of ultrasonic waves in this liquid (Spakowski 1938; 
Richards 1939) arises from the perturbation of the equilibrium between single and 
double molecules, and it may well be that this explanation accounts for the present 
results. The heat of complete dissociation of the double molecules in the gas phase 
is 15 * 94 kcal./mole at 25 ° C (Halford 1941), but this value would not necessarily be 
the same in the liquid phase. The discrepancy between this value, however, and that 
obtained above suggests that the dissociation may proceed in two or more stages 
and that the relaxation mechanism observed is associated with the breakage of 
only one hydrogen bond. In this connexion it is noteworthy that the parameter B 
of equation (1) is much larger than is to be expected from viscosity alone; for example 
at 30 ° C, a^soous/^^ = 20 x lO-^’sec.^cm.”^, whereas B = 132 x lO-^’sec.^cm,-^. It 
seems likely that the term Bv^ includes contributions to the absorption arising from 
at least one further relaxation process wdth equal to some frequency greater than 
67 - 5 Mc./see. This is also suggested by the fact that at 67 - 5 Mc./sec. the variation 
of a wdth temperature exhibits a minimum as shown in figure 1Z>. Moreover, in 
figure 5 , the values of cc corresponding to a frequency of 67 * 5 Mc,/sec. he below the 
straight lines drawn, particularly at the lower temperatures. 

Possibly this second relaxation time might also be hnked with the dissociation 
of the double molecule. 

The authors wish to thank Mr J. A. Ratchffe and Professor Willis Jackson for the 
close interest which they have showui in the present work; they are also grateful to 
Mr J. H. Andreae and Mr R. Bird for the assistance which they have given with 
some of the experimental work and to Dr A. R. Miller and Mr E. Bauer for many 
suggestions in discussion. 
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Optical diffraction patterns produced by bubble rafts 

By j. Dyson 

Research Laboratory, Associated Electrical Indvstries Ltd., Aldermaston, Berks 
{Communicated by T. E. Allibone, F.R.S.—Received 13 Aipril 1949 ) 

[Plates 2 to 7] 


A method of obtaining diffraction patterns, analogous to X-ray and electron diffraction 
patterns, from photographs of bubble rafts is described. The results of some early experi¬ 
ments are shown, and the conditions for obtaining patterns of higher resolution and more 
uniform illumination are deduced. An experimental technique for realizing these conditions 
is described and the results are shown. 

A method is described for viewing the raft in the light of a selected region of the diffraction 
pattern, and some results of this technique are shown. 


IXTRODXTOTIOX 

The ingenious bubble model illustrating the atomic pattern within crystalline 
materials which was developed by Bragg & Nye (1947) gives lattice structures so 
closely analogous to those found in practice and illustrates effects predicted by 
theory so closely that it was thought that it would be useful to extend the technique 
to enable diffraction patterns to be obtained from the rafts which would be analo¬ 
gous to the X-ray or electron diffraction patterns produced from the crystalline 
material itself. 

Optical analogues of X-ray or electron diffraction patterns have, of course, been 
produced by several workers (Pohl 1940; Kathavate 1945; Prins 1931; Sagani 1926), 
but the production of diffraction patterns by a raft of bubbles is of particular interest 
because the capillary forces between bubbles are analogous to inter-atomic forces, 
and also because of the very large number of diffracting centres which may be made 
to contribute to the pattern. 
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The bubble rafts are in general only t-wo-dimensional (although Bragg & Nye 
have experimented with bubble rafts two or three bubbles deep), and hence the 
diffraction patterns would be more analogous to those given by electron diffraction. 

With this in mind, some experiments were performed with the object of obtaining 
optical diffraction patterns either directly from bubble rafts or from suitably pre¬ 
pared photographs. 

Eably bxpeeiments 

t 

The first experiment undertaken was that of obtaining dijBEraction from a perfect 
hexagonal lattice of diffracting points. Instead of a bubble raft, an assembly of 
about 1400 bearing balls in a glass-fronted frame was used. This arrangement 
is due to Dr G. A. Geach of this laboratory, and has the advantage that all elements 
of the lattice are very accurately of the same size, and they can be manoeuTxed into 
the correct lattice arrangement in a way scarcely possible with bubbles. The assembly 
was photographed on to 16 mm. film at a scale such that the distance between lattice 
points was about 0-2 mm. 

The balls were illuminated by a single photoflood lamp in a reflector, so that each 
ball was represented by a single image on a very small scale of the light source, formed 
by reflexion at the convex surface of the ball. The negative was printed on to a 
‘photomechanicar plate by contact, giving a dark field with a small transparent 
spot near the centre of each ball image. The contrast was sufficiently high for the 
transmission of the print to be significant only in the transparent spot. The print 
was placed in an optical system shown in figure 1, Light from a B.T.H. type 
ME 250 W. mercury vapour lamp is focused on to a small pinhole and diverges to an 
achromatic collimator lens. The parallel light traverses the print and enters a tele¬ 
scope lens. The (Fraunhofer) diffraction pattern is formed in the focal plane of this 
lens and can be examined by an eyepiece. An Ilford ‘mercury-green’ filter allows of 
using only the green line of the mercury spectrum, together with a small part of the 
continuous background, which is rather high in this lamp. 


pbsLte bearing 
diroacting sbru<^ure 



telescope lens 


coUi^torlens cradenser 


Figube 1 


The resulting diffraction pattern is shown in figure 2, plate 2, and, of course, 
consists of a hexagonal array of spots. It can be seen that each spot has faint wings 
pointing in a radial direction. These are due to the continuous background and are 
a function of the sharpness of cut-off of the filter used. Generally, though, they are 
not obtrusive, and in fact are only visible around the brightest spots.^ 

The pattern obtained bears an obvious resemblance to the electron dififraction 
image obtained when electrons traverse a thin flake of mica. Such a picture, taken by 

9-2 
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A. E. Enaos of this laboratory, is shown in figure 3, plate 2. The mica flake used was 
a number of molecules thick, and so the phenomenon of Bragg reflexion is just 
beginning to appear; this accounts for the fact that some of the spots are enhanced in 
intensity. As the print used for the optical diflfraction is a true two-dimensional array, 
no corresponding enhancement of intensity occurs in this case. 

IS the unfiltered light from the mercury vapour lamp is used, each spot becomes 
a radial spectrum, of length proportional to its distance from the centre, and the 
whole forms a beautifully symmetrical pattern of brilliant colours. 

An attempt was next made to form difiraction patterns from bubble rafts. To form 
the pattern direct from the raft itself would be elegant and, for some purposes, 
desirable, but it is so difficult as to be scarcely practicable. It is difficult to produce 
very small bubbles of very uniform size, and so the scale of the diffraction pattern 
would be small, necessitating very perfect optics to attain the required definition. 
As the light has to traverse the raft, the liquid layer is itself a part of the optical 
train. The surface through the centres of the bubbles is very far from optically flat, 
and this would preclude the attainment of anything like the required optical per¬ 
fection. In addition, the refraction at each bubble, when considered as a negative 
lens, is so great that the light is spread out over a very large solid angle; hence the 
amount of light available to form the diffraction pattern is very small. 

These considerations seemed to make the chances of success very small. Therefore 
it was decided to use photographs of the rafts as the diffraction gratings. 

A raft was photographed on to 36 mm. film, at a scale suitable to give a bubble- 
image spacmg of 0-2 mm. using two photofloods m reflectors as illumination. Each 
image consisted of a dark ring enclosing a transparent disk containing two minute 
dark spots which were the images of the lamps. The negatives were sandwiched 
between glass plates ia Canada balsam. This was necessary as the optical quality of 
the film surfaces was not nearly good enough to give the required definition. 

Results given by this means are shown in figures 4 a to 76, plates 3 and 4. Figures 
4a, 5a, 6a, 7a are enlarged prints from the negatives of the bubble raft, and figures 
46, 56, 66 and 76 are the corresponding diffraction patterns. 

Figure 4a shows a raft photographed immediately after growth. It is seen to 
consist of a few comparatively large crystallites in a state of considerable internal 
strain containing a large number of dislocations. 

The corresponding diffraction image, figure 46, consists, as might be expected, 
of a series of spotty rings. The individual spots are comparatively sharply defibned 
and the regions between the rings are dark. The dislocations and strains may be 
expected to scatter light outside the spots, but the definition is not good enough to 
show this. 

Figures 5 a and 56 show the same raft photographed immediately after being 
stirred up, with its diffraction pattern. The large crystallites have been broken up 
and there are areas of amorphous material and a number of small crystallites just 
beginning to grow. 

The dififraction pattern now consists of almost smooth rings which, however, can 
be seen to consist of a very large number of iH-defimed spots. The regions between the 
rings are now filled with light scattered from the amorphous region. In taking this 
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exposure an absorbing mask was placed over the centre of the diffraction pattern 
to reduce the intensity there. Otherwise this was so great that the halation due to the 
central spot obscured the first ring. As a result the background inside the first ring 
is darker in the photograph than that between the first and second rings. 

Actually, the scattered light fell off monotonicaUy towards the outside of the 
pattern, as might be expected. Visual inspection of the pattern with an eyepiece 
gives an impression similar to that shown in the photograph, but this is a subjective 
contrast effect, caused by the proximity of the overpoweringly bright central spot. 
This was established by blocking out the central spot when the background intensity 
appears greater mside the first ring than outside it. 

The diffraction pattern may be compared wdth the corresponding X-ray diffraction 
patterns for liquids, which exhibit the same general characteristics. 

A diffraction figure somewhat similar to figure 56 has been given by Pohl ( 1940 ), 
produced by a large number of randomly arranged apertures. The differences between 
this and figure 56 are due to the fact that Pohl’s raft had, presumably, no trace of 
crystal structure. 

Figures 6 a, 7 a and 66 , 76 were taken from the same raft at different periods after 
stirruag. The amorphous regions are decreasing, and the effect of this is seen in the 
diffraction patterns by the clearing of the background. In addition, the crystallites 
are decreasing in number, and the diffraction rings are becoming more spotty. 

A further effect which is very obvious in figure 7 6 is the appearance of six dark 
spaces in each ring. The positions of these are related to each other in the same way 
as the spots in figure 2 , and evidently indicate that a particular orientation is being 
avoided by the growing crystallites. This effect can also be seen in an incipient state 
in figure 66 . Although so prominent in the diffraction pattern, this effect is by no 
means obvious from inspection of the direct photographs (figure 7 a). 

The four white arms radiating from the central spot in figures 46, 56, 66 and 7 6 
are due to diffraction from the rectangular boundary of the diffracting negative. 

Doepects in the pattern 

These early experiments give patterns which have two outstanding defects. The 
resolution of the spots is poor, and there is a great concentration of li^ht towards 
the centre of the pattern, especially in the central spot. Further experiments were 
undertaken wdth the object of overcoming these defects. 

Brightness and resolution 

Assume that the diffracting object consists of a square array of transparent 
apertures in a black screen, with a linear spacing of d cm. Assume further that if the 
dimensions of the array be varied the size of the apertures is also varied in such a way 
as to keep constant the ratio of the areas of the transparent regions to the areas of the 
opaque regions. 

Consider first the condition where the size of a spot formed by diffraction from an 
area of perfect lattice is determined by the size of the source, i.e. by geometrical 
optics. This will be the most usual case where a large number of diffracting centres 
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contribute. The angular diameter of the source is a, and the resolution of the pSittem, 
defined as the ratio of the distance between successive rings of spots to the diameter 
of a spot, is k. Then 

'’-a- <*> 


The total amoxmt of light collected from the source is proportional to the square of 
its angular diameter and to the area of the difi&acting object: 

total light (2) 

The size of the image on the photographic plate is of importance, because k it is too 
am nil the resolution will be spoiled by halation. Let the linear diameter of the first 
ring be S. Then the brightness of the image will be given by 

brightness (3) 

Substituting from (1) we get brightness (4) 


■ Hence, for a given resolution and image size, the brightness is dependent only on 
the total number of transparent diffracting areas, if their geometry is constant. 

The other case is that where the spot size is, fixed by diffraction phenomena, i.e. by 
the size of the Airy disk. Then, if the source is kept just small enough to ensure this. 




Nd' 


The total light collected is given by 




total light ~ ~ constant. 


( 6 ) 

( 6 ) 


The brightness of the image is thus only dependent on its size. The resolution, how¬ 
ever, is given by 



( 7 ) 


as is well known from the theory of diffraction gratings. 

It is thus evident that the important feature is N^, the total number of diffracting 
points. 

So far we have not considered the distribution of Ught among the various rings of 
the pattern. This is governed by the angular distribution of Mght from each diffracting 
element. The diffracting elements in figures 4 a to 7 a consist effectively of transparent 
disks surrounded by thin opaque rings of diameter almost equal to the distance 
between centres. Such elements give an angular distribution similar to that in an 
Airy disk. The angular radius of the first dark ring is given by 

0-61A 


a = 


r 


( 8 ) 
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Figure 2. Diffraction pattern from a perfect lattice. 



Figure 3. Electron diffraction pattern from a mica flake. 


(Facing p. 134) 
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Figure 6. a, raft after ‘annealing’; 6, difiraction pattern. 



Figure 7. a, raft after further ‘annealing’; 6, diffraction pattern. 
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Figures. Bubbles with back illimiinat ion. Figure 10. Photomicrograph of transparency 

for diffraction. 



Figlhe 11. a, polycrystaUine raft with two sizes of bubbles; h, diffraction pattern. 
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Figure 13. a, raft of large crystallites; 6, diffraction pattern. 
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Figuke 14. Raft of figure 13a viewed through pinhole. 



Fig FEE 15. As for figure 14 but with different adjustment of pinhole. 
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where r is the radius of the transparent disk. The angular radius of the first ring in the 
diffraction pattern is given by . 

^-5. 

■where d is the distance between centres of the transparent regions. 

To obtain sensibly uniform illumination up to, say, the fourth order of inter¬ 
ference, we require that the angular radius of the first dark ring of the Airy pattern 
be larger than the angle corresponding to the fourth order of interference. Thus 

0-6 lA 4A 
r ^ d ’ 

or ?‘<0"15d. (10) 

Hence to impro've the uniformity of illumination it is necessary to make the 
transparent spots smaller. 

To out down the intensity of the central spot it is necessary 'to pay particular 
attention to the opacity of the background, since the area of the transparent spots 
is a small fraction of the total area. 

It may be noted that, by Babinet’s principle, a similar array of small opaque spots 
on a transparent backgroimd will give the same diffraction pattern, but the intensity 
of the central spot will be very much greater. 

Expeeimbntal tbohnique 

By the above analysis it is seen that what is required to obtain better patterns is 
to produce bubble rafts -with large numbers of bubbles and to photograph these in 
such a way as to represent each bubble by a small circular transparent spot on an 
opaque background. 

The requirement of a large number of bubbles depends, of course, on the particular 
phenomenon under investigation. The other requirement is more rmder control. 

If the raft be illuminated by a small light source on the upper side and viewed from 
the top, a small image of the source is seen by reflexion in the convex surface of each 
bubble, and another in the concave surface. The predominant feat'ure, however, is 
a bright ring of nearly the full diameter of the bubble. This is very much brighter 
the direct image and cannot be eliminated by adjusting the angle of the light. 
Hence this method of illumination is of little use. If the bubbles be blown in a trans¬ 
parent trough and a small light source placed underneath, the appearance is as shown 
in figure 8, plate 5. Each bubble behaves as a negative lens of focal length approxi¬ 
mately three times the radius of the bubble and so forms a small erect hnage of the 
light source. Further images are formed by mul'tiple reflexion at the convex surfaces 
of adjacent bubbles, but these are so small that they do not cause much trouble. 
The light source is displaced to one side away from the axis. The three-cornered areas 
between the bubbles then appear dark, while the direct image is still visible. It is 
shifted to one side, but this occurs in every bubble and so is equivalent to a slight 
lateral shift of the pattern. 

To make use of this arrangement the bubble raft is blo'wn in a Perspex ■trough 
about 15 X 10 cm. and about 1 cm. deep. For convenience, two front-reflexion 
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mirrors are mounted at 45° to the vertical, one above and one below the trough. 
The light source is a photoflood about 3 ft. from the trough, and the raft is photo¬ 
graphed by means of a camera at a distance such as to give a spacing of about 
0-2 mm. between bubble images. The experimental arrangement is shown in figure 9. 



photoflood 



D- 

camera 


The camera lens is thrown out of focus just sufficiently to cause each image of the 
light source to appehr as a small round disk of the size required by equation (10). 
For this to be successful, the lens must be well corrected; a'Goerz Doppel Anastigmat 
working at//8 has been found to be satisfactory. 

The plate used was Ilford Special Eapid Panchromatic, developed in I.D. 8 
(maximum contrast) developer. A positive contact print is made on Ilford thin-film 
half-tone strippmg plate, also developed in I.D. 8. The overall gamma of the double 
process is of the order of 10 and is suflficiently high to suppress all detail except the 
circular out-of-focus disks. The result is a pattern of small circular transparent disks 
on an opaque background, as is shown in the photomicrograph (figure 10, plate 5). 
The fact that the disks have slightly soft edges is of no importance, as the effect of this 
is only to suppress the outer rings of the Airy pattern, leaving the central lobe almost 
unchanged. 

The glass of a photographic plate is not of sufficiently high quality to allow of 
sharp patterns being formed, so the emulsion is peeled off the stripping plates, 
having been cut round the required region with a knife. The emulsion is immersed 
in a bath of methylated spirit which has been diluted with about an equal volume of 
water. This enables the gelatiue to take up enough water to adhere to a glass surface 
and yet to retain its strength. An optically flat glass plate (selected pieces of -lin. 
plate glass can be used) is slid under the emulsion and lifted out. Wrinkles are gently 
pressed out with the fingers and the plate stood on edge to dry. 

When dry, a drop of Canada balsam is placed in the centre of the emulsion and 
another glass flat pressed down over the top. A small weight is placed thereon and 
the whole placed in an oven at about 50° C overnight. The balsam will spread over 
the whole area; the excess is wiped off at the edges and, after cooling, the resulting 
sandwich is rigid enough if handled carefully. 

Experimental results 

A bubble raft photographed by this technique and its diffraction pattern are shown 
in figures 11a and 116, plate 5. This raft consisted largely of areas of almost perfect 
lattice, and this is reflected in the rings of sharp spots shown in the diffraction pattern. 
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It wiU be noted that all the rings are doubled; this is because two dUBFerent sizes of 
bubbles are present, as can be seen from close inspection of figure llu. 

Figures 12a and 126, plate 6, show a raft taken just after stirring, together with 
its diffraction pattern. The rings of diffuse spots as shown in figure 56 appear once 
more, but the background shown in figure 56 does not appear. The reason for this 
seems to be that a small delay occurred between stirring and taking the photograph 
in the case of figure 12 a, and the amorphous regions had time to crystallize into a 
large number of small crystallites. 

Figures 13a and 136, plate 6, are of a raft consisting of only three large crystallites 
and a small one. The diffraction pattern consists of only a comparatively small 
number of spots, but these are seen to be broken and surrounded by a diffuse nebu¬ 
losity. This effect is evidently due to lack of perfection in the crystallites, and the 
question as to what form of imperfection gave rise to this phenomenon suggested 
the investigation described in the next section. 


Direct observation of imperfections 

An imperfect lattice such as that of figure 13 a constitutes an almost periodic 
structure, from which a Fourier analysis gives sets of terms grouped closely around 
the discrete values which would represent the corresponding perfect lattice. One 
such set of terms gives information, generally speaking, about the broad features of 
the lattice, whereas the overall distribution of sets of terms contains information 
as to the microscopical features, such as the size and shape of the dots (see the fore¬ 
going analysis giving the relationship between the spot size and the distribution of 
light between the various rings). 

Thus, one particular spot in the pattern, together with its associated nebulosity, 
can be expected to yield information about the broad features, such as shape and 
imperfections, of one crystallite. 

The technique for applying this principle consists of mounting a thin opaque 
plate containing a pinhole about 0-5 mm. diameter in the focal plane of the telescope 
lens. The plate is mounted on centring screws so that it can be moved about to 
coincide with any one of the spots of the diffraction pattern. Then, with the eye¬ 
piece removed, the eye is placed close to the pinhole, when the image of the bubble 
raft is seen in the aperture of the telescope lens, illuminated by only the light which 
forms the particular spot selected. 

The resulting phenomena are easier to interpret if the unfiltered light is used. 
Under these conditions it is possible, for certain positions of the pinhole, for the whole 
of the raft to be illuminated at once by light of different wave-lengths and in different 
orders of diffraction. Detail is then seen both by intensity and colour contrast. The 
resulting picture resembles the coloured counties on a map. 

This may be illustrated with reference to figure 14, plate 7, which shows the raft 
of figure 13 a viewed under these conditions. The individual bubble images cannot 
be distinguished, as only one diffracted beam from each area of lattice is used. Thus 
the experiment is a corroboration of Abbe’s theory of the microscope. The grain 
boundaries, however, show up clearly as rows of approximately equally spaced dots. 
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By making a transparency of figure 14, to the same scale as figure 13a and super¬ 
imposing them these dots can be identified as those regions along the grain boundaries 
which are nearly, but not quite, large enough for the inclusion of an extra bubble. 

In figure 13 a two dislocations can be seen across the waist of the central crystallite. 
These cause the top and bottom of the crystallite to be rotated slightly with respect 
to each other. This is shown clearly in figure 14, the upper region being brighter than 
the lower. To the naked eye, the upper region was yellow and the lower one red, the 
resulting contrast being very clear. The boundary between the two regions is seen 
to be quite sharp, in fact as sharp as the limited resolution of the picture will allow. 
The two dislocations show up as dark streaks. Another boundary is shown at the 
upper left of this crystallite where an "arm’ branches off to the left. 

The right-hand crystallite is complex in structure. There is a line of dislocations 
across the upper portion shown very clearly in figure 14 as a row of "puckers’. The 
boundary between the two regions split off by the dislocations is not sharp in this 
case. Visually, the upper region was dark blue and the lower region light blue. To¬ 
wards the bottom of this crystallite is a complex structure of dislocations. The resulting 
pattern of boundaries was almost impossible to photograph in monochrome, but 
showed up visually, as a complicated pattern of green, red and light blue areas. The 
dislocations, however, can be seen in figure 14 as a number of dark markings. These 
give a "plastic ’ appearance to the raft as if it consisted of a puckered and torn sheet 
of fabric. All the dislocations may be seen by close inspection of figure 13a but the 
boundaries between areas of perfect lattice cannot be followed so clearly. 

Figure 15, plate 7, gives another view of the same raft with a different pinhole 
setting. Only the upper region of the central crystallite is brightly illuminated; the 
boundary does not show so clearly because of scattered light, as the upper region was 
over-exposed to bring out details elsewhere. The grain boundaries now show up in 
rows of bright dots. It should be noted that these dots represent structures of the 
dimensions of one bubble site, and the resolution of the picture is not sufficient to 
showindividual bubbles; yet, as these dots indicate deviations from perfect regularity, 
they show up vividly both on a light and on a dark ground. 

The dislocations in the right-hand crystallite now show up by themselves as 
V-shaped markings. Visually they appear as bright golden yellow marks on a 
" mi dn ig ht blue’ background, their contrast being much higher than the photograph 
su^ests. 

As the centring screws are operated the colours change in such a manner that the 
colour change is almost simultaneous over each area of perfect lattice. The effect is 
that of tilting a solid object with plane facets, each facet catching the light in turn. 
Crystal boundaries appear as sharp edges, whereas the boundaries between areas 
in the same crystallite appear rounded to a greater or less degree. A few minutes of 
such observation give a much better idea of the nature of a raft than can be obtained 
from simple inspection, or than can easily be described in words. 
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CoisrcLirsioi?^ 

The experiments here described have two potential uses. In the first place, it 
may be possible, from a study of a sufficient number of rafts and their associated 
diffraction patterns, to obtain some insight into the relationships between observed 
phenomena in X-ray and electron diffraction and the crystal imperfections which 
cause them. 

In the second place the method of inspection of the raft by means of the light 
contaiaed in a restricted portion of diffraction pattern offers a ready method of 
investigating the effects produced by dislocations on the surrounding lattice and 
leads to a clearer understanding of the way in which complex diffraction spots are 
formed. 

The value of this method lies in its directness; the imperfection producing a given 
phenomenon in the dififraction pattern can be seen clearly without ambiguity. 

A limitation to the usefulness of the analogy is imposed by the fact that only two- 
dimensional lattices can be treated in this way. However, this can be quite a close 
approximation to conditions obtaining in electron diffraction. It was not thought 
worth while to try to extend the method to three-dimensional lattices, partly on 
account of the very great experimental difficulties, but also because it would be 
almost impossible to form a clear idea of the imperfections existing in a solid block 
of lattice. 

The author wishes to thank Dr T. E, AUibone, F.E.S., for permission to publish’ 
this paper. 
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Bakerian Lecture 

A region of biosynthesis 

By H. Raistrick, F.R.S. 

London School of Hygiene and Tropical Medicine 

(Delivered 12 May 1949— Received 31 May 1949) 

[Plates 8 to 11] 

Introduction 

The particular region of biosynthesis about which I propose to speak is that part of 
the kingdom of living things occupied by the fungi, particularly those fungi 
popularly known as 'moulds’, with occasional reference to some higher fungi and 
also to lichens, which are of course s 3 nnbionts of algae and fungi. It is, I think, not 
inappropriate that this should form the subject of a Bakerian Lecture, since the 
founder of this lecture, Mr Henry Baker, F.R.S., who was an ardent microscopist, 
described in 1742 the spores of the fungus Lycoperdonf^ the common puff ball(i).t 
In the foUowig year he gave a good description of Pilobolus^ a mould of the mucor 
type, which he found growing on a culture of black mud from the river Thames (2). 

The exact position of fungi in the scheme of living things is still doubtful, since, 
to quote Dr John Ramsbottom(3), ‘if organisms must be either plants or animals, 
then fungi are plants with a nutrition resembling that of animals as they do not 
possess chlorophyll. If, however, chlorophyll is the hall mark of plant phylogeny 
the fact has to be faced that fungi probably never possessed it.’ Because of the 
absence of chlorophyll, fungi can be cultivated only on media containing pre-formed 
organic matter, but this very fact makes moulds particularly suitable for biochemical 
investigation, since they grow well on very simple media. 

In spite of this fact, real interest in the chemistry of moulds may be said to date 
from 1891 with Carl Wehmer’s classical observations that when niger is 
grown on sugar solutions oxalic acid is formed in considerable quantities (4,5,6,7), and 
that citric acid is a metabolic product of certain mould species to which he gave the 
generic name Citromyces{s, 9). For the next thirty years only an occasional paper 
appeared on this subject, and this was the position when J was fortunate enough to 
be able to begin systematic work on the subject in 1923 with a small team of 
enthusiastic colleagues in the research laboratories of Nobel’s Explosives Company 
Ltd., Ardeer, Scotland. This work was carried on there until 1929 (lO), since when it 
has been continued in the Department of Biochemistry at the London School of 
Hygiene and Tropical Medicine. 

* A list of species cited in the text with the authorities for each is printed in the appendix 
to the lecture. 

t Because of the large number of literature references cited, the custom usually followed in 
this journal of quoting in the text the names of authors and year of publication has been 
altered. Each publication referred to is given a number and the same numbering is used in the 
list of references at the end of the lecture. 


Vol. 199. A. (35 October 1949) 


[ 141 ] 


10 



142 


H. Raistrick 

Expebimektal methods 


The general plan of the work was the investigation of the products of metaboHsm 
of pure cultures of species and strains of moulds when grown under controlled 
conditions on simple, reproducible and chemically defined culture media. We have 
used almost exclusively one or other of the two following media: 

Czapek-Dox medium . Raulin-Thom medium 


glucose 

50 g. 

glucose 

76 g. 

NaNOs 

2 g. 

tartaric acid 

4g- 

KH 2 PO 4 

Ig- 

ammonium tartrate 

4g. 

KCl 

0-5 g. 

(NH 4 ) 2 HP 04 

0-6 g. 

MgS04.7H20 

0-5 g. 

(NH.),S 04 

0-26 g. 

EeS04.7H20 

0-01 g. 

KjCOs 

0-6 g. 

distilled water 

11. 

MgCOs 

0-4 g. 



FeSOi.VHjO 

0-07 g. 



ZnSO^.THjO 

0-07 g. 



distilled -water 

1-51. 


It will be seen that in the Czapek-Dox medium the only source of organic matter 
is glucose, and in the Raulin-Thom medium glucose+tartaric acid. The other 
elements essential for growth, nitrogen, phosphorus, potassium, sulphur, magnesium 
and the trace elements are present as mineral salts. Hence, any of the organic 
metabolites which I shall describe must have arisen by synthesis from glucose or 
glucose and tartaric acid. 

The medium, distributed in 350 ml. amounts in 11. conical flasks plugged with 
cotton-wool, is sterilized, inoculated with a pure culture of the species or strain of 
mould under investigation, and incubated in the dark at 24® 0. Hence all the 
cultural conditions are standardized and reproducible, the only variant being the 
species , or strain of mould used, so that I think it may be claimed fairly that 
structural differences in chemically related metabolic products may be attributed 
to differences in the enzyme systems present in different species or in strains of the 
same species. 

The cultures are harvested when the residual glucose is about 0-5 %. The mould 
mycelium is separated by filtration from the culture fluid without sterilization, 
washed with water, pressed and dried in a vacuum oven at 40® C. It is then ground 
to a fine powder, extracted with suitable solvents, and any extractives are purified 
by the usual chemical methods. 

Any metabolites in the clear culture filtrate and mycelium washings are isolated 
by extraction with suitable solvents, or by the addition of suitable precipitants, or 
even by vacuum evaporation when they may occasionally crystallize out. 

During the last twenty-six years a large number, certainly approaching two 
hundred, of mould metabolic products have been isolated in a state of purity by my 
colleagues and myself. It will not be possible to deal with all of them to-day, nor 
would I wish to weary you with a mere catalogue of fungal metabolic products. My 
purpose is rather to try to trace the interrelationships in chemical structure between 
the different types of mould metabolic products described by ourselves and other 
workers, and to suggest how some of the more complex ones may arise by bio¬ 
synthesis from the simpler ones. 
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KOJIC ACID, PATULIN', 2 -HyDEOXYMETHYIi- 5 -FCniAITE CARBOXYLIC ACID AKD TEEREEir 


CHOH 

HOHC'^ '^CHOH 
HOhI ilH.CHsOH 

I 

glucopyranose 

0 

A 

HOC^ XH 


CH2OH 


"IJ- 

in 

kojic acid 
0 

X 

Hal Ih.C^ 

V 

patulin (etc.) 


HOHC- 


-CHOH 


HOHC CH.CHOH.CHaOH 

n 

glucofuranose 


HC- 

HOOC 


iC -CH 

■ILJ' 


IV 


CHaOH 


2-hydroxymethyl-5-fuiane 
carboxylic acid 


HOHC-C=0 

iH 

CH.CH=CH.CH3 


}HC-C= 


VI 

terrein 


The first group of inould metabolic products is chosen because its members show 
some of the closest relationships occurring in mould metabolites to the glucose 
molecule, either in its pyranose (structure I) or furanose form (II). Their inter¬ 
relationships in structure are not particularly clear, though they all contain abridged 
oxygen ring. 

Kojic acid (III), originally isolated by Yabuta from culture filtrates of As'pergillus 
oryzaei^i), has been described since then by many workers as a metabolite of a large 
number of different species of As'pergillus and is obtained occasionally in yields of 
over 50 %, 

Patulin (V) was discovered independently and almost simultaneously during the 
last war in a number of laboratories in different countries. This is the reason why it 
now appears in the literature under a variety of names—clavacin from A . clavatus ( 12 ), 
clavatin from A. clavatus{'iZ), claviformin from PenicilUum claviforme{U, 15), ex- 
pansin from P. expansum (ic, 17) and patulin from P. patulumiiB), Kojic acid and 
patulin may, I think, be legitimately regarded as derivatives of glucopyranose (I). 

2-Hydroxymethyl-5-furane carboxylic acid (IV) obtained from Aspergillus glaucus, 
A. clavatus, A. niger, A. oryzae and A, wentii by Sumiki(i9, 20 ), and terrein (VI) 
from A. terreusH^i, 22 ) may be regarded, though perhaps with less certainty, as 
derivatives of glucoforanose (II). 


Dertvativbs oe tetrootc acib 

The next group of metabolic products is a series of nine derivatives of tetronic 
acid, aU of which were isolated from the culture filtrates of species of PmicUlium 
or Aspergillus. The acids from PenicilUum charlesii, Z-y-methyltetronic acid (VII), 
carolic acid (IX), carolinic acid (VIII), carhc acid (XII) and carlosic acid (XIII) 
were obtained in a total yield of about 14% of the glucose metabolised (23). The 


10-2 
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structm-al formulae for a number of these tetronic acids are given in their hydrated 
form for ease of comparison. 

We regard y-methyltetronic acid (VII) (24) as the parent substance of this group. 
Carolic acid (IX) (25) may be regarded as derived from it by substitution of the 
4-carbon side-chain in the a position. Carolinic acid (VIII) (26) differs from carolic 
acid only in having a carboxyl group in place of a carbinol group, and dehydxQcarolic 
acid (X) from P. cinerascens{2^) in having a y-methylene group in place of the 
y-methyl group. Terrestric acid (XI) from P. terrestre (27) is clearly an ethyl carolic 
acid. Garlic acid (XII) (28) has the same structure as carohc acid, -with the exception 
that a carboxymethyl group takes the place of the y-methyl group in carolic acid. 
Carlosic acid (XIII) (28) may be regarded as a reduced carlic acid having a terminal 
methyl group in place of CHgOH. Carlosic acid was also obtained along with 
dehydrocarolic acid from P. cinerasceTis ( 26 ), 


H0.( 


CH 


\y I 
H 3 C—CH ^CO 

VII 

f-y-methyltetronic acid 


HO. C=(j. CO. (CHoJj. COOH 

HjC—CH .CO 

0''^ 

vm 

carolinic acid 


HO. C==C, CO - (CH.Ja. CHg OH 
H 3 C—CH .CO 

IX 


carolic acid ( t H^O) 


HO. C==C. CO. (CH2)2. CH 2 OH HO. C= 


H 3 C—CH 


C.CO.(CH2)2.CHOH.CaH5 

io 


^ 0 ^ 

XI 


ac=c^ no 

^ 0 ^ 

X 

dehydrocarolic acid (+H 2 O) terrestric acid (d-HaO) 

HOCt=C.CO.(CH2)2. CHjOH H0C==C. C0.(CH2)2.CH. 

1] 


HOOC.CHo.CH CO 
XIl 

carlic acid (+H 2 O) 

CHaOCr 
CH3 


Hooc.CHo.cH no 
XIII 

carlosic acid 
HOC=COH 


XIV 

penicillic acid 


/■'O t'f 


CH,OH.CHOH.CH CO 
'^cr 

\ 

ascorbic acid 


Penicillic acid (XIV) was described originally in 1913 by the American workers 
•^^berg & Black (29) who obtained it from P. 'puberulum. It was isolated from 
P. cydo'piuMy and its molecular structure was determined in my department (30), 
This structure has since been confirmed by an elegant synthesis carried out by 
Dr R. A. Raphael in 1948(31) in Messrs May and Baker’s research laboratories and 
at the Imperial College, London. The presence of a methoxy group will be noticed, 
a feature of common occurrence in mould metabolic products. Its structural 
relationship to y-methyltetronic acid is obvious. 



BaTcerian Lecture 


145 


Ascorbic acid (XV) was identified along with much larger amounts of citric acid 
by Geiger-Huber & Galli in 1945 from cultures of Aspergillus nigerC^^), It is surely 
more than a coincidence that these two substances are also present together m the 
jume of citrus fruits. 

Table 1. Acid hydeolysis peodtjcts of tetronic acids 


acid 

mols. 

mols. 

mols. 

y-methyltetronic 

ICOa 

1 acetoin 

— 

carolic 

ICO, 

1 acetoin 

1 butyrolactone 

carlio 

2 CO, 

1 acetoin 

1 butyrolactone 

terrestrie 

ICO, 

1 acetoin 

1 Z-n-hexanolactone 
(ethyl-butyrolactone) 

carolinic 

ICO, 

1 acetoin 

1 succinic acid 

carlosic 

2 CO, 

1 acetoin 

n-butyric acid 

dehydrocarolic 

ICO, 

1 diacetyl 

1 butyrolactone 


An outstanding feature of most of the members of this group of substances is the 
ease with which the whole molecule splits apart on hydrolysis with boiling, dilute 
mineral acids. The hydrolysis products of seven of them summarized in table 1 are 
produced almost quantitatively, except with dehydrocarolic acid. All of them give 
either one or two molecules of carbon dioxide. All of them give one molecule of 
acetoin with the exception of dehydrocarolic acid, from which diacetyl is produced. 
The distinctive features of the different molecules are seen in the hydrolysis products 
in the last column—^butyrolactone, Z-7i-hexanolactone, succinic acid and 72--*butyric 
acid. This, together with much supporting evidence, justifies we beheve the structural 
formulae assigned to the different tetronic acids. So far none of the seven given in 
table 1 has been synthesized, except y-methyltetronic acid. 

Derivatives of citric acid 

We now turn to citric acid (XVI) and a number of other fungal metabohc pro¬ 
ducts which are structurally related to it. Citric acid itself has been known to be 
a mould metaboHte for over half a century, and has been reported by numerous 
workers from a large number of different species in different genera of moulds and 
from some higher fungi. Several thousand tons of it are now manufactured annually 
in 3 delds of the order of 90 % of the theoretical by the fermentation of sugar solutions 
with A, niger, 

Itaconic acid (XVII) was first isolated by Kjnoshita from cultures of A . itaconicus 
in 1931(33,34) and in 1939 in my department from A. terrem{^5). Since then, 
American workers using different strains of A. terreus and modified cultural condi¬ 
tions have reported yields of itaconic acid of the order of 30 % of the theoretical (36). 

SpicuUsporic acid (XVIII) has been obtamed from three different species of 
Penicillium, P. spiculisporumiS7), P. cratenformei^s) and P. minio4uteum{B9), It 
may be regarded as a decyl-homocitric acid( 40 ), as is indicated, inter alia, by the 
fact that y-ketopentadecoic acid (XIX) is also a metabolite of P. spiculis'porum{Z't) 
and is formed from spiculisporic acid by oxidation with potassium permanganate. 

Minioluteic acid (XX) occurs along with spiculisporic acid in the culture filtrate 
of P. minio4uteum{B9), It is a decyl-a-hydroxycitric acid. 
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Caperatic acid is a iiioiionieth.yl ester of nor-caperatio acid (XXI), but it is not 
known at present which of the three carboxyl groups is esterified in caperatic acid 
itself. It was described as a constituent of the lichen Parmelia caperata by Hesse in 
1898 (41), and the structure of nor-caperatic acid, which is clearly a tetradecyl-citric 
acid, was established by Asano & Ohta(42, 43). 

Agaricic acid (XXII), from the higher fungus Pomes officinalis {Polyporus 
officinalis), has been known for a century. It is clearly a hexadecylcitric acid (44). 


CHa.COOH 


CHa 

1 


II 

C(OH).COOH 


C.COOH 

1 

1 

CHg.COOH 


1 

CHa.COOH 

XVI 


XVTI 

citric acid 


itaconic acid 

CHs 

- o 

CH 3 

j 

(CHj), 

(OH,), 

j 

(CH,), 

1 

1 

CH.COOH 

j 

OH, 

CH.COOH 


C(OH).COOH CO C(OH).COOH 

I I I 

CH, CHj CH(OH).COOH 


CHa.COOH 

CH 2 .COOH 


xvni 

XIX 

XX 

spiculisporic acid 
(hydrate) 

y-ketopentadecoic 

acid 

minioluteic acid 
(hydrate) 

CH 3 


CH3 

1 

(CHa)i3 


1 

(CHa)!, 

1 

CH.COOH 


1 

CH.COOH 

j 

C(OH).COOH 


1 

C(OH).COOH 


CHj.COOH 

XXI 

nor-caperatic acid 


CHa.COOH 

XXII 

agaricic acid 


Table 2, Stjbstittjted stjccestic acids as beeakdowx products of mould 

METABOLIC PRODUCTS OR LICHEN ACIDS 
moTild metabolic product 

or lichen acid substituted succinic acid 

terrein d-n-propyl 

palitantin d-n-heptyl 

minioluteic acid w-decyl 

nor-caperatic acid a-methyl-a'-w-tetradecyl 

agaricic acid a-methyl-a'-n-hexadecyl 
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Before leaving the aliphatic mould metabolites there is a matter of some structural 
significance to which I wish to draw your attention. In the course of the investiga¬ 
tion of their molecular constitution it has been foimd that a number of products 
from moulds, higher fungi and lichens give rise to substituted succinic acids on 
degradation. These are summarized in table 2 . Thus tetrahydroterrein gives 
«.-propylsuccinic acid ( 22 ). Palitantin, C 14 H 22 O 4 , a metabolite of Penicillium palitans, 
is a complex -unsaturated dihydroxyaldehyde of at present unsettled molectilar 
constitution( 45 ). Its reduction product, tetrahydropaHtantin, yields n-heptyl- 
succinic acid on oxidation. The long side-chains in the substituted succinic acids 
obtained by the breakdown of minioluteio(39), nor-caperatio (43) and agaricie(43) 
acids contain respectively 10, 14 and 16 carbon atoms. 

Derivatives oe tropoloite 



CHj CHj 
>CH 



OH—- 
JQCIV 

y-thujaplicin 




We now come to a group of three quasi-benzenoid mould metabolites, stipitatic 
acid, CgHgOii, from PmiciUiim stipikaumm, and puberulio acid, CgHgOg.and 
puberulonic acid, CgHgOg, from P. puiendumiH), A large amount of work was 
carried out by my colleagues, including the late Professor George Barger (48), and 
myself without our being able to offer a plausible structural formula for any of them. 
Thanks, however, to a novel suggestion made in 1945 by Dr M. J. S. Dewar of 
Oxford it now appears probable that they all contain a 7 carbon ring and are 
derivatives of what Dr Dewar suggests should be called tropolone (XXIII) (49,50). 

Since 1945 evidence has accumulated supporting Dr Dewar’s suggestion. Colchicine 
is believed to contain a tropolone ring (50, 51, 52). Erdtman & Gripenberg of 
Stockholm have proved conclusively that a-, /ff- and y-thujaplicins (XXTV) from 
Thuja fliccda, the western red cedar tree, are respectively 0 ^-, and y-isopropyl- 



148 


H. Raistrick 


tropolones(53, 64). A few weeks ago Professor J. W. Cook of Glasgow aimoanced 
the synthesis of 3:4-benztropolone (XXV) (55). 

The chemical properties of stipitatic, pubemlic and puberulonic acids agree with 
their formulation as tropolone derivatives. Dr Aulin-Erdtman of Stockholm 
(private communication) has determined their ultra-violet absorption spectra and 
concludes from the similarity in spectral type between ^hem and the three 
thujaplicins that they may all be put into one and the same structural type. The 
structure assigned to stipitatic acid (XXVI) may, I think, be regarded as a fairly 
certain one. That suggested for puberulic acid (XXVII) is purely speculative, since 
there is at ppesent-no clear evidence as to the positions occupied by the carboxyl 
and the two hydroxy groups. Accepting this formulation, however, puberulonic 
acid may well have the structure XXVIII, since Barger obtained evidence, which 
unfortrmately was not published and is now lost, that puberulonic acid is a quino- 
noid body closely related to puberulic acid. 



OH 

XXV 

3:4-ben2tropolone 

V 



COOH 
XXIX 

of-naphthoic acid 



OH 
XXIV 

y-thujaplicin 



COOH 
XXX 

cuiniiiic acid 



stipitatic acid 


S-hydroxy-isopIithalic acid 


A striking characteristic of the tropolones is the ease with which they are almost 
quantitatively converted into the corresponding substituted benzoic acids on 
heatj^ with very strong aqueous potash. Thus 3:4-benztropolone (XXV) yields 
a-naphthoic acid (XXIX) (55), y-thujaplicin (XXIV) gives cuminic acid (XXX 
jMjopropyl-^moic acid) (54), and stipitatic acid (XXVt) gives 5-hydroxy-45o- 
phthahc acid (XXXI) (46). While it is not suggested that this mechanism explains 
the formation of true benzenoid compounds by moulds, we may regard stipitatic 
acid as one possible bndge between them and the ahphatic mould metabolites, 
bo let us now examine some of the benzenoid mould metabolites. 
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Simple benzeiste compounds with one carbon chain 
My colleague, Dr J. H. Birkinshaw, and Dr W. P. K. Findlay, of the Forest 
Products Research Laboratory, Princes Risborough, have recently been engaged 
in a study of the biochemistry of the wood-rotting fungi. They have isolated from 
some of these higher fungi a number of interesting metabolic products. In particular, 
they have shown that laboratory crdtures of Trametes suaveolens and Lentinus 
lepideus, both of which have characteristic aromatic odours, contain the series of 
four simple benzenoid compounds, XXXII, XXXIII, XXXIV, XXXV, which are 
clearly closely related to each other structurally. Cultures of Trametes suaveolens 
owe their odour to anisaldehyde (XXXII) and methyl anisate (XXXIII) (56), and 
those of Lentinus lepideus to the methyl esters of cinnamic acid (XXXIV) and 
p-methoxycinnamic acid (XXXV) (57). It will be seen that all four metabolites 
contain either a methyl ether or a methyl ester grouping or both. 



XXXII XXXIll 


anisaldehyde methyl anisate 



XXXIV 

methyl dnnamate 


ch=ch.(:ooch3 



XXXV 

methyl p-methoxy cinnamalc 



gentisic acid 



XXXVII 
genlisyl alcohol 


Two other simple benzene compounds with one carbon chain—^gentisic acid 
(XXXVI) and gentisyl alcohol (XXXVII)—are metabolites respectively of Peni- 
cilliwn griseo-fulvumi^S) and P. patulum{69). It is a curious fact that such a simple 
substance as gentisyl alcohol has not, so far as we can ascertain, been described 
previously, although the corresponding acid and aldehyde have been known for 
a long time. 

Simple benzene compounds with two carbon chains 
We now come to a group of benzenoid metabolic products, three of which seem 
to me to be of considerable importance, since, as will become clear later, they appear 
to represent a stage in the biosynthesis of a number of more complex mould meta¬ 
bolites. The three metabolites to which I wish to draw your attention are 6-hydroxy- 
2-methylbenzoic acid (XXXVIII) from P. griseo-fulvum (60, 58) and P,fl&miosum (6i), 
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3:5-djib.ydroxyplitlialic acid (XXXIX) from P. hr&vi-coyn'pOiCtv/in (62,63), and ustic acid 
(XL) from Aspergillus ustus (64). 6-Hydroxy-2-methylbenzoic acid is clearly related, 
to mellein (XLI) ifrom A. meUeusiSS, 66) and from ochraceus (fit , 68), and is, in fact, 
produced from it by potasb fasion. Mellein itself is the lactone of the acid given in 



OH 


O COOH 
COOH 


xxxvin 

6 -hydroxy- 2 -methyl- 
benzoic acid 


XXXIX 

3:5-dihydroxy- 
phthalic acid 



ustic acid 



XLI 

mellein 


^OOH " 

-CHOH.CH2.CH3 


XLII 

CioHioOs 




XLin 

CioHioOg 


OH 

O COOH 

CO.CO.CH 3 +H 2 O 


XLIV 

C10H10O7 


brackets. 3:5-DihydroxypbthaKc acid is also clearly related to the other metaboho 
products of Pmicillium brevi’Com'pactum, namely, the acids CiqH.iqO^ (XLII), 
CioHioOe (XLni) and C 10 H 10 O 7 (XLIV) ( 62 , 69, 70). Each of these three compounds, 
as well as mellein and ustic acid, has a side-chain of three carbon atoms in varying 
degrees of oxidation. Ustic acid itself may be regarded as the methoxy derivative 
of CioHi^Oe, although it is not yet established with certainty in which of the 
possible tautomeric forms the three carbon side-chain is present. 


ClTKOMYCETIN 

An interesting example of interrelationship in structure is afforded by the mould 
metabolite citromycetin (XLV). 

Citromycetin is a yellow crystalline substance obtained from cultures of a number 
of species or strains in the Penicillmm frequentaris group (7i), some of which were 
formerly regarded as species of Citromyces —Whence the name of the metabolite. The 
complete structure of citromycetin has not yet been estabhshed, but a partial 
structure, in which the nature of the group is at present doubtful, is repre¬ 

sented by XLV. Alkaline hydrolysis of the dimethyl ether of citromycetin, followed 
by methylation of the hydrolysis product, yields 3:5:6irtrimethoxyphthalic acid 
(XLVI)(64). The same compound is formed by the oxidation, followed by methyla¬ 
tion of the oxidation product, of the metabolite ustic acid (XL) from Aspergillus 
ustus 
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OCH, 


OH 


O COOH oxidation and jCOOH 

COOH ^methylaiion HO^^JicHOH.CO.CHs 


OCHs 
XLVI 

3:5:6>trimethoxy-p]it]ialic acid 


OCH 5 
XL 
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CiTEINm, MYCOPHEKOUC ACID 
OH CH 
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CH2.CO.CH3 
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CH.ot^v 


"^COOH 

L>° 

JcHaOH 


CH2 • 


CH 3 
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Further examples of interrelationships in structure are afforded by the mould 
metabohc products citrimn, mycophenolic acid and one of the C^o acids, G 10 H 10 O 5 , 
from PeniciUium brevi^compcLctum. Citrinin (XLVII), which is a beautifully 
crystalline yellow metabolite of P. citrinumin, T3), Aspergillus terreus{7A) and other 
moulds, has recently been synthesized by Professor Alexander Robertson and his 
co-workers at Liverpool ( 75 ). The final step in this synthesis was the ring closure of 
the aldehyde A (XLIX) which, by loss of water and molecular rearrangement, led 
to the quinonoid body citrinin. 
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Mycophenolic acid (XLYIII) was first isolated by Alsberg & Black in 1913 from 
cultures of Penicillium stoloniferum ( 76 ). Since then it has been reported from a large 
number of other species and strains in the P. bnevi-compactum series ( 62 ). Myco- 
phenolic acid has not yet been synthesized, but there is strong evidence in sup¬ 
port of the structure advanced and shown, in brackets, with the phthalide ring 
opened(77 , 78). 

Turning now to the acid C 10 H 10 O 5 (XLII) from P. brevi-compactum it will be 
seen that by the introduction of a methyl group into position 6 and a carboxyl 
group into position 4 we arrive at a structure very similar to that of the aldehyde A 
from which citrinin was derived. Similarly, by the introduction of a methyl group 
again into position 6 and the appropriate long side-chain again into position 4 we 
arrive at a structure very closely related to mycophenolic acid. 

There is also a general though not complete similarity in structure between the 
aldehyde A and two other mould metabolites, clavatol and sorbicillin, which have 
been described quite recently. 


Clavatol, sobbicilltn, flavoolatjcin, atjeoglaxtcin 



CHs 

L 


davatoi 


(CH=CH)s. CHj 


CH3 

LI 


sorbicillin 


OH 


OH 




CH3.(GH2.CH2)3^^ CH3(CH===CH)3^^^ 


N:h, 


OH 
LII 

flavoglaucin 


OH 
UII 

auroglaucin 


Clavatol (L) was isolated by Bergel et al. from culture filtrates of Aspergillus 
davatusm. Its structure was determined and its synthesis carried out by 
Dr C. H. Hassall and Professor A. R. Todd at Cambridge (79). 

Sorbicillin (LI) was described by D. J. Cram in America as an orange crystalline 
metabolic product of Penicillium notatum, and was isolated by him from commercial 
clinical peincillm( 80 ). Hence the possibihty is not excluded that sorbicillin is an 

artefact arising during the manufacturing processes used for the production of 
penicillin. 

^vatol and sorbicillin may be regarded as the resorcinol analogues of the 
substituted quinol metabolites fiavoglaucin and auroglaucin, both of which have 
en isolated from the mycelium of a large number of species in the Aspergillus 
glav£us senes ( 8 I). The general nature of the structures of the yellow flavoglaucin and 
ae orange-red auroglaucin as substituted quinols was established in the Dyson 
Pernns Laboratory, Oxford( 82 , 83), although the exact position and nature of the 
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substituent side-chains was not determined with certainty* Quite recently Italian 
workers (84) have confirmed the general correctness of this work and have produced 
evidence that flavoglaucin has structure LII and auroglaucin structure LIII. 
Flavoglaucin and auroglaucin are thus clearly derivatives of toluquinol, so that we 
proceed logically to the consideration of mould metabolic products which are 
derivatives of toluquinone. 


Derivatives of toluquinone 




Lvn 

phoemcin 


Lvin 

oosporein 


In recent years moulds have proved to be very fruitful sources of a number of 
different types of quinones. Many moulds are highly coloured—^yellow, orange, red, 
purple and violet—and these colours have frequently been shown to be due to the 
presence of quinones or their salts, depending on the pH of the medium. 

The first group of quinones which I wish to discuss is the series of five derivatives 
of toluquinone given above. All of them have been synthesized and they form 
a perfect series of structurally interrelated metabolites. 

4-Methoxy-2:5-toluquinone (LIV) which is orange yeUow in colbur was reported 
a few months ago by workers in the New York Botanical Gardens as a metabolite of 
laboratory cultures of the higher fungi Coprinus similis and Lentinus degeneriSB). 
Fumigatin (LV), maroon red in colour, occurs in the culture filtrates of an unusual 
but authentic strain of As^rgillusfumigatus\%&). It is clearly 3-hydroxy-4-methoxy- 
2:5-toluquinone (87). Spinulosin (LVI), deep purple black in colour, was first isolated 
from cultures of PenicilUum spinidosumiSB)^ and later from a different strain of 
Aspergilhis fumigatus{B9) from that which gave fumigatin, and quite recently from 
PenicilUum cinerascens{%B). Spinulosin is clearly 6-hydroxyfumigatin(86, 90). 

Phoenicin (LVII) and oosporein (LVIII) are derivatives of 4:4'-ditoluquinone, 
It will be seen that phoenicin bears the same relationship to fumigatin as does 
oosporein to spinulosin. Phoenicin was discovered in 1933 by Dr E. Friedheim in 
Switzerland as a metabolic product of P. phoeniceumiBi, 92),. and its constitution 
and synthesis were described by Dr T. Posternak(9a) who also isolated it from 
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P. rubrwm,{.9i). Oosporein -was obtained by Kogl & van Wessem in Holland in 1944 
from laboratory cultures of the mould Oospora colorans (95). 




LX 

atromentin 


Spinulosin (LVI) is also closely related to a number of other naturally occurring 
derivatives of benzoquinone, and in particular to two substances investigated by 
Kogl and his co-workers and isolated by them from naturally occurring specimens 
of two of the higher fungi. These fungal metabolic products are polyporic acid (LIX) 
from Polyporus nidulans (96), and atromentin (LX) from Paxillus atrotomento$us (97). 
It will be seen that the methyl and methoxy groups in spinulosin are replaced by 
two phenyl groups in polyporic acid, and by two pamhydroxyphenyl groups in 
atromentin. 

Derivatives of naphthaquinoite 



ICH3 

J0CH3 



"CHaOH 
OCH3 ' 


So far as I have been able to ascertain only two substituted naphthaquinones 
have been i^lated from cultures of moulds, namely, javanicin, CigHi^Os (LXI), and 
oxyjavanicin, CigHijOj (LXII). These two substances were prepared from the 
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blood-red culture filtrate of Fusarium javanicum by Dr A. H. Cook and his 
colleagues at Imperial College, London (98, 99). The molecular structure of these 
compounds has not yet been completely established with certainty, but, as a result 
of analytical work and the determination of absorption spectra, j avanicin is beheved 
to have the partial structure given above. Oxyjavanicin would then have a similar 
structure except that a hydroxymethyl group would take the place of the methyl 
group in javanicin. In the absence of complete molecular structures one can only 
remark that javanicin contains a methyl and methoxy group as do fumigatin (LV) 
and spinulosin (LVI), and a CH 3 CO. CHg side-chain as does the C 10 H 10 O 5 acid (XLII) 
from Penicillium brevi-compactum. 


DeEIVATIVES OE ANTHRAQTinrONE 



\ / 



cynodontin 


Since 1933 a considerable number of polyhydroxyanthraquinones, previously 
unknown to organic chemistry, have been shown to be metabolites of different 
species in a number of different genera of moulds. They are often produced in 
considerable amounts. Thus the dried mycehum of Helniinthosparium gramineum 
contained 30 % of its weight of a mixture of polyhydroxyanthraqumones(ioo). 

The first one which we isolated was helminthosporin (LXIII) from the mycehum 
of H, gramineum (lOO), H, catenarium and H. tritici-vulgaris (loi ) and H, cynodontis (lOS), 
and I welcome the opportunity of acknowledging pubhcly my indebtedness to our 
President for his guidance and collaboration in elucidating the structure of many 
of the anthraquinones which I shall describe, since he was associated with this work 
from the earhest days of the isolation of helminthosporin. 

Islandicin (LXIV) was isolated from cultures of Penicillium* islaridicumiio^), and 
cynodontin (LXV) from Hdmintkosporium cynodontis (i02), H. euchlaenae{i02) and 
E.aveTiae (101), Helminthosporin ( 104 ,105) and cynodontin (1060 have been synthesized. 

Helminthosporin and islandicin are both readily converted into cynodontin by 
oxidation with manganese dioxide and concentrated sulphuric acid, so that the 
close structural relationship between these three substances is evident. Islandicin 
is also closely related to catenarin (LXXII) and erythroglaucin (LXXIII), which 
are respectively 7-hydroxy- and 7-methoxy-islandicin. 
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An outstanding feature of ruany of the anthraquinone mould, metabolites is their 
close structural relationship to Frangvkt emodin. So far as I am aware emodin 
itself (LXVI) has not been found in any mould, though Kogl isolated it in 1925 from 
natural specimens of the higher fungus Deimocybe sanguined, ( 107 ). Physcion (XiXVII), 
the 7-methyl ether of emodin, has long been known as a Mchen constituent (los, io9) 
and has also been isolated from laboratory cultures of seventeen species or strains 
in the Aspergillus glaucus series (82, 110 , ill). The previously undescribed w-hy- 
droxyemodin (LXVIII) was isolated independently and almost simultaneously by 
ourselves from PeniciUium cydopiumiin), and by Postemak from P. citreo-roseum 
and was called by bim citreorosein (LXVIII) (iis, ii4). The 4-methyl ether of 



Lxvni 

w-hydroxyeniodixi 

citreorosein 



emodic acid 




carviolin: 


roseopurpurin 



endocrocin 


<i>“]iydroxyemodin was also described independently and almost simultaneously by 
Hind from P. carmi7irO--^’ioZacewm(ii5, ii6) and called by biTn carviolin (LXIX), and 
by Posternak from P. roseopiirp‘ureum{in, iis) and called by biTn roseopurpurin 
(LXIX). Emodic acid (LXX) occurs along with, w-hydroxyemodin in cultures of 
P. cyclopium (112). Endocrocin (LXXI), which is S-carboxyemodin, was obtained by 
Asahina & Fuzikawa from the Japanese lichen, Nephromopsis endocrocea{ii9). It 
will be noticed that all these six compounds may be regarded as being derived from 
3:5-dihydroxyphthalic acid (XXXIX), which, as I have shown previously, is 
a metabolite of Pmicillivm brevi-compactumi^Z), and that endocrocin might, on 
paper at any rate, be quite easily S3nithesized by coupling 3:5-dihydroxyphthalic 
acid with the metabolite of P. griseo-fulvitm, 6-hydroxy-2-methylbenzoic acid 

(xxxvin)( 6 o, 61). 

Three other anthraquinones, each of which may be regarded as a derivative of 
emodin, and each of which contains four nuclear hydroxyl groups, are shown on p, 157 . 
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Catenarin (LXXII) from Helminthosporium catenarium {loi), H. gmmineum{lOO), 
H, velutinum and H. tritici-vulgaris (loi) is clearly l-hydroxyemodin ( 120 ). Erythxo- 
glancin (LXXIII), from fifteen species or strains in the Aspergillus glaucus series (ill), 
is clearly the 7-methyl ether of catenarin ( 120 ). The molecular constitutions of 
catenarin and erythroglaucin have been confirmed by S3nithesis(i2i, 120 ), but that 
of tritisporm (LXXIV) from Helminthosporium tritici-vulgaris, although quite 
probable, is less firmly established(lOi). Accepting it, however, tritisporin becomes 
1-hydroxy- <i>-hydroxyemodm. 



LXXII 

catenarin 




LXXIV 

tritisporin 


LXXV 

physdon anthranol A 




LXXVI 

physcion anthranol B 


Catenarin, erythroglaucin and tritisporin can obviously be built up from the 
mould metabolite 3:5-dihydroxyphthalic acid (XXXIX) (63), coupled, m the case 
of tritisporm, with a second mould metabolite, gentisyl alcohol (XXXVII) (59), and 
in the other two cases with toluquinol, which while not yet described as a mould 
metabolite may be confidently expected to be one in view of its close relationship to 
gentisyl alcohol. 

The close relationship to physcion and hence to emodin of the two anthranols of 
physcion, A (LXXV) and B (LXXVI), which come from a few species in the 
Aspergillus glaucus series (iii), is obvious.* 

A number of mould-colouring matters, steadily increasing in number and having 
high melting-points, are almost certainly polyhydroxy di-anthraquinones, and some 
of them are clearly derivatives of emodin. For that reason I think that they are 

* It will be seen that, without exception, all the anthraquinone metabolites which I have 
described are derivatives of chrysophanol {chrysophanic acid), 4:5-(iihydroxy-2-methylanthra- 
quinone. The observation, made by Mr B. H. Howard in my department since this lecture 
was delivered, that chrysophanol is one of the colouring matters of PeniciUmm islandicum is 
therefore of considerable interest. 
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■worthy of consideration here, in spite of the fact that their molecular constitution 
has not yet been completely established. 

PenieiDiopsin j&om the mould Pmicilliopsis clavariaeformis ( 122 ) has the empirical 
formula C 30 H 24 O 8 and melts at about 330° C. On thermal decomposition it yields 
emodin anthranol, and on oxidation ■with nitric acid it gives tetranitro-emodin. 

A pigment from PeniciUium islandicum, P. vx>rtmanni and P. rugidosum which 
we are investigatmg at present has the probable empirical formula CgiHjoOu, and 
does not melt below 390° C. On treatment -with cold aqueous sodium hyposulphite, 
Na 2 S 204 , in sodium carbonate solution it gives 90 % of the theoretical yield of two 
molecules of emodin, a curious if not indeed an almost unique reaction. 

Rugulosin, CaaHaoOsC?) , m.p. 294° C, from a large number of different strains of 
P. rugvJomm, is not itself an anthraquinone, but is, we believe, a complex and 
highly substituted benzoyl benzoic acid (unpublished observations). However, it 
appears to be related to the anthraquinones since, on thermal decomposition, it 
gives about 30 % of a mixture of emodin and chrysophanol. 

Knally, aurofusarin from Fusarium culmorum has the empirical formtda 
CAO X 2 and does not melt below 360° C. Little is known of its constitution except 
that it contains two methoxy groups and that its general properties are those of 
a polyhydroxy di-anthraquinone. 


Derivatives oe xanthone 
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Two xanthone derivatives are known as mould metabolites. 

Ravenelin (LXXVH) was isolated from the mycelium of laboratory cultures of 
Hdrmnth^porium ravenelii and H. turcicum(i 2 i). Its molecular structure is shown 
^ove, and this was subsequently confirmed by its synthesis in 1944 by Mull & 
Nord(i25) close structural relationship to the anthraquinone metabofite 

islandicm (LXIV) from PeniciUium islandicum is obvious. 

Rubrofusarin (LXXVHI) occurs along with the di-anthraquinone derivative 
a^fus^ m the mycelium of Fusarium culmorumiuz). It is the monomethyl 
ether of a methyl tiihydroxyxanthone which isomeric but not identical with 
molecular constitution has not yet been established with certainty, 
a oug ®^8g6st two highly speculative structures (125). 
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The last group of mould metabolites which I wish to discuss is chosen not so much 
because the members of it are structurally related as because they aU cpiitain 
chlorine. 


Table 3. Moxjld metabolites coNTAiiraTG cHLOEnsE 


empirical species of 


metabolite 

formiila 

micro-organism 

investigators 

reference 

caldariomycin 

C 3 H 8 O 2 CI, 

Caldario7nyces 

fumago 

London School of 
Hygiene and 
Tropical Medicine 

(126) 

Chloromycetin 

CijHaOsNjClj 

Streptomyces 

venezuelae 

Parke, Daris Labs. 

(127), (128) 

erdin 


Aspergillus 

terreus 

L.S.H.T.M. 

(129) 

geodin 


Aspergillus 

terreus 

L.S.H.T.M. 

(129) 

grigeofulvin 

C„H„OeCl 

Penicillium 
griseo-fulvum 
P. janczewskii 

L.S.H.T.M. 

Brian, Curtis & 
Hemming 

(130) 

(131) , (132), (133) 

sclerotiorine 

^20^^19 ( 21 )® 5^1 

P. sclerotiorum 

Curtin & Heilly 

(134) 

aureomycin 


‘ Streptomyces 
aureofaciens 

Lederle Labs. 

(135), (136) 


* This empirical fommla has not been published but is one of the possible formulae calculated 
fcom data given in reference (136). 

It vrill be remembered that one of our standard media—Czapek-Dox medium 
(p. 142)—contains, in addition to glucose, only mineral salts which include half 
a gram of poteissium chloride per litre of medium. A quantitative survey, carried 
out in the late 1930’s, of the chlorine metabolism of 139 species or strains of moulds 
grown on this medium, revealed the fact that certain species metabolize the 
inorganic chlorine ion and convert it into non-ionic chlorine (126), This observation, 
among others which we had made previously, led us to the isolation of four new 
metabolic products containing organically bound chlorine, namely, caldariomycin 
from Caldari<myc^ fuinago, erdin and geodin from Aspergillus terreus, and griseo- 
fulvin from PmiciUium griseo-fvivum. These were followed by the isolation in other 
laboratories of sclerotiorine from P. scl&rotiorum, and, quite recently, by Chloro¬ 
mycetin and aureomycin from two different species of Streptomyces. 

All of these seven metabolites are crystalline substances, and Chloromycetin and 
aureomyciu, both of which contain nitrogen in addition to chlorine, are the new 
antibiotics which are unique in having very powerful anti-rickettsial and anti-viral 
properties. Chloromycetin is the only one which has been synthesized (13T), but 
structural formulae have been advanced for all of them except sclerotiorine and 
aureomycin. These structural formulae are given below. 

Geodin (LXXIX) and erdin (LXXX) are closely related structurally to each 
other (138,139), and, thanks to a suggestion of Professor A.R. Todd and Dr HassaE, 
we now regard geodin, which is opticaEy active, as the pseudo-methyl ester of erdin, 
which is OpticaEy inactive (i40). 


11-2 
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Two structural fonnulae (L^XX.1 and LXXXTI) liave been proposed for 
gnseofulvin. The original structure (L XXX I) was advanced by ourselves (i 30 ), 
while structure LXXXII was proposed later by Grove & McGowan(138). 

Oaldariomycin (LXXXIII) was, until recently, the only chlorine containing 
metabolite having two chlorine atoms attached to the same carbon atom(i 26 ). 
A similar grouping is now known to be present in Chloromycetin (LXXXTV) which, 
on acid or alkaline hydrolysis, yields, inter alia, dichloracetic acid. Chloromycetin 
is umque among microbial metabolites and also I believe among any natural 
'* products in containing a nitrobenzene grouping. The antibiotic is the D-(-)-threo 
form (137). 




Lxxxni 

caldariomycin 


LXXXIV 

Chloromycetin 


(LXXE) and erdin (LXXX) are closely related structurally to at least 
ee other mo^d metabolites. On methylation with methyl sulphate and alkali, 

^ ^ and erdin 

me hig y substituted benzoyl benzoic acid shown in structure LXXXV ( 140 ). 

, . clearly be derived from 3:5: 6-trimethoxyphthalio acid (XLVI) 

ustb methylation of the mould metaboUte 

chlorine atoms in the right-hand ring and of the 
methoxy group m position 6 in the left-hand ring, we ^rive at the same basfr 
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structure as is present in sulochrin (LXXXVI), a metabolic product of the mould 
Oospora sulpJiurea-ocJiracea described by Nisliikawa(i4i, 142 , i43), and sulochrin in 
its turn may be derived from 3:5-dihydroxyphthalic acid (XXXIX), a metabolite 
of Penicillium brevi-compactum{QZ). 


OCH. 


0 CH 3 



CHaOt^^COOCHa 

OCH 3 Cl 

LXXXV 

methylated geodin and erdin 


OCH3 
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XXXIX 

3:5-dihydrox)-phthaHc acid 


LXXXVI 

sulochrin 


Biological sigotfioaihCe oe mould metabolic products 

The large number of mould metabolic products and, from the chemical point of 
view, their great variety in structure naturally prompts the question as to what 
function they serve in the economy of the organisms which produce them. 

In trying to answer this question, though in a negative sense, I wish to emphasize 
that it is my opinion that they cannot, in general, be regarded as by-products of no 
particular biological importance. If this were so why should many of them be 
produced in such considerable yields? Further, it should be remembered that these 
large yields can often only be obtained by harvesting the cultures before all the 
glucose in the medium has been completely metabolized. Otherwise long-continued 
incubation leads to their complete disappearance by oxidation to carbon dioxide 
and water. 

There is a growing belief that certain types of metabolites play some part in the 
oxidation-reduction mechanisms of the moulds which produce them. Thus the 
culture filtrates of Aspergillus fumigaius from which frimigatin (LV) was isolated 
also contain the corresponding quinol, S-hydroxy-4-methoxytoluqumol{86). Similarly 
phoenicin (LVII) is accompanied by its leuco derivative, tetrahydrophoenicin, in 
cultures of Penicillium ruhrum (94) ; physcion (LXVII) occurs in the mycelium of 
certain species in the Aspergillus glaucus series along with its two reduction products, 
i.e. the anthranols 4:5-dihydroxy-7-methoxy-2-methyl-9-anthranol (LXXV) and 
4:5-dihydroxy-7-methoxy-2-methyl-10-anthranol (LXXVI)(iii); the mycelium of 
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Hdminthos'porium leersii contains the yellow luteoleersin, C 26 H 33 O 7 , and its colour¬ 
less reduction product alboleersin, C 26 H 40 O 7 , of at present undetermined molecular 
constitution (144); and culture filtrates of the mould Oidiodeudron fuscum contain, 
in addition to the orange crystalline fuscin, C 15 H 13 O 5 , its leuco derivative dihydro- 
fuscin, Ci 5 Hi 805 ( 145 ). All these quinonoid metabolic products and their corre¬ 
sponding leuco derivatives have been shown to be readily inter-convertible in vitro^ 
and Friedheim has shown that traces of phoenioin increase by 200 to 300 % the 
respiration of unpigmented and washed cells of Bacillus pyocyaneus {9i, 92), 

It seems probable that some of the mould metabolites already described and 
certainly others which await isolation play a fundamental role in the biological 
phenomenon known as antibiosis. Thus in addition to those antibiotics of established 
clinical importance such as penicillin, streptomycin, aureomycin and Chloromycetin, 
a large number of other mould metabolites exhibit very powerful antibacterial 
and, significantly, antifungal properties in vitro. This subject has been adequately 
reviewed recently by Oxford (146), Birkinshaw(i47) and Kavanagh(i48). The general 
biological significance, as distinct from the medical importance, of this aspect of the 
subject is indicated by the following examples. 

{a) Van Luijk(i49) showed in 1938 that sterilized culture filtrates of the sapro¬ 
phytic mould PenicilUum expansum totally inhibited the growth in vitro of the 
plant pathogenic fungus Pythium de Baryanum at dilutions of 1:1,280, and he 
obtained good results in suppressing the attack of the Pythium on lucerne seedlings 
by treating infected soil with the active filtrate. The active principle responsible for 
this effect, patulin (V), was isolated by ourselves from PenicilUum expansum in 
1943(150,151) and independently by Dutch workers from a different strain of the 
same species (16,17). They named it expansin. It inhibits completely the growth of 
a number of species of Pythium at a concentration of about 1; 500,000 (150). 

(6) Eayner(i52) and.Neilson Jones (153) have shown that the growth failure of 
conifers at Wareham Heath, Dorset, is associated with the development in the soil 
of a definite toxicity, of biological origin, to the mycorrhizal fungi normally as¬ 
sociated with these trees. Brian and his colleagues (154) have demonstrated that 
moulds which are commonly abundant in meadow or arable soils, e.g. Mucor spp,, 
Trichoderma viride^ PenicilUum chrysogenum and Fusarium spp., are virtually 
absent in Wareham Heath soil, in which the mould flora is almost restricted to 
three groups of PenicilUum spp., viz. strains of P. janczewsJcii, P. terlikowskii and 
strains in the P. nigricans-janczewskii series. They have also shown that each of 
these three groups gives rise to metabolic products which have been isolated in 
a state of purity and which, at a very low concentration, have marked biological 
effects on other fungi. Thus, P, janczewskii was shown to produce the chlorine 
containing metabolite griseofulvin (LXXXI and LXXXII) to which they gave the 
name * curling factor’ since, at concentrations as low as l/ig./ml. it causes excessive 
branching and distortion of the germ-tubes and hyphae of Botrytis allii (i3i, 132 , 133 ); 
P. terlikowskii produces gliotoxin, Ci3Hi404X2S25 first isolated as a colourless 
crystalline metabolite of Trichoderma viride by Weindling & Emerson (155) which, 
in addition to being actively antibacterial, is also highly fungistatic to a number of 
saprophytic and plant pathogenic fungi (I 66 ); and strains in the PenicilUum nigricans- 
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janczewshii series yield a new unnamed metabolic product crystallizing in glistening 
red needles and having the probable molecular formula C 10 H 8 O 4 . This substance is 
actively fungistatic and prevents the germination of conidia of Botrytis allii at 
concentrations of O'4/ig./ml. at pH 3*5(157). 

Conclusion 

My purpose in this lecture has been to present to you, although unavoidably in 
a very condensed and incomplete form, the relationships in chemical structure 
between members of representative classes of fungal metabolic products. For many 
years after the commencement of our work no such relationship was evident, and 
the only obvious result of it was the accumulation of a number of new natural 
products, which while scientifically interesting in themselves, as I think all natural 
products must be to the chemist, and biochemist, seemed to have no obvious place 
in the biochemistry of living organisms. 

I think that this was inevitable in the early days of the new subject of mycological 
chemistry, since it dealt with a group of organisms which had been sadly neglected 
by botanists except for a small number of mycologists, and which were in general 
regarded as a nuisance by bacteriologists, and were almost completely ignored by 
chemists and biochemists. However, I think it can now rightly be claimed that 
there are signs of order and of a general underlying design in the biochemistry of the 
fungi, and my personal view of the mould metabolic products is that they are 
slowly taking their places in the intricate jigsaw puzzle of natural products. 

Thus the slight variations in chemical structure which I have described between 
some of the benzenoid and quinonoid metabolic products of species of fungi which 
are closely related morphologically to each other are very reminiscent of similar 
structural relationships in the colouring matters of flowers which have been shown 
so clearly by the work of Sir Robert and Lady Robinson and Miss Scott-Moncrieff. 
This is so much the case that I am convinced that by the collaboration of the 
geneticist and the mycological chemist which is aheady beginning to take shape, 
similar laws wiQ be found to hold with the fimgi as have been demonstrated clearly 
in other living organisms. 

Thus J. B. S. Haldane has frequently expressed the view that while biochemical 
differences between different species of organisms are often striking, the differences 
between members of a single species—call them strains or mutants, or what you 
will—^may in some ways be an even more fruitful field. I share Haldane’s view and 
firmly believe that by the careful investigation of the metabolic products of closely 
related species, or of strains or mutants of a single species of fungus, grown under 
controlled and comparable conditions, much may be learned of the mechanism of 
intermediate metabolism of these organisms. This line of approach is free from the 
serious objections to the methods which have been much more favoured such as the 
so-called fixation method, for example by the addition of sulphite or dimedon to fix 
acetaldehyde in alcoholic fermentation, and the method of selectively poisoning 
parts of the catalytic system by the use of specific enzyme poisons like sodium 
fluoride and iodoacetic acid. 
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Appendix 

List of species cited in text vnth authorities 


Species of Aspergillus 

clavatus Desmazieres 
A, fumigatus 
A. glaucus Link 
A. itaconiciLS Elinoshita 
A, mdUus Yukawa 
A. niger van. Tieghem 

Species of Penicillium 

P. hrevi-corripactum Dierckx 
P. carmino-violaceum Dierckx 
P. charlesii G. Smith 
P. chrysogenum Thom 
P. cinerascens Biouxge 
P. citreo-ros&um Dierckx 
P. citrinum Thom 
P, claviforme Bainier 
P. crateriforme Abbott 
P. cyclopium Westling 
P. expansum (Link) Thom 
P. flexuosum Dale 
P. frequenians Westling 
P. griseo-fidvum Dierckx 
P, islandicum Sopp 
P. janczewsTcii Zaleski 
P. minio-luteum Dierckx 

Species of Hebninthosporium 

H, avenae Eidam 
H. catenarium Drechsler 
H, cynodontis Marignoni 
jET. eucMaenae Zimmermann 
H, grarninewm Rabenhorst 

Miscellaneous species 

Botrytis allii Munn 

Caldariomyces fumago Woronichin 

Fv^sarium cvlmorum (W. G. Smith) Sacc. 

Fusarium javanieum Reorders 

Oidiodendrm fuscum Robak 

Oospora colorcms van Beyma 

Oospora sulphurea-ochracea van Beyma 

Higher fungi 

Goprinus simUis Berkeley & Broome 
Oortinarms (Dermocyhe) sanguineus (Wulf.) 
Fries 

Forms officinalis (Vdlars) Neumann 
Lentinus degener Kalchbrenner 

Lichens 

Parmelia caperata (Lion.) Acheson 


A. ochraceus Wilhelnx 
A. oryzae (Ahlburg) Colm 
A. terreus Thom 

A. ustus (Bainier) Thom & Church 
A. wentii Wehmer 


P. nigricans Bainier 
P. notatum Westling 
P. palitans Westling 
P. patulum Bainier 
P. pho&niceum van Beyma 
P. puberulum Bainier 
P. roseo-purpureum Dierckx 
P. rubrum Grasberger-Stoll 
P. rugulosum Thom 
P. sclerotiorum van Beyma 
P. spiculisporum Lehmian 
P. spinulosum Thom 
P. stipitatum Thom 
P. stoloniferum Thom 
PJterrestre Jensen 
P. terlikowshii Zaleski 
P. wortmanni Kldcker 


H, leersii Atkinson 
H. ravenelii Curtis 

tritici-vulgaris Nisikado 
H, turcicum Passerini 
H, velutinum Link 


Penicilliopsis clavariaeformis Solms-Laubach 
Pythium de Baryanum Hesse 
Streptomyces aureofaciens Duggar 
Streptomyces venezuelae Ehrhch, Gottlieb, 
Burkholder, Anderson <fe Pridham 
Trichoderma viride Persoon ex Fries 


Lentinus lepideus Fries 
Paxillus atrotomentosus (Batsch) Fries 
Polyporus nidulans Pers. ex Fries 
Trarmtes suaveolens (Linn.) Fries 


Nephromopsis endocrocea Asahina 
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Proc. Roy. Soc. A, volume 199 , 'plate 9 
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DESCErpnoN op plates 8 to 11 

I am much indebted to my colleague, Mr Gteorge Smith, London School of Hygiene and Tropical 
Medicine, for the following photomicrographs of some moulds referred to in the text. 

PliATE 8 

Figure 1 . Penicillium brevi-compactum Dierckx (magn. x 600). Many species in this series 
produce 3:5-dihydroxyphthalic acid, mycophenolic acid, and the acids CjoHioOe 

and C 10 H 1 QO 7 . 

Figure 2. Penicillium charlesii G. Smith (magn. x 500). Source of the tetronic acids, y-methyl- 
tetronic, caroHc, carlio, carolinie and carlosic acids. 

Figure 3, Penicillium spinvlosum Thom (magn. x 500). Source of spimilosin. 

Figure 4. Penicillium citrinum Thom (magn. x 500). Source of citrinin. 

Plate 9 

Figure 5. Aspergillus chemlieri (Mangin) var. intermedius Thom & Paper [A, glaucus series) 
(magn. x 500). Many species in this series produce the colouring matters flavoglaucin, 
auroglaucin, erjdihroglaucin, physcion and the physcion anthranols A and B. 

Figure 6 . Aspergillus fumigatus Fresenius (magn. x 250). Source of fumigatin. 

Figure 7. Aspergillus flavus Link (magn. x 500). Source of kojic acid. 

Figure 8 . Aspergillus terreus Thom (magn. x 250). Different strains of this species produce 
terrein, itaconic acid, citrinin, geodin and erdin. 

Plate 10 

Figure 9. Fusarium sp. Typical eonidia (magn. x 900). 

Figure 10 Helminthosp<yrium monoceras Drechsler (magn. x 90). 

Figure 11. Helminthosporium gramineum Rabenhorst (magn. x 250). Showing crystals of 
colouring matters in mycelium. Source of helminthosporin and catenarin. 

Figure 12. Penicillium islandicum Sopp H.R.R.L. 1036 (magn. x 250). Showing crystals of 
colouring matters in mycelium. Source of islandicin. 

Plate 11 

Figure 13. Penicilliopsis clavariaeformis Solms-Laubach. Showing typical growth in 11. 
flask on a synthetic medium fortified with orange juice. Source of penicilliopsin. 
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Vibration spectra of hydrocarbon molecules 
II. Skeletal frequencies in certain branched paraffins 


By Delia M. SiMPSOsr, NewnJiam College, and G. B. B. M. Sutherlaud, r.R.S.* 

Pembroke College^ Cambridge 

{Received 12 May 1949) 

Saturated paraffins containing the terminal grouping (CH 3 ) 3 C... show strong absorption 
bands in the indfra-red at 1250 and 1200 while those containing the terminal grouping 

(CH 3 )g CH.,. show strong bands at 1170 and 1145 cm It has been shown that these and 
other characteristic frequencies should be assigned as vibrations of the carbon skeleton of 
these structural units. Further, by using a simple valency force field on the model molecules 
X^YZ and X^WZ (where X is a CHg group, Y a carbon atom, W a CH group, and Z a large 
mass representing the remainder of the molecule), satisfactory agreement between observed 
and calculated frequencies is obtained. The implications of these results in the more general 
problem of the interpretation of the vibration spectra of hydrocarbons is considered. In 
particular, it is emphasized that such skeletal frequencies are at least partly responsible for 
the intense and complex absorption spectra of branched paraffins, in the interpretation of 
which stress has hitherto been placed mainly on the role of vibrations of the hydrogen atoms. 


IlSTTRODUCTION 

In an earlier paper (Sheppard & Sutherland 1949) a general classification of the 
frequencies of hydrocarbon molecules was given and one particular class of frequencies 
occurring in unsaturated hydrocarbons was discussed in detail. In the present paper 
attention wiU be concentrated on saturated paraffins, more particularly those con¬ 
taining terminal groups of the type (CH 3 ) 3 C... and (CH 3 ) 2 CH.... Examination of 
the infra-red spectra of the paraffibos up to and including the nonanes revealed the 
fact that whenever a paraffin contained a 2 , 2 -dimethyl grouping it showed two strong 
absorption bands very close to 1250 and 1200 cm.“^, while paraffins containing the 
2 -methyl grouping showed two strong bands near 1170 and 1145cm.~^. The initial 
object of the work described in this paper was to give a theoretical interpretation 
of these two correlations, the general method of approach being to isolate these 
characteristic groups and to treat their vibrations as virtually independent of the 
rest of the molecule. To simplify matters still further, the hydrogen vibrations were 
ignored so that the problem was reduced to considering the vibrations of the idealized 
molecules I and II, 

X 

-X and Z — W—X 
X 

.n 

where Z is a large mass (the rest of the paraffim) X is a CH 3 group, Y a carbon atom, 
W a CH group and all the angles between the C-C bonds are taken as tetrahedral. 

* Now at the Bandall Laboratory of Physics, University of Michigan, Ann Arbor, 
Michigan, U.S.A. 
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The calculations are based essentially on the assumption of a simple valency force 
field. It should be emphasized that such a method of treatment can provide only 
approximate agreement between the absolute values of observed and calculated 
frequencies, but if it can give a satisfactory justification for the observed correlation 
of certain frequencies with certain skeletal groups in hydrocarbons, the matter of 
detailed agreement in the absolute values is really a separate problem which may be 
regarded as the next step in the interpretation of these highly complex spectra. 
A preliminary note giving some of the main results of this approach has already 
appeared (Simpson & Sutherland 1947 ). 

Experimen-tal data 

Most of the experimental data on which the above correlations are based were 
accumulated in the course of a programme of research carried out during the war 
on the infra-red spectra of hydrocarbons in aviation fuel (Sutherland & Thompson 
1943 ; Fellgett, Harris, Simpson, Sutherland, Thompson, Whiffen & Willis 1946 ). 
It is not proposed to quote these results in detail as it is planned to publish them 
separately together with the various correlations that may be derived from them. 
Valuable confirmatory evidence for these correlations has also been provided by the 
infra-red data from various laboratories in U.S.A. {American Petroleum Institute 
Research Project 44, Reports^ 1943 - 8 ) and by the Raman spectra published by 
Penske, Braun, Wiegand, Quiggle, McCormick & Rank ( 1947 ). Some of the experi¬ 
mental data are quoted later in the paper to illustrate the agreement between 
calculated and observed frequencies (tables 2, 4 and 7). 

Skeletal modes of 2 , 2 -dimetb:yl paraffins 

The model used for the 2 , 2 -dimethyl paraffins is shown in figure 1 where each X 
represents a point-mass of 15 (CH 3 group), Y represents a point-mass of 12 (carbon 


Z 



Figxjbe 1 

atom) and Z represents a point-mass of iV = 14n-hl (the alkyl group 
situated at the point where the perpendicular from the centre of gravity of the 
remainder of the hydrocarbon chain intersects the line FT. This last is a rough but 
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adequate way of representing the effect of variations in the chain length of the alkji 
group on the vibrations of the ( 0113)30 group. It wiU become apparent that all but 
one of the frequencies are very insensitive to the position of Z along the line YZ. 
The three bonds YX are assumed to have the usual 0-0 single bond distance of 
1*54 A and to be at the tetrahedral angle (109° 28') with one another and with YZ, 
r/r is used to denote the angle XZY and d to denote the angle between XY and 
YV the perpendicular from Y on to the plane XXX, 

The equations for the vibration frequencies of the X^YZ molecule based on a simple 
valency force field require two force constants, viz, h for the stretching of FX or 
YZ, and ¥ for the deformation of any of the tetrahedral angles between the C-C 
bonds. They may best be obtained from those given by Slawsky & Dennison ( 1939 ) 
for a more complex field by suitable simplification. Preliminary calculations using 
average values for h and ¥, taken from the literature on some simple hydrocarbon 
molecules, showed that two frequencies were obtained in the neighbourhood of 
1250 and 1200 cm.^^ which showed remarkably little variation as Z was varied over 
a wide range. The values of the force constants were then adjusted to obtain a closer 
fit with the experimental data. The particular values chosen were Tc = 4-65 x 10 ® 
dynes/cm. and ¥ = 0-45 x 10® dynes/cm., and using these, all six skeletal frequencies 
were calculated for a series of 2 ,2-dimethyl paraf&ns. The results are given in table 1 , 
with the conventional numerical notation generally used for the X^YZ molecule, 
viz. 1 ^ 1 , Pq, Vq are the parallel and Pq) doubly degenerate perpendicular 

frequencies. Neopentane ( 2 , 2 -dimethylpropane) has been included as the first 
member of the series, although in this case Vg and p^ coalesce into one triply-degen- 
erate frequency, as do V 5 and p^. 


Table 1 . Calgtjlated skeletal ereqxjencies of ( 0113)302 molecules 



■N 

(mass 
of Z) 

parallel frequencies 


perpendicular frequencies 

z 


1^8 

J's 

^2 

Vi 

Vs 

CHg 

15 

727 

1288 

443 

1288 

315 

443 

CgHj 

29 

681 

1229 

389 

1275 

295 

427 

CsH, 

43 

663 

1211 

362 

1262 

283 

424 


57 

657 

1203 

339 

1257 

273 

422 

C5H11 

71 

654 

1197 

324 

1254 

271 

420 

CgHi 3 

85 

650 

1193 

315 

1251 

255 

420 

CtH„ 

99 

648 

1191 

308 

1249 

252 

420 


00 

646 

1177 

226 

1240 

234 

420 


Examination of table 1 shows that apart from the jump from neopentane to 

2 . 2 - dmiethylbutane, P 2 and p^ show no large shifts along this series of paraffins but 
decrease slowly by only 39 and 97 cm."*^ r^pectively in going from neopentane to 

2 . 2 - dimethylnonane. The corresponding experimental values are given in table 2 , 
from which it appears that P 2 is sensibly constant in going from neopentane to 

2.2- dimethylheptane while p^ changes by nearly 50 cm.”^ over the same series. 
Although botli frequencies are fairly constant it is satisfactory that confirmation 
is also given to the predicted slight variation in p^ compared to Vg. It should be 
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c Sutherland & Thompson ( 1943 ). of infra-red ahsm'ption spectral data, nos. 67, 670. 

d Fenske el aL ( 1947 ). g Fellgett et aL ( 1946 ). 
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emphasized again at this point that while the approximate method of treatment 
used here cannot be expected to achieve exact agreement with experimental data, 
it is just such general trends in the observed spectra which should be predictable. 

It also follows from table 1 that the 2 , 2 -dimethyl paraffins should possess fairly 
constant frequencies in the neighbourhood of 660 om.”^ {v-fj and 420cm.“^ {vq). The 
experimental data in table 2 indicate a very constant frequency close to 415cm.~^ 
which may therefore be assigned to Vq but there is no characteristic frequency near 
660 cm.“^. On the other hand, there is definite evidence from the Raman spectra of 
a characteristic frequency neatr 730cm.“^ which may reasonably be assigned to 
This assignment has already been made by Sheppard ( 1948 ); the numerical dis¬ 
agreement with the calculated value may be attributed to deficiencies in the force 
field used. Table 2 also includes tentative assignments of observed frequencies to 
V 4 and but these must be regarded as much less certain in view of the fact that these 

frequencies may be expected to vary considerably along the series and in the case 
of V 4 to be very sensitive to the particular model chosen, i.e. to the value of Ex¬ 
amination of the available data for some sixteen more complex paraffins having a 
2 , 2 -dimethyl grouping, indicates that their spectra show frequencies which may also 
be fitted into the same general scheme. This provides further evidence in favour of 
the assignments in the simple 2 , 2 -dimethyl paraffins. 

In spite of the foregoing general agreement between calculated and observed 
frequencies for 2 , 2 -dimethyl paraffins, the fact that alternative assignments have 
been proposed for some of the characteristic frequencies (Sheppard 1948 ; Rasmussen 
1948 ) makes it necessary to examine in greater detail the reasons for these assign¬ 
ments and also the basic assumptions underlying the calculations. This is best done 
with reference to the first member of the series, viz. 2 , 2 -dimethylpropane or neo¬ 
pentane, since the high degree of symmetry of this particular molecule and the fact 
that its spectrum has been investigated much more extensively, make it especially 
suitable for detailed consideration. 


Neopentaite 

The relationships between the four fundamental frequencies of the X^T molecule 
and the six fundamental frequencies of the X^YZ molecule are well known and are 
summarized in table 3, together with the selection rules. It is essential that any 
assignment of the skeletal modes of the 2 , 2 -dimethyl paraffins {X^YZ) should be 
correlated with those of neopentane (^ 4 ^) in such a way that these fundamental 
relationships are satisfied. Thus the two characteristic frequencies of the 2 , 2 -dimethyl 
paraffins near 1200 and 1250 cm.“^ have been assigned in this paper to and 
respectively, since they then arise naturally from the splitting up of the triply- 
degenerate frequency of neopentane at 1250 cm.~^. The observed fact that 
1250cm.“^ frequency is more constant than the 1200 cm.~^ frequency in the 2 , 2 - 
dimethyl paraffins is to be expected since the former (^ 2 ) is ^ perpendicular frequency 
of the ( 0113)30 group and so will be much less affected than the latter parallel one 
(Pg) when the rest of the paraffin (i.e. the group C^H 2 ^ 4 .i) varies. 

The interpretation proposed above for the regularities in the spectra of the 2 , 2 - 
dimethyl paraffins can therefore be checked by a more detailed study of the assign- 
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ments and of the corresponding calculations for neopentane. The experimental data 
f o r this molecule are given in the first two columns of table 4. The assignment of the 
skeletal modes originally given by Wall& Eddy ( 1938 ) and followed by Silver ( 1940 ), 
Pitzer & Kjlpatrick ( 1946 ), Sheppard ( 1948 ) and in the present discussion is given 
in the third column, while an alternative assignment favoured by Kohlrausch & 
Koppl ( 1934 ), Bank & Bordner { 1935 ), Young, Koehler & McKinney ( 1947 ) and by 


Table 3. Relationships between the ehndambntal modes 

OF X,Y AND X^TZ MOLECULES 


X^Y (neopentane) 


sym¬ 



selection rules 

metry 

num¬ 

degen¬ 

r 


class 

bering 

eracy 

Baman infra-red 


ni 

1 

V 

ia 

E 

ng 

2 

dp 

ia 


ng 

3 

dp 

a 


^4 

3 

dp 

a 


X^YZ ( 2 , 2 -dimentyl paraffins) 



r 


— ^ 

sym- 



selection rules 

metry 

num- 

degen- 

f -^^ 

class 

bering 

eracy 

Baman infra-red 



1 

P n 

E 

^4 

2 

dp 1 



1 

P . 

E 


2 

dp j. 


^5 

1 

P 1 

E 


2 

dp X 


Table 4. Vibration spectritm of neopentane 


observed frequencies 


infe-red Baman (liquid) calculated frequencies 

(vapour) Bank & , - ^ - 


Sutherland 

Bordner ( 1935 ) 

assignments 

Wall& 

Bas- 


& Thompson 

Sheppard 

A 

r 

- ^ 

Eddy 

mussen 


{ 1943 ) 

( 194 ^) 

present 

alternative 

( 1938 ) 

( 1948 ) 

present 

1467 

1456 (—) 

^{CH 3 ,CHg) 

^ (CHg, CHg) 

— 

— 

' — 

1370 

— 

d (CHg) 

S (CHg) 

— 

— 

— 

1250 

1252 {dp) 

ng 

^ (CHg) 

1264 

— 

1258 

919 

925 {dp) 

^^(CHg) 

ng 

— 

983 

— 

— 

731 {p) 

ni 

ni 

(732) 

729 

724 





assumed 



no obser¬ 

415 {dp) 

^4 

n^ 

383 

422 

398 

vations 

331 {dp) 

ng 

ng 

(331) 

230 

346 





assumed 



force constants used in 

calculating 

h 

4-71 

4-10 

4-60 

frequencies ( 10 ® dynes/cm.) 

¥ 

0*32 

0-35 

0-35 


Rasmussen ( 1948 ), is given in the fourth column. The only difiference between these 
two assignments concerns n^, the question being whether it is to be associated with 
the 1250 cm.~"^ or with the 920 cm."”^ frequency. Since is the frequency from which 
the pair of characteristic frequencies of the 2 , 2 -dimethyl paraffins is derived, its 
assignment is critical. 

One of the reasons given by Rasmussen ( 1948 ) for assuming = 920 cm.”^ is 
because this implies that the 1250 cm.”^ frequency must then be a rocking mode of 
the CH 3 group. This argument is really a negative one and is based on the empirical 
observation that many paraffins with several methyl groups possess frequencies 
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between 1250 and 1125cm.“'^, and on the assumption (made by many workers 
following KohJrausch) that these frequencies are too high to arise from carbon skeletal 
vibrations. However it has been shown in the preceding section that 1250 cm.*”^ is 
a possible value for a skeletal frequency with qtiite reasonable values of the force 
constants. Moreover, the splitting of the frequency at 1250 cm.~^ in neopentane into 
two frequencies near 1250 and 1200 cm.“^ in 2,2-dimethyl parafSns is accounted for 
very naturally if 1250 cm.“^ is assumed a skeletal mode. On the other hand if 
7^3 = 920 cm.""^, there should be a splitting of this frequency in passing from neopen¬ 
tane to the 2,2-dimethyl paraffins. The experimental data show that this does not 
occur consistently in both the Raman and infra-red spectra. Similarly, on Ras¬ 
mussen’s assignment, the 1250 cm.”^ frequency in neopentane would be expected to 
be multiple and this is also not observed. 

The other principal reason quoted for taking % = 920 cm.-^ is that the assignment 
is confirmed by calculations based both on a central force field and also on a valency 
force field. With regard to the former (KoUrausch & Koppl 1934) it should be noted 
that the value for the C-C force constant in their central force field calculation is 
2*03 X 10^ dynes/cm. or less than half the value usually attributed to this force 
constant. With regard to the latter (Rasmussen 1948), the agreement between 
calculated and observed frequencies as shown in table 4 is very poor for Moreover 
the value assumed for the C-C force constant is the unusually low one of 4*10 x 10® 
dynes/cm. and it is clear that this would have to be lowered still further to improve 
the agreement for his assignment of 72.3. The assignment of 72.3 — 1250 cm."^ is there¬ 
fore preferred and further justification is sought by more detailed examination of 
the calculations on the neopentane frequencies. 

In the first place, it might be argued that the valency force field used in the 
preceding section is too crude an approximation and that too much weight should 
not be put on any agreements between such calculated frequencies and those actually 
observed. However, it is possible to test the adequacy of the valency force field in 
a highly symmetrical molecule such as neopentane. Rosenthal (19346) has shown 
that since only two force constants are used to correlate four frequencies, two rela¬ 
tions must exist between the four frequencies and the atomic masses, viz. 


\%» 4 / irni+M’ '' ^ 

and «|+^ (2 + -^ + |ra| (1 + 2 , (2) 

where M is the mass of Y and m that of X. Using the assignment in column 3 of 
table 3, the first equation is satisfied to within 13 % and the second to vrithin less 
than 0-4%. Whereas using the assignment of column 4, the corresponding dis¬ 
crepancies are 59 and 41 %. This may be regarded as a further argument in favour 
of (a) the present assignment, (6) the use of a simple valency force field in connexion 
with it. Column 7 of table 4 gives the calculated frequencies obtained with a simple 
valency force field using i; = 4*60 x 10®dynes/cm, and F = 0*35x 10®dyn^s/cm. 
These calculations were made using the equations of Lechner (1933) which are 


12-2 
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more convenient to manipulate for the symmetrical molecule than those of 
Slawsky & Dennison (1939). The agreement with the observed values is very satis¬ 
factory. 

It is important nevertheless to get some idea of the size of the interaction terms 
neglected in the simple valency force field and so it was decided to investigate more 
general potential functions. The most general potential function of the second degree 
for an X^Y tetrahedral pentatomic molecule requires five force constants. Eosenthal 
(1934a) has investigated ope form of this function, using general force constants 
denoted by A, B, C, D and E which have no physical interpretation, while Straley, 
Tindal & Nielsen (1942) have discussed the general valency force field with force 
constants K [X-T stretching), K '(X-F-X angle deformation) and and Ky 

interaction constants. The relationships between these two equivalent sets of force 
constants may readily be deduced, and either set computed from the vibrational 
fi*equencies. Since the physical interpretation of the second set is more straight¬ 
forward it will be used in this discussion. 

Because neopentane has only four skeletal frequencies, and since no data are 
available for any symmetrically substituted isotopic molecule, it is necessary to 
assume a value for one of the force constants. Accordingly values of K were assumed 
close to that used for the stretching force constant Tc in the simple valency force field. 
The results are shown in table 5. In agreement with the indications from the equa¬ 
tions (1) and (2), the interaction terms and Ky of the more elaborate force 

field are very small. This treatment shows that although the simple valency force 
field does not give correct absolute values for the force constants, the values so 
derived are a very fair approximation. 


Table 5, Force constants of X4F molecules (10® dynes/cm.) 

methane (CH4) 

neopentane (tetramethyhnethane) (C{CH 3 ) 4 ) tetradeuteromethane (CP 4 ) 


f 

valency 
force field 

A 


general valency 
force field 

_ 

t 


valency 
force field 

h 4-60 

(4*50) 

(4-60) 

(4-70) 

K 

4-916 

-- 

4-878 h 


assumed 

assumed assumed 




k' 0-36 

0-396 

0-384 

0-380 

K’ 

0-422 

0-443 ¥ 


- 0-002 

0-051 

0-H9 


0-289 



0-141 

0-065 

0-008 

Kf 

0-068 



0-075 

0-062 

0-059 

Ky 

-0-033 



It is interesting to compare the force constants in 0(0113)4 with the corresponding 
constants when the general valency force field is applied to OH4 and OD4. Here 
sufficient data are available to allow them to be determined unambiguously. These 
were computed from the values of A, B, (7, D and E given by Voge & Rosenthal 
(193 b) u-nd are also shovna in table 5, together with the values of h and for the simple 
valency force field (Slawsky & Dennison 1939). The parallelism between the five 
potential constants of methane and tetramethylmethane (neopentane) is very 
striking. 



177 


Vibration spectra of hydrocarbon molecules. II 

Skeletal moles oe 2-methyl pakaeeins 

The model used for the 2-methyl paraflSns is shown in figure 2 and is analogous to 
that used earlier for the 2,2-dimethyl paraffins. X again represents a point-mass of 
15 (CH3 group), IT is a point-mass of 13 (CH group), and 2 is a point-mass of 
N = 1471+1 (the alkyl group Bond lengths WX and WZ are taken to be 

equal and tetrahedral angles are assumed between C-C bonds. The angle between 
WV, the perpendicular from W on to the plane XXZ, and WX or WZ is denoted 



by (p. Such a molecule has six non-degenerate fundamental skeletal firequencies, 
but for the first member of the series (i^o-butane) -Z is a methyl group and two pairs 
of these coalesce to give four fundamentals, two of which are doubly degenerate. The 
relationships between these two sets of fundamentals are given in table 6. 

Table 6. Relationships between the extnlamental moles 

OP X^W AND X^WZ MOLECULES 


X^W (iso-butane) 



f - 

---A_ 






selection rules 

symmetry 



( 

A 

> 

class 

numbering 

degeneracy 

Raman 

infra-red 

A 


1 

P 

1 

A 

^2 

1 

P 

1 

E 


2 

dp 

X 

E 

W 4 

2 

dp 

X 


X^WZ ( 2 -methyl paraffins) 





selection rules 

symmetry 



f 

A 

A 

class 

numbering 

degeneracy 

Raman 

infra-red 

A' 


1 

P 

a 

A' 


1 

P 

a 

A" 


1 

dp 

a 

A' 

^5 

1 

P 

a 

A' 


1 

P 

a 

A" 

V 3 

1 

dp 

a 


Again a simple valency force field is assumed and the appropriate equations con¬ 
necting the fundamentals with the two force constants are most conveniently derived 
from those of Rosenthal’s (1935) more general treatment. The values taken for the 




Table 7. Observed frequencies of 2'-metiiyl paraffins 
molecule frequency numbering (conventional notation) 
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force constants were 4-50 x 10^ dynes/cm. for the C-C stretching {k) and 0-40 x 10^ 
dynes/cm. for the angle deformation (i'), as these gave the closest fit with observed 
data (table 7). The most characteristic feature in the spectra of the 2-methyl paraffins 
is the occurrence of two frequencies (strong in both Raman and infra-red spectra) 
near 1170 and 1145 cm the former being virtually constant in going from i^o-butane 
to 2-methylnonane, while the latter varies between 1170 and 1140cm.'^^ over the 
same range. It will be observed that the calculations (table 8) lead to a similar pair 
of frequencies, viz., and Vg, of which remains nearly constant in going from 
iso-butane to 2-methylnonane, while decreases through the same series from 1182 
to 1093 cm.“'^. These two frequencies coalesce into one doubly-degenerate vibration 
% in iso-butane in the same way as the pair of frequencies at 1250 and 1200 cm.""^ 
in the 2,2-dimethyl paraffims became one triply-degenerate mode in neopentane.- 
The agreement between the calculated and observed values of and can be 
considered adequate in view of the simplifications introduced. As with the 2,2- 
dimethyl paraffins, the aim at this stage is to account for general features of the 
spectra. 


Table 8. Calculated skeletal frequencies of (CH3)2CH2! molecules 


z 

N (mass 
of Z) 


^2 

CH 3 

15 

870 

371 

C 2 H 5 

29 

815 

339 

C 3 H, 

43 

788 

312 

C,H, 

57 

777 

297 


71 

769 

287 

C 3 H 13 

85 

763 

280 

C,H„ 

99 

760 

272 


00 

730 

241 


yz 

^5 


J'e 

1182 

1182 

396 

396 

1180 

1125 

385 

356 

1180 

1110 

385 

341 

1180 

1102 

384 

332 

1180 

1098 

383 

327 

1180 

1095 

382 

324 

1180 

1093 

382 

320 

1179 

1085 

381 

306 


From table 8 it follows that 2-methyl paraffins should possess another very 
constant frequency somewhere near 390 cm.“^ {v^j and another fairly constant one 
in the neighbourhood of 800 cm.”^ (j^i). The data in table 7 show that this is indeed 
the case, appearing to vary between 795 and 825 cm,~i and to lie very close to 
435 cm.“^. The observed variation in v-^ along the series is to higher values whereas 
the predicted variation is to lower values. A similar lack of agreement was found for 
the corresponding frequency in the 2,2-dimethyl paraffins. No explanation of this 
can be offered, but possibly a more complete force field using interaction terms would 
remove both discrepancies. Tentative assignments have also been made from the 
data for and (in a few cases) but these should be treated with reserve until 
further evidence is available. 


i^O-BUTANE 

The foregoing investigation of the 2-methyl paraffins includes i^o-butane as the 
first member of the series. Just as a fuller discussion of neopentane was given to 
justify the analogous treatment of the 2,2-dimethyl paraffins, so it is useful now to 
consider i^o-butane in a little more detail. The first point to note is that alternative 
assignments of the i^o-butane skeletal vibrations % and have been proposed 
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by other workers. Thus Wagner ( 1939 ) and Rasmussen ( 1948 ) have suggested that 
% should be assigned to 966 while Pitzer & Kilpatrick ( 1946 ) prefer 925 cm.-h 

The arguments for and against the present assignment of % to 1170cm.-i are 
essentially the same as those concerning the % vibration of neopentane, and need 
not be repeated. In the case of and % the alternative assignment consists of inter¬ 
changing the values given in table 7, i.e taking = 435cm.“^ and = 370 cm.-^ 
( Anfl.Tit,bakriabnan 1936 ; PitzerA Kilpatrick 1946 ; Rasmussen 1948 ). 

The present interpretation of the skeletal frequencies of the 2-methyl paraffins 
provides a scheme in which iso-butane appears logically as the first member of the 
series. The alternative assignment for and destroys this consistency. Further¬ 
more, from the relative magnitudes of the moments of inertia of iso-butane (Pitzer 
& Kilpatrick 1946 ), it would seem that the parallel frequencies of this symmetrical 
top molecule should show a pronounced Q branch, which would not be prominent 
for the perpendicular frequencies. Hence the experimental observation of the 
doublet contour, of the 437 cm.“^ band {American Petroleum Institute Research 
Project 44, Reports 1943 - 8 ), suggests that this is indeed the perpendicular n^ fre- 
quancy. It must, however, be admitted that the present interpretation is not in 
agreement with the available polarization data (Ananthakrishnan 1936 ). , 

Finally the apphcability of the simple valency force field to iso-butane may be 
checked by an equation due to Lechner ( 1932 ) analogous to equations ( 1 ) and ( 2 ) 
which were used for heopentane. This equation is 

»|?i|_ 4(3m-t-ilf)co8^^ 

where M is the mass of W and m that of X, 

Assuming that the angles between the bonds are tetrahedral, the discrepancy 
between the two sides is 29-5 % using the assignment of table 7. It is important to 
realize that this discrepancy is quite sensitive to the value of If the angles between 

the bonds are tetrahedral, this implies that (j> = 70° 32'. However, electron diffrac¬ 
tion measurements (Beach 1940 ) indicate the higher value (p = 72° 39 '. When this 
is used the discrepancy is reduced to 10-7 %, and a corresponding improvement 
between calculated and observed values for the frequencies not unnaturally follows; 
the force constants employed were i; = 4*10x10® dyne/cm. and 0*46x10® 
dyne/cm. It is probable that a similar improvement could have been obtained with a 
modified value of ^ in the calculations on the series of 2 -methyl paraffins, had the 
relevant experimental data been available for these molecules. It should also be noted 
that calculations made with equation (3) using the experimental value of ^ and 
= 795 cm.'"^ provide a further argument in favour of the present assignment of 
% and as may be seen from the following figures: 


fh 

ng 


discrepancy 

(cm.”^) 


(cm.“^) 

(%) 

435 

1170 

370 

70 

370 

965 

435 

30-9 

435 

965 

370 

« 150 

370 

915 

435 

, 45-6 

435 

915 

370 

178 
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These show that the discrepancies for all the alternative assignments are much larger 
than that for the present assignment. 

GeNEEAL COivCIilJSIONS 

Although this investigation started with the limited objective of accounting for 
certain empirical correlations between the vibration spectra of certain similar 
branched chain hydrocarbons, the explanation developed has wider implications in 
the more general question of the interpretation of hydrocarbon spectra, which 
should be briefly considered. There has been an increasing tendency to attribute 
all the intense absorption bands in hydrocarbon spectra to vibrations involving 
hydrogen atoms and to assign the frequencies of the carbon skeleton to the weaker 
absorption bands. This is not unnatural, since in the spectra of the ^.-paraffins aU 
the intense bands in the region 3 to 16/^ have been shown to be due to CH stretching 
or deformation vibrations. This presumably arises because the charge on each of the 
carbon atoms is virtually equal in such hydrocarbons and so the skeletal vibrations 
which involve stretching of the carbon-carbon bonds are unlikely to give rise to 
a very effective vibrating dipole. However, when substituents are introduced into 
the chain, the charge on the carbon atom to which the substituent is attached must 
be altered considerably and possibly the charges on the near neighbours may also 
be influenced. Thus it is to be expected that vibrations involving just these parts of 
the skeleton, where the branching of the chain has occurred, will cause appreciable 
variations in dipole moment and so become intense in absorption. The fact that the 
spectra of the highly substituted branched paraffins are much richer and more 
intense than those of the unsubstituted or singly substituted paraffins thus receives 
a simple and natural explanation. Otherwise the large number of new bands in the 
highly methylated paraffins have to be accounted for as arising from various defor¬ 
mation motions of the methyl groups. In view of the constancy of the assigned 
deformation frequencies of CHg and CHg groups in aU such hydrocarbons this seems 
rather unlikely. 

The second point is that there has been a general tendency to assign all absorption 
frequencies higher than 1100 cm.“^ to hydrogen deformation frequencies rather than 
to skeletal frequencies, thus restricting the spread of the skeletal stretching fre¬ 
quencies to the range 1100 to 750 cm.”"^. Since the C-C stretching fundamental in 
ethane is at 990 cm.""^, this would seem to imply a reduction in the C-C bond force 
constant in going from ethane to complex hydrocarbons. On the other hand the 
present treatment, which in this respect resembles that of Ahonen ( 1946 ) gives a 
range of approximately 1300 to 700cm.“^ for these frequencies. This implies no 
lowering of the bond force constant in goingfrom ethane to the complex hydrocarbons 
and almost certainly indicates a small increase. Unfortunately there does not appear 
to be any way of obtaining independent evidence on this point. For instance, if the 
force constant of the C-C bond varies between one hydrocarbon and another (and 
possibly between the various C-C bonds in one hydrocarbon) this should be accom¬ 
panied by small changes m the corresponding bond distances, but these distances 
have not yet been sufficiently accurately determined to allow such a possible change 
to be detected. 
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There is, however, independent evidence that C-C skeletal stretching frequencies 
can reach values between 1100 and 1300cm.-i, the most direct coming from the 
vibration spectrum of diamond, which has a Raman frequency at 1332 cm.-’- and 
a group of strong infra-red absorption frequencies between 1360 and 1200 cm.-’- 
(Robertson, Fox & Martin 1934). Another way of approaching this question is 
through the use of isotopic atoms, the complete replacement of hydrogen by deu¬ 
terium separating immediately the hydrogenic from the skeletal frequencies (Shep¬ 
pard & Sutherland 1947). Urfortunately no deuterated branched hydrocarbon is 
yet available, but recently some very interesting results have been reported on 
partially deuterated n-propane (MoMurray, Thornton & Condon 1948). These 
indicate that the assignment of 1052 cm.-’ to a skeletal mode is wrong, since this 
frequency is strongly modified in 2-deutero propane and make it seem likely that in 
TC-prbpane the 0-0 skeletal frequency is to be associated with the infra-red band 
at 1160 cm.-’ which is not affected by deuteration. 

Although the foregoing treatment indicates that for the 2,2-dimethyl and 2-methyl 
paraffins a simple valency force field is adequate for the calculation of certain skeletal 
frequencies, it wil be observed that the sets of force constants used for the two series 
are not identical, and differ also from those used in the discussions of the sym¬ 
metrical molecules neopentane and iso-butane. These differences must arise in part 
from the fact that the treatment is approximate; in particular, interaction terms 
and the hydrogen vibratiorxs have been ignored. Moreover the variations in particular 
frequencies from molecule to molecule within a given series have been attributed to 
variations in the mass of the molecule. For all these reabbns it is not justifiable 
without further investigation to consider that the above differences in force constants 
are significant and that they indicate variations in bond strength. 

We wish to thank Mr R. H. Merson who made some preliminary calculations for 
us on these lines which indicated that this method of approach was likely to be 
profitable, and to express our appreciation of the helpful discussions we have had 
with Dr N. Sheppard. 
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The use of polarized infra-red radiation in the study of 
doubly oriented long-chain polymers 

By E. j. Ambbose, A. Elliott and R. B. Temple 
Courtaulds, Limited, Maidenhead, Berks 

{Communicated by A. H. Wilson, F.B.S.—Received 19 January 1949) 

The use of polarized infra-red radiation in examining the structure and orientation of high 
polymers has been investigated quantitatively. It is shown that infra-red spectroscopy can 
furnish evidence for double orientation in rolled sheets of nylon 66, polyvinyl alcohol and 
(with less certainty) polythene. In the case of polyvinyl formate, acetate, chloride and 
polyvinylidene chloride such double orientation could not be detected. 

Evidence is given to show that in nylon the N-H bond is bent by hydrogen bonding forces, 
the angle between this bond and the plane of the skeleton being thereby reduced from 39 ® 

(the valency angle) to 22®. 

The structure of polyvinyl alcohol recently proposed by Bunn receives strong support from 
the absence of dichroism in the 0-H frequency in the spectrum of that material, when a 
doubly oriented specimen is examined. 

Inteodxjotiok 

This paper contains the results of a re-examination, under higher resolving power, 
of the pol 3 rmers dealt with in an earlier paper (Elliott, Ambrose & Temple 1948 ). 
Observations are confined to the spectral region between 2500 and 4000 cm.-^, 
namg a lithium fluoride prism, and in carrying out this work our object has been to 
place the method on a more quantitative basis than hitherto. 

In spite of the fact that in certain respects long-chain polymers are easier to deal 
with simple crystals, the amount of work already published on such materials 
in the fundamental region from 2-6 to 14/t is small and is mostly confined to brief 
references to work stiU to be published (Thompson & Mann 1948 ; Wright 1948 ). 
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The observations of Sutherland & Vallance-Jones (1947) on the polythene bands at 
6-9, 7-3 and 13-9/i have been confirmed and extended by us (Elliott et al. 1948); 
some of our results are also in general agreement with those of Glatt & Ellis (i947> 
1948) on oriented polythene and nylon in the overtone region, although interesting 
and so far unexplained discrepancies also occur. These are discussed below. 

EXPEBIMENTAIi 

It is extremely difficult to prepare uniformly very thin and highly oriented 
polymer films of sufficient size (15 x 4 mm.) for use with our existing apparatus, but 
with the technique now adopted such variations of thickness have little effect on 
the results. 

As already mentioned (EUiott et al. 1948), polymer films may be oriented either 
by stretching or rolling, the choice of the method used depending on the material. 
For example, the vinyl polymers orient easily on stretching, whereas polythene and 
nylon cast from solution stretch only with difficulty; when suitably protected, how¬ 
ever, they are readily rolled out. Pol3d;hene is most suitably protected by being 
melted between two pieces of silver chloride sheet before rolling; the silver chloride, 
being transparent to 12/i, need not be subsequently removed, although its high 
refractive index causes an appreciable loss of energy. It can be readily removed 
from all but the thinnest films by soaking in sodium thiosulphate solution. A different 
technique is necessary with nylon, since this reacts at the melting-point with silver 
chloride. The nylon is oast from solution on to a cadmium sheet, melted into contact 
with the metal and, after rolling, detached by soaking m water. A few polymers 
(e.g. polyvinyl alcohol) respond to rolling only at high temperatures, the rolls being 
suitably pre-heated by an air blast. 

According to X-ray evidence (Bunn 1939; Bunn & Gamer 1947) double orientation 
of the polythene and nylon crystalhtes is produced on roUing, the chains being 
oriented in the direction of rolling and, in addition, certain crystalline planes being 
arranged parallel to the polymer sheet. The orientation, however, differs from that 
of a true crystal since although the chains are parallel they need not be in the same 
sense but may be rotated through 180° with respect to each other. This type of 
orientation can be detected by polarized infra-red radiation arranged to traverse 
the material in a direction as nearly parallel to the polymer chains as possible. 

The spectrometer arrangement differs from that previously described (Elliott 
et al. 1948) only in the substitution of a lithium fluoride prism which at 3/t results 
in a sevenfold gain in dispersion over that formerly possible. The slit width usually 
employed was 0-085 mm., and the equivalent sUt width of 8 cm.~^ is small compared 
with the widths of many of the bands observed, although some of the polythene 
bands are so nanrow that stfll greater resolution would be desirable. The present 
resolution is limited by the detector-sensitivity. 

Tq examine a specimen for double orientation the arrangement of prisms shown in 
exploded form in figure 1 is used. These prisms are made of potassium bromide 
{/I ~ 1-53) to match approximately the polymers examined. The fi lm is placed between 
the hypotenuse faces of the prisms which are contained in a brass cell cemented to 
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plane windows. For the near infra-red region it is convenient to use silica windows 
0’5mm. thick, since two such windows are sufficiently transparent in the region of 
the hydrogen stretching frequencies. To make optical contact, a small amount of 
immersion liquid is placed in the cell. Very few suitable liquids are available in this 
region, the most generally useful being a solution of carbon tetrabromide (18g.) 
in carbon tetrachloride (10 ml.), the refractive index of this mixture being 1-53. It 
has the advantage of being partially self-sealing, slight evaporation of the volatile 
constituent leaving a seal of solid CBr4. 

Carbon disulphide and tetrachloroethylene have also been employed occasionally. 
When using carbon disulphide the ceU windows are luted with a fish glue. 

The ceU containing the specimen is mounted on a carriage which is moved to allow 
the radiation to pass alternately through the specimen and through the clear part 
of the prisms. Two specimens of suitable size are cut, with the polymer chain axes 
respectively parallel and perpendicxilar, to the length of the strip. These specimens 
are mounted in turn between the prisms as shown in figure 1. For each specimen, 
records are made with the electric vector of the radiation parallel and perpendicular, 
respectively, to the spectrometer slit. The deductions which can be made are 
described later. 



Theoretical considerations 

Consider a right-handed system of axes Oxyz as in figure 2, with a beam of polarized 
radiation incident in the direction Ox. A doubly oriented polymer sheet occupies the 
plane AOz with the chain axis parallel to Oz, and OP is the direction along which a 
change in dipole moment of the polymer molecules will give rise to absorption of 
radiation. OP may be defined by the polar angle 6 relative to the axis z and the 
azimuth angle (j> relative to the plane xOz. The plane zOA has azimuth ex¬ 
it is intended to calculate the energy absorbed when the electric vector of the 
radiation is parallel to Oy and Oz respectively. Although this energy is required in 
terms of 0, ^ and a, the calculation is simplified by using a different co-ordinate 
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system in which OB (normal to the polymer sheet) is the polar axis and the plane 
zOB is the azimuthal plane. The direction OP is now defined by the polar angle 
ijr and the azimuth angle x figure 2). 



Taking a vector V along OP, this may be resolved into the components 

F(sin^i^sm%sina + cos^i"COsa), (1) 

F(sin^cos;\:), (2) 

along Oy and Oz respectively. 

In a completely doubly oriented crystalline polymer, although the crystallites 
will have their chain axes all parallel to Oz and crystallographic planes parallel to the 
sheet OAz, there will be equal numbers l3dng in the two opposite directions along z 
and right- and left-handed, as it were, with respect to the plane OAz. We must 
therefore consider vectors obtained by reflecting OP in the planes OAz and xOy. 
The co-ordinates of all the vectors are {'^,x)> (^— 

Four more vectors could be obtained by reflecting each of these in the plane zOB, 
but these will be in the same direction as the first set, though of opposite sign. The 
vector F represents the change of dipole moment for the corresponding normal 
vibration of a molecule near the equilibrium position, and the radiation absorbed 
per molecule is proportional to F®. This is independent of the sense of the vector, 
hence we need only consider the four vectors specified above. The radiation absorbed 
is proportional to the square of the scalar product of the electric vector E and the 
vector F. If there are N molecules in all, the energy absorbed by molecules with 
dipole moment changes parallel to OP and E vectors parallel to Oy is 

IKN (sin ^ sin X sin a -I- cos ^ cos a)^. 

By adding the contribution from the molecules with moment change parallel to 
the other three vectors, the energy absorbed with E vector parallel to Oy is 

KN (sin^ \jr sin® % a+ooB^ijr cos® a). 
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The contributions of all the molecules when the E vector is parallel to Oz are 
identical. Therefore the energy absorbed with E vector parallel to Oz is 

KN (sin^ t/t cos^ x) • 

The dichroic ratio (which can be measured experimentally), taken as the ratio of 
optical density with the E vector parallel to Oz to the corresponding quantity with 
the E vector parallel to Oy, is 

sin^^ cos^% 


sin^ ijr sin^ x si^^^ ^+cos^ ^ cos^ a 




(3) 


The position of the polymer with the chains parallel to Oz is called the A position. 
We now consider the case where the specimen is rotated about OB (figure 2) through 
a positive angle ^tt to bring the chain’s axis parallel to OA {B position). The angle 
^ is not affected by this operation, and x is changed to The value of the 

dichroic ratio (defined as above) is now 


sin^^sin^% 


sin^ ^ cos^ X si^^ oc -h cos^ ^ cos^ a 


= jB. 


(4) 


The direction of the vector parallel to OP could be calculated from (3) and (4) 
in terms of ijr and x> but it is more convenient to have the vector referred to the 
chain axis as polar axis and the plane of the polymer sheet as azimuth plane. This 
requires the direction to be defined in terms of 6 and ^ — 

By resolving a unit vector in the direction OP along the directions OJ., OB and 
Oz respectively it is found that 


sin0 cos<y = sin^ sin%, 
sin0 since) = cos^, 
COB 6 == sin^ cos%. 

Making use of these relations we find 
A^ 


QOB^d 


sin^ d cos^ (0 sin^ a + sin^ 9 sin^ (o cos^ a ’ 
sin^^ cos^ce) 


__ 

cos® 6 sin® a+sin® 6 sin® w cos® a' 

Solving (8) and (9) for d and (o we have 

■i4(co8® a+B sin® a cos® a) 


cot®d = 


sin®(i) = 


1 + J5 cos® a+-4 5 sin® a( 1—2 sin® a) ’ 

_ 1—^jBsin^g _ 

1 +jB cos® a+415 sin® a( 1 — 2 sin® a) ‘ 


(5) 

( 6 ) 

(7) 

( 8 ) 
(9) 

( 10 ) 
( 11 ) , 


These formulae have been worked out on the assumption that there is complete 
linear and planar orientation of the crystallites in the polymer, that is, complete 
double orientation in the sense in which the expression is used by Bunn & Gamer 
( 1947 ). 
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When the orientation of the crystallites is incomplete, we can think of efifeotive 
values of the co-ordinates 5 and Si such that substitution of these values in expressions 
(10) and (11) would give the observed values of the dichroic ratios A and B. These 
effective values will depend on the direction which the valency bond makes with the 
molecular axes, and also on the degree of orientation in the specimen. Although the 
connexion between the effective values d and w and the angles which define the 
orientation of the crystallites themselves is not yet clear, a good deal can be deduced 
from mtemal comparisons for different modes of vibration. 

, For a completely unoriented polymer, A = B = 1. Substituting these values in 
equations (10) and (11) we fihd&i = 46 °, 5 = 54 ° 42 '. The angle w will always be 46 ° 
when there is no planar orientation, and 5 will be 0° when the dipole moment change 
takes place only along the direction of stretching or rolling (in this case, of course, 
the flTiglA 0) has no meaning). For a change of dipole moment perpendicular to the 
direction of rolling, d has the value 90 °. 

It will be noticed that the conception used here differs from that in our earlier 
paper. In our present work, we have taken the more general case where the dipole 
moment can take up any position relative to the orientation axis, and do not consider 
specifically the orientation of the axis itself. 

COERBCTIOjSr I’OB THn ITOITB ANGLE OE THE CONE OE INCIDENT RADIATION 

In the derivation described above it has been assumed that the radiation is 
incident in the urdque direction Ox. In practice it is necessary to use a converging 
beam of radiation, and in the Perkin-Elmer spectrometer the cone of radiation sub¬ 
tends a semi-angle of 6°. If necessary a correction can be applied, but in all eases 
referred to in this paper, it is negligible. 

Table 1. Dichroic ratios and orientation angles 
a= 36® 


dichroic ratio orientation angles 

wave no. _ _. __ l 


polymer 

band 

(cm.-^) 

A 

B 

5 

(O 

nylon 66 

N-H 

3308 

0*63 

1-73 

61*6 

39*1 


? 

3078 . 

0-72 

2*11 

60*7 

34*6 


CHg as. 

2941 

0*44 

0-71 

63*5 

53*4 


CHg s. 

2866 

0*68 

1-64 

60*7 

40*1 

polyvinyl 

CH 2 as. 

2945 

0*35 

0-82 

67 

51*5 

alcohol 

CH 2 s. 

2910 

0-35 

1-38 

67*5 

44*5 

polythene 

CHg as. 

2926 

0-5P 

1-05 

63 

47*4 


CH 2 s. 

2855 

0-42S 

M4 

65*2 

46*4 


Observations on oriented polymers 
Nylon 66 

Nylon 66 was prepared by the method described by Chambret (1947), in which 
crystals of hexamethylene di-ammonium adipate are condensed to a polymer in the 
solid phase. The condensation takes place at 180 ° C in a moderate vacuum. The 
product is highly crystalline and gives a very sharp X-ray pattern. Rolled specimens 
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were examined in the A and B positions as described above. The records are shown 
in figure 3 a and b respectively. As expected, in the A position, the band at 3308 cm.~^, 
owing to the NH stretching vibration, shows stronger absorption perpendicular to the 
chains, because the NH bond lies in a plane perpendicular to the chain axis. In the 
B position, where one is looking along the chains, the absorption is stronger with 
the electric vector parallel to the sheet, indicating that the NH bond is bent by 
the hydrogen bonding forces into the plane of the sheet. 



The symmetric methylene frequency shows the same type of orientation as the 
NH frequency whereas the anti-symmetric methylene frequency shows stronger 
absorption perpendicular to the sheet. This is owing to the fact that in the sym¬ 
metrical CH2 stretching vibration the dipole moment changes along the axis of the 
group, whereas in the anti-symmetrical mode it changes at right angles to the axis. 

The values of the dichroic ratios A and B are given in table 1, along with the values 
aid and w calculated from equations (10) and (11). The value of ID for the symmetric 
frequency of the CH2 group is 40 * 1 ®, and in this case the dipole moment change is 
collinear with the axis of the CHg group. For the anti-symmetric frequency, (D is 
53-4°, and since in this case the dipole moment change is at right angles to the CHg 
axis, the effective direction of this axis deduced from the anti-symmetric frequency 
is 90 °- 53 - 4 ° = 36 - 6 °. It appears justifiable to ascribe the difference between the 
two values to experimental error, and to take the mean value of 38 * 3 ° as the effective 
direction of the CHg axis. This value is almost identical with oifor the NH bond ( 39 -1 °). 
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It is convenient to use the stereographio projection invented by Ptolemy to 
represent the three-dimensional directions of the dipole moment change, electric 
vector of the incident radiation, etc. It is adequate for our purpose, since only 
directions, not distances, as such are measured. 

A complete description of the properties of the stereographio projection has been 
given by Sohon ( 1941 ), but it may be noted here that directions are represented by 
lines passii^ through the centre of a sphere and terminating on the surface, the 
points -where these lines terminate being represented by projection on to the equa¬ 
torial plane of the sphere, by drawing a line from the south pole of the sphere to the 
point in question. In the case of a point in the southern hemisphere, it is projected 
by joining the point on the sphere to the north pole. Planes passing through the 
centre of the sphere intersect its surface in great circles. These great circles project 
on to the equatorial plane as true circles. 


CHbond 100 plane 



NH bond valency angle chain axis C-C bond 


Figxtbe 4 

Figure 4 shows a stereographic representation of the structure of nylon 66 as 
determined by Bunn & Garner. Crystallographic planes parallel to the chain axis 
are represented by great circles through the poles and the direction of various valency 
bonds and the changes of dipole moment associated with ijnolecular vibrations are 
represented by points on the stereogram. This method of representation enables one 
to compare any proposed structure with the results obtained from the polarized 
infra-red absorption measurements. 

Id., nylon 66 the axial and planar orientation of the hydrogen atoms is incomplete 
and it is not possible to compare the valency angles -with those determined by Bunn 



191 


The use of pola/rized infra-red roMation 

& Garner directly; it is possible, however, to make internal comparisons. The angles 
which the bonds in nylon 66 make with each other and with the crystallographic 
planes have been read from the diagram given by Bunn & Garner. In this way we 
find that the angle between the 010 plane and the plane of the carbon chain is about 
22°. The plane of the carbon chain contains the vector F for the symmetric methylene 
stretching vibration and is perpendicular to F for the anti-symmetric vibration. 
The inclination of the axis of the CHg group to the plane of the sheet (derived Jfiom 
polarized infra-red measurements) coincides with that of the NH stretching frequency 
and therefore the NH bond is inclined at an angle of 22° to the 010 plane. The sig n 
of this angle will now be considered. Because of the possible inversion of the nitrogen 
valencies, the hydrogen atom could he on either side of the carbon chain if there 
were no hydrogen bonding. It seems reasonable to choose the position which brings 
the NH bond towards the direction of the 0=0 bond, which makes an angle of about 
4 ° to the 010 plane. In this case the angle between the NH bond and the 0=0 bond 
is 22° — 4 ° = 18 °. If no hydrogen bonding forces were operating, the nitrogen atom 
would he in the plane of the carbon chain and the HH bond would be inclined to this 
plane at an angle corresponding to the nitrogen valency angle. In this case the NH 
bond would be inchned at an angle of 39 ° to the 010 plane. The hydrogen bonding 
force has reduced this angle from 39 ° to 22°. Whether this is due to a distortion of 
the NH bond or a distortion of the carbon-nitrogen-carbon chain is unknown. 
Alternatively, the NT-H bond could he in the same plane as the carbon-carbon 
chain. This would require a planar configuration for the nitrogen valencies such 
as has been proposed by Corey for diketopiperazine (Corey 1938). The distance 
between the hydrogen and oxygen atoms forming the hydrogen bond would, in 
this case, be 2-0 A as compared with 1-9 A in the first arrangement. With this 
position for the hydrogen atom it is somewhat difficult to understand why the 
C =0 bond needs to be distorted away from the plane of the carbon-carbon chain, 
and why all the atoms involved in hydrogen bonding do not lie in this plane. 
Further information on this point should be forthcoming when the doubly oriented 
specimens are investigated in the region of the C =0 and CN frequencies. It may also 
be necessary to consider different orientation of the amide and hydrocarbon portions 
of the chain. 

The origin of the band at 3078 om.~^ is not known. It occurs as a characteristic 
band in polypeptides (Harmon & Sutherland 1947) and may be an overtone. More 
recently, Astbury, Dalgleish, Darmon & Sutherland (1948) have attributed it to a 
new type of hydrogen bonding. The change of moment associated with this vibration 
subtends a smaller angle than the NH bond to the 010 plane. 

Glatt & Ellis (1948) have studied the spectra of nylon 6-10 in the overtone region, 
using polarized radiation. They have found, in agreement with our results for nylon 
66, that the dipole moment change of the NH deformation frequency takes place 
in a direction parallel to the chains. They also find that the third harmonic of the 
C =0 vibration vanishes completely in the parallel position; this is unexpected, 
since we previously found only moderate dichroism in the fundamental Q=0 
vibration at about 1660 om.“^ in nylon 66. *. 


13-2 
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Polyvinyl alcohol 

Earlier work (Elliott et al. 1948) on hot-stretched polyvinyl alcohol with a rock- 
salt prism revealed only low values for the dichroism of the CH stretching frequencies, 
while no dichroism was found in the OH band. Since this work was done, a new struc¬ 
ture for the crystallites in polyvinyl alcohol has been proposed by Bunn (1948), 
based on X-ray intensity measurements. This structure suggests that polyvinyl 
alcohol should show double orientation when rolled, though probably to a less degree 
than nylon 66. Attempts to orient the material by cold rolling were unsuccessful. 
A twofold extension could be achieved by the use of great force, but the birefringence 
shown was extremely low; further experiments on the polymer dyed with Congo red 
confirmed that this was due to very low orientation, Congo red, applied to oriented 
polymers, shows high dichroism in the visible region and is a convenient indicator 
of orientation (Preston 1933; Land & West 1946). It was found that the cold-rolled 
film showed practically no visible dichroism in spite of a twofold extension. 

Hot rolling at about 50 ® C was found to produce satisfactorily oriented films, using 
the technique described above. 



Figure 5. The spectra of polyvinyl alcohol, a, hot rolled 5 x and b hot stretched. 

CA, carbon chain axis. 

The spectrum of polyvinyl alcohol contains a very broad, strong band centred 
at 8345 cm.""i, attributed to the OH stretching frequency. In our earlier work we 
stated that the bTeadth of the OH band could not easily be recognized with an exact 
crystalline structure such as proposed by Mooney. Mr Glatt has, however, pointed 
out to us (private communication) that hydrogen bonding produces a broad band 
even in a highly crystalline material (for instance, succinic acid). In addition to 
the OH band there are two strong partially resolved bands, at 2910 and 2945 cm.“i, 
and a much weaker one at about 2865 cm."^. These spectra are shown in the A and B 
positions in figure 5 a. 
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The partially resolved strong bands are attributed to the symmetrical and anti- 
symmetrical modes of vibration of the CHa groups respectively. The weak band 
may be due to the single CH bond attached to the same carbon atom as the 0 atom. 
The orientation in the direction of rolling is quite marked, the dichroic ratio 
for the A position for the OHj frequencies being 0'36. The presence of double orienta¬ 
tion, with certain planes in the crystalline polymer parallel to the surface of the sheet, 
is shown by the dichroism in the B position. Here the S3U]ametrical mode of vibration 
of the CHa group (2910 cm.“^) is stronger in the tt position, that is when the electric 
vector is parallel to the plane of the sheet. The anti-symmetrical mode, on the other 
hand, is most strongly excited in the a position (electric, vector perpendicular to 
sheet). This is similar to the results obtained with nylon 66. 

No dichroism has been found in the OH band in either the A ox B position. This 
at once discriminates in favour of Bunn’s views on the structure of polyvinyl alcohol, 
for on Mooney’s structure (Mooney 1941), the OH and CH bonds should exhibit 
about the same degree of dichroism in the B position, whereas the.random arrange¬ 
ment proposed by Bunn is quite compatible with the absence of dichroism. 

The effective directions of dipole moment change have been calculated from 
equations (10) and (11) for the sjonmetrical and anti-symmetrical OH2 frequencies 
(see table 1). Using the same argument as set out for nylon 66, it is seen that the 
effective direction of the CHg axis obtained from the anti-symmetrical vibration is 
90° — 61-5° = 38-6°. This does not agree as weE with the value of 5i for the symmetric 
frequency (44-5°) as in the case of nylon. The lack of agreement does not appear to 
be due to random errors, as similar results have been obtained with other specimens. 
It may be caused by an overlapping band (possibly an overtone). This is to some 
extent supported by the result shown in figure 66 which shows the spectrum of a 
stretched (not rolled) specimen, normal to the incident radiation. The two CHj 
bands show the same type of dichroism here, but the contours in the 7 r-position are 
not exactly a reduced copy of those in the a-position, as would be expected in a 
specimen.which, one presumes, has only linear orientation. An overlapping band 
may also be falsifying the measurement here. 

The weak band which is probably due to the single CH bond shows perpendicular 
dichroism in the A position. In the B position there is practically no dichroism. 
This is to be expected, as the CH bond may be on either side of the carbon chain. 
Possibly weak dichroism could be detected here if there were not overlapping from 
the much stronger CHj frequencies. 

Polythene 

Dichroism in stretched polythene film has been observed by Sutherland & VaUance- 
Jones ( 1947 ) who observed perpendicular dichroism in several of the CH2 frequencies. 
They mentioned that the band at .1376 cm.-^, generally attributed to CH3 groups, 
was anomalous. We have observed (Elliott et al. 1948 ) that the 1376 cm.~^ band 
shows parallel dichroism, and suggested that the CH3 groups may terminate side 
nTifl.iTig which are long enough to lie parallel to the main chains. 

It was hoped that work with higher dispersion in the region of the CHg and CH3 
stretching frequencies might throw more light on the question, and also that scope 
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information might be obtained from measurements on doubly oriented polythene 
film. 

Rolled specimens have been examined for dichroism with the radiation incident 
normally on the surface; the spectra are given in figure 6a and b. It has generally 
been found that the highest dichroism of the CH2 bands occurs with an eightfold linear 
extension of the polythene. This produces a dichroic ratio of about 4 : 1 , with absorp¬ 
tion strongest in the perpendicular position {E vector perpendicular to chain axis). 
Further extension by rolling produces a considerable reduction in dichroism. For 
example, an 18 -fold overall extension in length produces a dichroic ratio of about 
2 :1 as shown m figure 6 a. This treatment causes the polythene to rupture, and holes 
begin to appear in the film. Because the polythene is embedded in silver chloride, 
it is difficult to ascertain what the extension really amounts to in such a case. There 
is some evidence that the bands broaden slightly. Both effects may perhaps arise 
from distortion of the hydrogen atoms from their normal positions in the. crystal 
lattice, owing to the great mechanical stress applied. 

The specimens of polythene whose spectra are shown in figure 6 are about 1 ft 
thick. As a result of the greatly increased resolving power (which enables the true 
contours of the bands to be observed) much thinner specimens are needed than in 
our earlier work with a rock salt prism. 

The polythene spectra shown in figure 6 contains the symmetrical and anti- 
symmetrical CHj stretching frequencies, at 2866 and 2926 cm.“^ respectively. These 
figures are in quite good agreement with those of 2863 and 2926 om.~^ obtained by 
Fox & Martin (1940) from grating spectrometer measurements. The graphical analysis 
given in figure 6 reveals also two weak perpendicular bands at 2896 and 2966 cm.~^. 
The second band is the anti-symmetrical methyl group frequency referred to by Fox 
& Martin, from which they inferred the presence of methyl groups on side chains. 
The perpendicular character of this band supports the view that the methyl groups 
are on side chains oriented parallel to the main chains. The lower frequency may be 
due to a CH bond at the carbon atom on the main chain where the side chain is 
joined. Fox & Martin have suggested 2890 cm.“^ for the frequency of a > CH group, 
which is fairly near the value which we find. The perpendicular character of the two 
weak bands is in harmony with these assignments. 

The symmetrical CHg frequency should show parallel dichroism. It is to be 
expected that it would be weaker than the anti-symmetrical mode, and of lower 
frequency. No such band has been identified, however, and it may be covered by the 
much stronger CHg band at 2866 cm.~^. 

Glatt & Ellis (1947), workiog in the overtone region, have found that the sym¬ 
metrical CHa frequency in stretched polythene showed less dichroism than the 
anti-symmetrical frequency. This is not in agreement with our results, as may be 
seen from figure 6 a. With normal incidence, the S3unmetrical frequency shows 
somew;hat higher dichroism. \ 

Rolled specimens of polythene have been examined for double orientation by 
the method already described, see figure 6 c. It was found necessary to leave the 
polythene between silver chloride to protect it from the solvent action of the immer¬ 
sion medium. Further protection was afforded by sealing the edges with seocotine. 
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A thin sheet of polythene was extracted with carbon tetrachloride to remove as 
much as possible of the low molecular weight fraction, before being rolled between 
silver chloride sheets. Carbon disulphide was used as the immersion medium. 

The considerable increase in absorption going from the A position (direction of 
rolling parallel to spectrometer slit) to the B position (direction of rolling per¬ 
pendicular to slit) may be noted. The dichroic ratios are given in table 1. 



Fiottbe 6. The spectra of polythene, a Plane of sheet normal to radiation: 1, cold rolled 8 x, 
2, cold rolled 18 x, 6, Cold rolled, 8 x (graphical analysis), c Cold rolled 8 x, and B 
positioi]LS. CAi carbon chain axis. ‘ ^ 

From the structure for the unit cell of polythene given by Bunn (1939) it is possible 
to calculate an effective direction of dipole moment change for a completely oriented 
crystalline polythene sample. The values of w so obtained are 46*4 and 43 * 5 ® for the 
antisymmetrical and symmetrical frequencies respectively. These effective angles 
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are near the value w = 45° for an unoriented polymer because the planes of the 
carbon of the two molecules in the \init cell are nearly at right angles to one 

another. Our results show a discrepancy, for an actual imperfectly oriented speci¬ 
men of polythene should have values of o) between 46 and 46-4°, and 45 and 43-6°, 
for anti-symmetrical and symmetrical bands, respectively. The actual values found 
lie outside the calculated range. We have no satisfactory explanation of this dis¬ 
crepancy, but two considerations may be noted: 

(а) There is reason for believing that the rolling process produces a strained 
crystal lattice. This is shown by the fact that excessive rolling lowers the dichroio 
ratios in the CHj bands. 

(б) The infra-red spectrum contains a contribution from the amorphous as well 
as from the crystalline region. The X-ray pattern, on the other hand, shows almost 
entirely the contribution of the crystalline regions. 

Vinyl polymers 

We have also examined the following polymers: polyvinyl acetate, Idndly given 
by Shawinigan Electrochemicals Ltd; polyvinyl formate, prepared by our colleague, 
Mr W. E. Hanby; polyvinyl chloride, an unplasticized specimen of unknown history; 
polyrvinylidene chloride, kindly given to us by the Distillers Co., Epsom. The first 
two are well known to be completely amorphous, the third is partially, crystallizable 
with great difficulty and the fourth is highly crystalline; unfortunately this last 
material is not easily prepared in large clear films. None of the spectra has previously 
been reported tmder the high: dispersion available with the lithium fluoride prism. 
The spectra are shown in figure 7. AU the bands certainly due to the polymers show 



IPiquhb 7. a. Graphical analyses of the spectra of pol 3 vinyl acetate 18/( thick (1) and polyvinyl 
formate, 20/t thick (2). 6. Spectra of polyvinylidene chloride’(1) and polyvinyl chloride 
(graphical analysis) (2). 
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perpendicular dichroism when examined with the plane of the stretched material 
perpendicular to the plane of the incident radiation and the diohroio ratios observed 
are in all cases small, of the order of 1-2 to 1-3. 

There are certain features of the spectra which have not yet been cleared up, 
although it is hoped that further investigation will do so. As already stated, the 
assignment of the CHg stretching frequencies in the spectrum of polythene is 
unequivocal, the frequencies of 2850 and 2930 cm.-^ being allocated respectively to 
the symmetrical and anti-symmetrical vibrations, the latter being the stronger of 
the two. The spectra of the four polymers named above also show bands in these 
regions (the former being generally relatively much weaker than in polythene) and. 
this led us to the conclusion that whereas the frequencies remained practically con¬ 
stant from one polymer to the next, the intensities were subject to rather erratic 
variation. The examination of the rolled polywinyl alcohol placed between potassium 
bromide prisms (already discussed above in detail) showed unambiguously, however, 
that this is incorrect and that the S 3 rmmetrical GHj vibration of this molecule has 
undergone a shift to appreciably higher frequencies. The weak band also present at 
about 2860 om.~^ in the spectrum of polyvinyl alcohol cannot therefore correspond 
to the band at the same frequency in polythene and it has been suggested that this 
is due to the Tone’ hydrogen atoms along the main chain. Polarization measure¬ 
ments with the amorphous or nearly amorphous polymers do not allow us to assign 
the bands with any certainty and the matter is still further complicated by examina¬ 
tion of polyvihylidene chloride. The spectrum of the pure unplastioized material 
has not been reported before. Thompson & Torkington ( 1945 ) investigated the 
spectrum of ‘Saran’ between 6 and 20 /t. This is a co-polymer with polyvinyl 
chloride used technically because of its greater mechanical tractability; its spectrum 
may contain features not common to either of the pure polymerized constituents. 
The spectrum of the pure polymer (figure 75, 1 ) shows two sharp bands, at 2860 and 
2940 cm."’- respectively, the latter being found to be double when examined under 
high dispersion, with heads at 2930 and 2947 cm.“^. Though this first appears to be 
a case of accidental degeneracy, a study of the long wave Saran spectrum, published 
by Thompson & Torkington ( 1945 ), does not reveal any simple overtone or binary 
combination tone which might be responsible, and in spite of the closeness of thei 
two ‘components’ it is therefore possible that these are really due to the two CHj 
modes, the symmetrical vibration frequency being increased as in polyvinyl alcohol. 
Examination of the material between the KBr prisms which might at once decide 
between the two possibilities has been so far prevented by practical difficulties. 

The spectra of polyvinyl acetate and chloride are staikingly similar with the 
exception of two weak bands on the long wave side. (The apparently unoriented one 
at 2880 is most likely due to a trace of tenaciously held solvent.) These speetra'show 
five main bands; in polyvinyl formate they overlap to such an extent that only 
a single broad band with two rather indistinct shoulders is found. A graj^hical separa¬ 
tion is roughly possible on the basis of four frequencies but an additional one may be 
present at about 2890 cm.“^. From the similarity of the spectra one is forced to the 
conclusion that the pattern of bands 2860 cm.-^ (weak), 2930 cm.-^ (strong), 
2946 cm.~’^ (weak), 2970 cm.“^ (medium strong) is due to the skeletal unit 
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—CHg—CH— and that the nature of the group X has little influence except in the 

X 

case of the strongly polar —OH group. What is difficult to understand is that even 
with the acetate group present, where the possibility of two further fundamentals 
arises, this pattern is not significantly departed from. One must therefore assume 
that the methyl group frequencies, which in hydrocarbons are to be found at 2962 
and 2872 cm.-”^ according to Tox & Martin ( 1940 ), are sufficiently shifted in the 
polyester to coincide with some of the skeleton frequencies. 

An attempt was made to detect planar orientation of the chains in polyvinyl 
chloride, using the hot-rolled material. Unfortunately, no definite indication of 
a change of dichroism could be obtained which would have permitted the identifica¬ 
tion of the CHg stretching modes. While insufficient orientation, or penetration of 
the polymer film by the immersion medium may have been responsible, it is also 
possible that the real reason is that in these amorphous or poorly crystalline polymers, 
the intermolecular forces are insufficient to produce such orientation. 
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Order-disorder statistics. 

II. A two-dimensional model 

By C. Bomb, The Clarendon Laboratory, University of Oxford 
{Communicaied by D. R. Hartree, F.R.8.—Received 1 February 1949) 


The present paper is concerned with the detailed calculation of the partition functions for 
a two-dimensional quadratic lattice from the matrix derived previously. A brief discussion 
is given of the general methods of calculation available. The method here employed is the 
expansion of the eigenvector and eigenvalue as power series about zero temperature. This 
is readily applicable to finite matrices of quite high order, and, when a suitable notation has 
been introduced, to the infinite case. It is found more convenient to deal with the general 
problem of an unsymmetric net with diiferent interactions in the two directions; for a ferro¬ 
magnetic in the absence of a magnetic field a symmetry relation observed empirically enables 
terms to be derived successively, and it is assumed that this solution is equivalent to Onsager’s 
( 1944 ). The method is applied in the presence of a magnetic field, and several terms of a 
generalized series are deduced. Several terms are hence obtained of a series for the spontaneous 
magnetization. An inspection of the generalized series leads one to conjecture that the specific 
heat curve becomes continuous in the presence of a magnetic field. A rearrangement of the 
terms of the generalized series enables several terms of the high-temperature expansion to be 
deduced. Finally, the results are applied to the theory of binary solid solutions; the solubility, 
curve for the two substances is formally closely related to the spontaneous magnetization. 
The separation into two phases is established, and the corresponding specific heat singularities 
are analyzed. 


1 . Gekebal discussion 

In a previous paper (Domb 1949 , hereafter referred to as I) it was shown that a 
number of problems in classical statistical mechanics could be reduced to the deter¬ 
mination of the largest eigenvalues, A, of infinite matrices of characteristic structure. 
When only nearest neighbour interactions are taken into account the elements of 
these matrices are functions of two variables, [i and 2 . \% = exp being 

an interaction energy; exp{ — 2mHlkT) in the ferromagnetic problem, and is 
related to the concentration in the solid solution problem.] A brief discussion of the 
methods available for the evaluation of these eigenvalues follows. 

(а) A well-knowm standard method is to raise the matrix Z to a high power, and 
use the formula 

A = hm [spur ( 1 ) 

p-xx> 

The series expansions at low and high temperatures, described by Klramers & 
Wannier ( 1941 ), can be regarded as examples of the application of ( 1 ). 

( б ) The variation principle can be‘ employed in a modified form applicable to 
non-Hermitian matrices. 

(c) Transformation, In the absence of a magnetic field (/a = 1 ) we have pointed 
out (I, §§ 3,4) that the matrix X can be reduced to a F-matrix. For the two-dimen¬ 
sional nearest neighbour approximation, Kramers & Wannier discovered a trans¬ 
formation which enabled them to deduce that 

A(2) = i(l+z)2A(j^). (2) 
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This was a very valuable piece of uifonuation, since it meant that the high- 
temperature development could be completely deduced from the low-temperature 
solution. It also enabled the singularity to be exactly located and given by 


We may note that the same transformation applied to the unsyipmetric case of 
different intersections in different directions yields 

This transformation has been considered topologically and extended by Onsager 
to apply to various two-dimensional nets (Wannier 194 S)? would seem worth 

investigating whether a generalization is possible for any of the other matrices 
described in I. Onsager ( 1944 ) suggests that the singular point in a case such as (4) 
is the point which transforms into itself, and is therefore given by 

1 — 2 :' , l—z 

^“ 1 + 7 ’ ” 1 + 2 ’ 

or (l+ 2 )(l+ 2 ') = 2. (5) 

{d) T^he eigenvector and eigenvalue can be expanded as power series about a 
certain point, and successive terms deduced by equating coefficients of like powers. 
This method is rather analogous to ?ith order perturbation theory of quantum 
mechanics. As in (a) we expand about points corresponding to zero temperature, 
and infinite temperature, since the zero-order matrices are very simple at these 
extremes. The method has been described and employed previously by Ashkin & 
Lamb* ( 1943 ). However, since it will be used extensively throughout the present 
paper, we shall discuss the process in some detail. It will be found that the method 
can readily be applied to finite matrices of quite high order, and by a suitable choice 
of notation to the limiting case when the order of the matrix becomes infinite. We 
now proceed to discuss the matter in greater detail. 


2. Eigenvector expansion method. Finite matrices . 

We consider as an example the matrices corresponding to a two-dimensional strip 
in the absence of a magnetic field (I, §3, /6 = 1 ). These matrices can be written in 
the form 

= . ( 6 ) 

where A^^\ are standard matrices of order 2 ^ with the following operational 

properties. (It will be convenient to use the scale of 2 for labelling components of 

* I am indebted to Dr E. W. Montroll for drawing my attention to this interesting paper, 
which seems to have escaped notice in much of the literature. 
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a vector. Thus for a vector of order 2"® the general element will be denoted by 
(tti... a^), where each is either 0 or 1.) 

( 0 ^ 2 ... 0 ) (ua - 00 ), 

(la 2 ...a,„_i 1 ) K. 11 ), 

(Offia... a^-x 1 ) -> K... a„_i 10 ), 

(7) 

(la2...a„,_i 0) (aa —am-i 01), 

(®2 ••• ®m-l 00), 

(Otta 0 ) ^ {a ^... a,„_i 01 ), 

(l®2"-®m-l ^ (®2-"®m-l ^0). 


Each operator affects only components listed opposite it (for arbitrary aa.-.am-i)> 
and gives zero for all other components. 

In the absence of a magnetic field the operators are symmetric as regards inter¬ 
change of 0 and 1. We shall confine our attention to the symmetric eigenvector, which 
is the case of practical interest; this is equivalent to halving the order of the matrices, 
since there are now 2’”“^ independent components of the eigenvector. We shall 
usually list only one component, and the symmetric component is to be understood. 

Let us now expand A and x in the form 


A = A 0 -|-AiZ-l-A 22 ^+...-l-ApZ® + ..., ( 8 ) 

X = Xo-t-XiZ-t-X 2 z 2 -|-...-(-XpZ» + .... (9) 

Equating coefficients of successive powers of z in* 

Ax. = Ax, ^ (10) 

we obtain -^o^o = 

J. 0 X 1 -h J-iXo = AoXi -I- AiXo, ■ (11) 


Af,Xjj-\-A{Xp_j^-{-A2yip-i = AoXj,-|-AiXy_i+... -l-ApXo.j 

It is easy to show by raising .dj to a high power that Aq = Ij and Xq has all com¬ 
ponents zero other than (00... 0), which we may conveniently take equal to 1. This 
corresponds to the completely ordered state. We note that x^ is also a left-hand 
eigenvector of Aa, since- 

^JXo = Xo. ( 12 ) 


Let us multiply the system (11) on the left-hand side by Xq. Then in the first equation 
involving and x^, the terms in x^ cancel in virtue of (12). Hence if we know 
Xo, Xi, we can determine A^. x^ is then given by 

(1—-4o)X^ = Ai)X^_l-l-(-42-’A2)Xp„2“-^3^i?-3"” ••• 

Our determination of A^ ensures the consistency of equation (13), and, in fact, the 
condition for this is that the (00... 0) component of should be zero. 

There is still some arbitrariness in the solution of (11), since any eigenvector can 
be multiplied by an arbitrary factor. We shall find it convenient to remove this 

* For convenience the superscript m is dropped, and it ^ to be understoqd in all that follows. 
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arbitrariness by tfl.king the ( 00 ... 0 ) component of x to be unity for all z. This means 
that the ( 00 ... 0 ) component of Xp is zero for jp > 0 , and 

x5Xp = 0 (p>0). (14) 

Multiplying ( 11 ) on the left-hand side by x^ we fund that is the ( 100 ... 0 ) com¬ 
ponent of x^_i. The vector Xp is then determined from (13) as 

Xp = (l-hALo+^§ + ...+^r=')Up. (15) 

since is zero for «. > m — 1 . 

It is now a straightforward task to evaluate several terms of the expansion for 
finite matrices even of quite high order, and an example is given in table 1 * of the 
application of the method to the case m = 5. We find 

A®= l-l-«*-t3z« + 15z8-f..... (16) 


The process becomes more laborious as the order of the terms increases, but there 
is a well-known short cut which acts as a useful check on the numerical correctness 
of the eigenvalue, and enables us to double the number of terms of the eigenvalue. 

Let us try to determine the left-hand eigenvector, y, of A which satisfies the 
equation 


A'y = (Al)+A{z+Azz^}y = Ay. 


(17) 


The procedure is analogous to that described above, except that the basic operators 
now have the following properties: 


A'o-. 

K-^n-lOO) 



(0%. 

..a„_i0),' 


(Oa-an-i 11) 



(lag. 

1). 

Ai: 

(®2 ••• ®n-l 1®) + (®2 • 

••a„.xll) 


(0®2 • 

®n-l 1)> 


K-«n-l01) + (a2. 

..a„_i00) 


(Iffla- 

•an-iO), 

A4: 

(O 2 .01) 


-> 

(Oog. 

0). 


K-10) 



(lUg. 

1)- 


Ap is now given as the ( 00 ... 01 ) component of yp_ 2 , and y^ by a relation similar to 
(16). Both methods should lead to the same value of Ap, and this can be used as 
a check. 

Suppose we have now evaluated p terms of one eigenvector and q terms of the 
other, and let 

§P =Xo-l-XiZ-f ....-i-XpZ» =x4-0(z»+i),l 

iQ« = yo+yi 2 +'—+ygZ® =y-i- 0 (z«+i).j 
Then it is easy to show that (Aitken 1937 ) 

thus giving (p + g-l- 1 ) terms of the eigenvalue correctly. 

Applying this to the case m — 6 we deduce the additional terms 


(19) 

( 20 ) 


-(-48z“+70zia-253zi^ (21) 

* The tables are printed at the end of the paper. 
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The high-temperature expansion can be discussed similarly in powers of 1 —25, 
or {l — z)l{l+z), with different operators replacing Aq, and A^, However, the 
transformation ( 3 ) enables us to avoid this discussion, and write down the appro¬ 
priate expansion immediately. 


3. EiaENVECTOR EXPANSION METHOD. INFINITE MATEICES 

The method of the last section is only practicable when all components of the 
eigenvectors required can be written down in order. When we come to consider large 
values of m this becomes impossible. The method can still be applied, but a suitable 
notation to cover classes of components with similar properties must first be chosen. 

The notation to be employed can perhaps best be understood by reference to a 
few examples. A suffix after 0 or 1 denotes the number of times the 0 or 1 is repeated; 
the sum of all the suffixes in any configuration must be equal to m. The configura¬ 
tion Oy IO5 will be used to denote the (m —2) components from r=l, 5 = m—2to 
r = m -- 2 , 5 = 1 . 0 ^ lOg 10^ denotes all components such that 

r^l, s'^l, t^l, r-hs + t — m — 2 ; 

there are ^(m — 3 )(m — 4 ) such components. Similarly r, t, ... will in general be 
used as variable suffixes, whereas a, 6, c, ... will be fixed suffixes. 
denotes all components such that 

r>l, 5>1, r-hs-bt — m — {a + b + c). 

As typical configurations we may write down 

I3J ^2 % ^2 ^8 ^2 

It will be noted that Vs always occur with fixed suffixes. But we shall sometimes also 
require O’s with fixed suffixes, and the same convention will be used. Thus 0^ 10^0 
denotes all components such that 

r>l, s'^l, r-l-5 = m —2; 

this consists of all components of 0^ 10^ other than 0^ 10, and could alternatively be 
written 0^ 10^ — 0^ 10. With a little experience one rapidly becomes quite accustomed 
to the notation. 

The zero-order vector Xq contains only one non-zero component 0,. = 1, and for 
all other vectors x^ this component is zero. A list will be given of the non-zero con¬ 
figurations of the x^, and if no number is put opposite a configuration unity is to be 
understood. It has been shown in the last section that is equal to the 10^ com¬ 
ponent of x^_i. The procedure for determining x^ from Xq, x^, ..., x^_i consists in 
writing down from ( 13 ), and then operating on wdth giAo), by ( 15 ), where 

g[A^Af^^. ( 22 ) 

Table 2 shows the first eight vectors which have been determined by this process, 
and enables one to write down A^ to Ag. The procedure is quite straightforward once 
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one has acquired facility in applying the operators Aq, and A^ to the various 
configurations, using (8). The following are some examples of these operations: 


A^. 

( 0 ^ 10 *) 

^ 0 , 10 , 1 | 




10,1 r 


9{Ao)- 

( 0 , 10 ) 

0 , 10,1 




10 , r 


A^: 

( 0 , 10 , 1 ) 

0 , 10,10 

0 , 10 , 12 ) 



10,10 

10 , l2 /’. 

A^-. 

( 10 . 10 ,) 

0 , 10,01 




0 , 10 , 1 /’ 


Ag.- 

( 10 , 1 ) 

^ 0,10 


9'(^o): 

( 10 , 1 ) 

^ 10,11 




0 , lj ‘ 



The derivation of table 2 may be illustrated by giving the details of the determination 
of X5 from Xi, X2, X3 and x^. 


0,10 

0rl2 

0,1,0 

0,1, 

10, 

lOrl 




Or 10 A 

10,1 



llg = .A]_X^ “I” A2X3—Xj 





X5 is then given in table 2 by (7 (J.q)U5. 

The terms of the left-hand eigenvector can be determined in an analogous manner 
using ( 18 ), and table 3 gives the first four vectors. New configurations appear very 
much more rapidly than with the right-hand eigenvector, and the complication is 
correspondingly incrfeased. At any stage we can apply (20) to obtain more terms of 
the eigenvalue, but the calculation is rather tedious. 

Some empirical observations may be made on the properties of the terms of the 
eigenvectors. Any given component occurs either only in odd terms or only in even 
terms; hence in the power series corresponding to this component successive terms 
differ by The eigenvectors of the matrix (I, equation ( 18 )) are symmetric about 

the centre, so that the (% ...a^) component is always equal to the .<3^i) com¬ 
ponent. Also can easily be symmetrized (Kramers & Wannier 1941), and there is 
thus a simple relation between its left-hand and right-hand eigenvectors; if v is the ‘ 
number of unlike links (0 to 1 or 1 to 0) in (%... a^), then the ratio of the (a^... a^) 
component of the right-hand eigenvector to the (%...a^) component of the left- 
hand eigenvector is Even though the sqrew transformation destroys the central 
symmetry of the eigenvector, a curious relationship persists between the left- and 
right-hand eigenvectors which enables one to be written down if the other is known. 
It will be found on inspection that the ratio of the (a^... a^) component of the right- 
hand eigenvector to the (a^...ai) component of the left-hand eigenvector is 
This latter result applies only to the infinite case, and not to any finite matrices. 



Order-disorder statistics. II 


205 


It will be seen that the configurations in Xp and do not enter in any simple 
systematic manner, and high-order terms become extremely laborious to evaluate. 
It will be found that a considerable simplification can be effected by dealing with the 
more general problem of a net with rmequal interactions in the two directions, and 
we shall now discuss this in farther detail. 


4. The tnsrsyMMBTBio net 

We have already considered the formulation of the matrix appropriate to the 
unsymmetric net (I, § 3). Instead of (7) we can now write 

^ . (24) 

where is identical with Aq, A^ with A^, but A^^y and A^q have the following 
operational properties: 


Aq, 

All with 

A 2 , 

but 

■^01 

and A 

(0(X2 ■ 


1) 


((*2.. 


-1 10); 

(1®2 ' 


0) 


(®2 

• ®«i- 

-1 01), 

(0^2 , 


1) 


(aa- 

1 « 

Tfi- 

- 1 11), 

(la2 

... 

0) 


(®2 

. . 

-1 00).J 


It will be seen that whereas (7) is quadratic in z, (24) is linear in both z and z'. 

The operators arising m the present work can be divided into two classes, ‘shift’ 
operators such as A^f, and Aqi, and ‘creation and annihilation’ operators such as 
A^q and A-ix- Part of the complication of the preceding section arose because the 
operator A^ combines both tjrpes of operation, whereas in this section each operator 
belongs to only one class. We shall see later that the presence of a magnetic field 
further differentiates between the ‘creation’ and ‘annihilation’ operations, and 
between the types of ‘shift’ operation. 

We must now expand A and x as double power series m z and z' 

A = i: Apjz'i’z®, 

I (26) 

00 

X = s 

We know on physical grounds that A must be symmetric in z and z\ so that 

This is of course a property only of the infinite strip. Also the vector x will be foimd 
to be quite imsymmetrical in z and z*, 

We can now substitute from (26) into (10), equate coefficients of the corresponding 
powers, and proceed as previously. The result for the first few terms is shown in 
table 4. We can, on inspection, find considerable regularity about the occurrence of 
various configurations, and for the first few rows we can even write down the general 
term. The vectors x^ of the preceding section correspond to the case ^ = 2 , and can 
be obtained by diagonal summation, 

Xp = S 3q(p^. (28) 

^*0 


Vol. 199 . A 


14 
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One thus sees the reason for the compUcation in the types and values of configura- 
tions constituting x^. 

Further progress can be made by summing (26) with respect to %' or 2 . We then have 

A = S 

Z" [ 

j)=0 J 

/ip and ^ now being functions of 2 . We may urrite (24) in the form 

A = To + T^z', ' 

where ?o = -^qo+^oi^i ' , (30) 

We have summed with respect to the variable which causes the two shift operators 
to be paired together in Tg-, experience shows that this is the more useful choice. 

The properties of the operators Tq and 2\ can readily be estabhshed with the aid 
of relations similar to (23). For 2 < 1 , Tox tends to zero as %-»oo for any vector t 
whose 0 ^ component is zero. Hence by analogy with (13) and (16) we deduce that 

^p=/(^o)V 

where Tj, = (Ti -/ij) ?j,-i -/M 2 ^ 3,-2 - • • • -/tj, ?o 

and m) = i,n 

fl-O 



The operation of/(jro) is somewhat different from anything previously encountered, 
and some examples of its application foUow: 


m){0rl) ^ 

nn)(h0r) 

f{T,) {10,1^0,) -> 


ro,i = i+2Hz*+2«+... = i/(i-22), 
j 0,. lOg = Z + 2 ® + Z® + ... =z/(l —2®), 

UO, =2 + 2®+... =2/(1-2®), 

rl,0, =l/(l-2®), 

10,1 = 2 /( 1 - 2 ®), 

0,12 =2/(1-2®), 

i0,l2 0, = 2®/(l-2®), 

'10,12 0, =l/(l-2‘), 

0,120,1 =2/(l-z‘), 

0,l2 0,10, = Z®/(l-2‘), 

-12 0,10, =2®/(l-2*), 

10,10,1 =2®/(l-2*), 

0,10,12 =z®/(l-z*), 

[0, 10, l2 0, = 2^/(1-2«). 


(32) 


Table 5 shows the first few vectors ^ and the corresponding terms /tj,.. The con¬ 
figurations of each vector can be collected in groups with equal numbers of I’s, and 
each vector contains either odd or even numbers; thus ^3 contains only configurations 
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with one or three I’s, ^4 with two or four, ^5 with one, three or five, and so on. If we 
are interested only in the terms of the eigenvalue, it is only necessary to calculate 

a portion of the eigenvector from a certain stage onwards, and this introduces 
a considerable simplification. Thus for /tg we need only the two I’s group of ^4 and 
the single one group of ^5; for /ig the one and three group of ^5, the two group of 
and the single group of ^7. This is one of the advantages of combining the two 
. shift operators to give in (30). It corresponds to the fact that we can immediately 
write down the left-hand eigenvector % of to the same order of magnitude as we 
have determined ^; in fact, with the same notation as at the end of § 3, the (Oi... 
component of is equal to z*' times the (a„... cq) component of Xn- 

It wdU be seen from (30) that configurations are formed in particular groups with 
factors such as 1/(1—z^), 1/(1—z*), 1/(1—z®), .... We note empirically, however, 
that the factors other than 1/(1 —z*) cancel out, and that any configuration of 
can be expressed as 1/(1 -z^)** multiplied by a polynomial. 

There is also a curious symmetry about the polynomials correspondiag to the 
components and which will be recognized on writing down a 

few examples. 


( 1 -z®) 3 ? 3 : IgO.l 

= 2z3-t-3z5, 

10,12 =3z®-h2z®, 

I3O,. 

= z® -1- 3z® -1- z®. 

0,13 =z + 3z®-t-z®, 

(1-zY?4: I3O, 

= z®-f-3z*, 

0,l2 =3z®-f-z^ 

lO^lO^lg 

= 3z®-l-2z’, . 

l2 0,10,l = 2z5-l-,3z’. 

(l-z®)®?3: 10, 

= z®-!-z®-h2z®. 

0,1 ==2z®-t-z’-fz». 

1^0,1 

= z®-f7z®-|-6z’-l-z». 

10,12 =^^ + 5^^-b^^^ + z\ (33) 


In general terms if the two components are given by 

(o„...ai) = A(z,z'),j 

then h(z, z') = ± »2'j j 

where the positive or negative sign is to be taken according as the number of I’s in 
the configuration is even or odd. It has not been foimd possible to establish the 
relation (36) rigorously; but there seems little doubt that it is correct. 

We shall find that the application of (35) to the 0,. 1 and 10,, configurations enables 
us to derive a general method of obtaining successive terms /ip. Let us write 

f^p+l = [lOJp = 

[0^1']p = mp{z)l{l-zy. 

From table 6 we then have 

Zi(z) = z®, •mi(z) = z, 

W) = 2 ^ = 2 ®. 

l^{z) = z® -1- z® -f- 2z*, — 2z® -1- z’ z®, J 


(36) 


(37) 


(34) 

(36) 


14-S 
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and similarly 

= z2 + 32 *+ll 2 ® + 72® + 32“, my(z) = 32® + 72’ + ll 2 ® + 3z^^ + 2 ^® 

It is assumed that each, successive term in the series has two additional terms in the 
corresponding polynomial. The symmetry property ( 27 ) of A enables one to write 
down the first k terms of the polynomial when the previous polynomials are 
aU known. The second equation of the set (10) gives a relation between (10,) and 
(0,1) which enables the remaining {k- 1) terms to be deduced. This equation is 

zz'0,+2(10,) = A(0,1), ( 38 ) 

and substituting the power series for A, 0,1 and 10, and comparing coefficients of 
Mke powers of z\ we find that 

mi(2) = zli(z) +z( 1 - 2®), 
m^{z) = 2^3(2) - (1 -z2) l^m^, 

. m5(2) = 215(2) - (1 - 22) (4 m3 + Is mi), 

m7(2) = zlj{z) - (1 - z2) (limg + Is m3 + Igmi), 

and so on. It will be foimd that the polynomials ( 37 ) satisfy the relations ( 39 ), and 
we can quite easily deduce more terms of the series: 

19(2) = z^ + 62*,+ 36 z«+ 63 z 8 + 642 “+ 22 z“+ 

lii(2) == 2* +102*+ 90 z« + 29728 + 662 z“ + 604212 + 2462 “+602“ + 62“, 

^is(2) = 2*“ +1628 + 1902« + 1002z8 + 3061z“+6038z“ + 48062“ + 2496z“ 

+ 7162 “+ 96288 + 6288. 

It is of some interest to tabulate the first few terms of the double-power series for A, 
and these are given in table 6. 

We presume that power-series solution derived here is identical with that given in 
closed form in terms of elliptic integrals by Onsager (1944). The power series agree 
as far as all the terms given by Onsager, although the complete identification would 
appear to present some mathematical difficulty. The high-temperature expansion 
is given by the transformation ( 4 ), and hence the complete solution is available for 
this case. The physical details of the solution are not considered here, since they 
have already been discussed at length by Onsager. 

6 . PUBSEKCE OF A MAGNETIC FIELD 

When a magnetic field is present the eigenvalue is a function of two variables 
/i and 2, and all practical cases are covered by considering values of these variables 
between 0 and 1. A capital letter A wifi, now be used to denote the eigenvalue. The case 
/t > 1 is taken account of by the relation (I, end of § 2) 

/t-iA(/t) = /t*A(l//t), 




( 41 ) 
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and the case 2: > 1 corresponds to an antiferromagnetic which is not discussed here. 
Before proceeding with the detailed mathematics it is useful to give a brief physical 
account of the salient features and requirements in the presence of a magnetic field. 

The region of interest is represented by the square ABED in figure 1. Onsager’s 
solution in the absence of a magnetic field corresponds to the path AB, and G is the 
Curie point z = 0 ’ 414 . Our first requirement is the location of the singularities of 
the eigenvalue Amfjb and z. Along the line - 4(7 we expect a singularity in A as a func¬ 
tion of giving rise to the spontaneous magnetization as /^->1 (that is, as the 
magnetic field tends to zero). At G we have a singularity in A as a function of z (the 
specific heat singularity). We should not expect any singularity along the portion 
CB of the curve, since the spontaneous magnetization has then disappeared. The 
specific heat curve of a ferromagnetic in the presence of a constant non-zero magnetic 
field is given by a path from D to B of the form 

pb = s*. ( 42 ) 

Small k correspond to weak magnetic fields, and large h to strong fields. 



Figube 1 


We shah, attempt to find a power-series solution, as before, but our series is now 
a double-power series in fi and z, and there are alternative ways of looking at it. For 
example, we could start at any point of AD and proceed along a path parallel to AB 
obtaining a power series in z whose coefficients are functions of/^. Alternatively, we 
could start at some point of and proceed along a path parallel to DA obtaining 
a power series in /i whose coefficients are functions of z. Figure 1 gives a useful 
indication of where it is feasible to start power-series expansions. For example, in 
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considering finite matrix approximations, it would be inadvisable to start at any 
point of AO because of tbe singularity as a function of jn, but any point of OB should 
yield useful information more readily. 

We start with the first alternative, but will consider, as in the last section, the 

general problem of a net with different interactions in the two directions which gives 
rise to a double-power series, ssnnmetric in z and z', and with coefficients functions 
of /i. By analogy with ( 29 ) and ( 26 ) 


A = S M^z'P = S 


X = i: Zpz'^ 

p^Q 


(43) 


where capital letters have been used to indicate that the quantities concerned are 
functions of ju,. Any operator encountered previously is now a function of fi, and can 
be written in the form 

T = T++fii,T-. . (44) 


The basic operators (( 24 ) and ( 25 )) have the following properties: 


Am" ( 0®2 ••• (®2 ••• 1 

Am," (®® 2 ‘"®»n-l 1 

Aiai 0 ) ^ (a^... 00 ), 

A^: ( 1 ® 2 • • • ®m-I ^(® 2 • •• ®m— 1 


A^: 

(laj- 

•«m-l 1) 


(®2"-®jn-l 11)> 

Aoi: 

(la,. 

• 0) 


(a2...a„,_i01), 

Aio: 

(Oa,., 

• • ^ ) 


(a2-®m-l 11). 

Ail: 

(Oa,.. 

•«m-l0) 


(a2-”®m-l 01).. 


(46) 


The procedure is very s im i l ar to that of the last Section, and by analogy with ( 32 ) 
the foUowmg are some examples of the operation of/(T): 


/(To) (0,1) 


/(To)(l 2 0 ,) 


[0,1 = = ll(l-/iz%- 

0 , 10 , = Z + fiZ^+ Jl^Z^ +... = z/(l - / 4 z 2 ), 
(10, — z+/iz^+/ih^ +... = zl{l—/iz^), 


[ 1 ^ 0 , =l/(l-/tV), 

10,1 

0, Ig = 

0 ,l 2 0 , = /tV/(l-/tV), 


/(To) ( 10 , 1 , 0 ,) • 


V 


10,1,0, = l/(l-;t3,,4)^ 

0,1,0,1 =/izl{l-fi^z^), 

0,1,0,10, = /Jz3/(l-;{3z4), 

12 0 , 10 , = /iz^l{l-/j?^), 

10,10,1 =/t2z3/(l-/i3z4)^ 

0,10,1, 

0 , 10 , 1 , 0 , = /ih*l(l - iiH^). 


(46) 


Table 7 shows the first few terms of the eigenvector, and from this we deduce the 
first three non-zero coefficient in the eigenvalue: 
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/4VH-(/t® + 2/t*)z^ ZfJl? tit- i;/i , 

- WWi - W 


il4 = 


/i®2® -f (3/i* + 2/t®) 2^ -d- (3/4® + 4/4®) 2® + (/4* -f 2/4’) 2® 

wiwiw^ ^ 

2(/4® + /4®)2® + 2(/4^ + /4®)2® /4®Z® 

■ wimw^ ^WWz 


+ 


( - 3/4® + /4®) 2® + ( — 4/4® -f 4/4®) 2® + ( - /4® -f 3/4®) 2® 
6/4®2® + (8/4® + 18/4®) 2® + (2/4® + 6/4®) 2® 16/4®2® + 3/4®2® 


(47) 


When we compare (47) with (36) and (37) we see the enormous increase in complica¬ 
tion which the magnetic field produces. If we have a series of coefficients such as 
(47) we can obtain the best approximation by using the S 3 nnmetry properties of 
A in 2 and z'. Thus if 


and 


AW(2,2') = S M^z'r> 

3J=0 

Afr>’-)(z,z') = i: A_„2'^’29, 

p,a=o 


m 


the sum of all terms in the first r rows and columns is 


A«( 2 , z') -f AW(z', z) - A('->'-)(z, z'). (49) 

It is interesting to write down the first terms of the power series in z corresponding 
to the symmetric case z = z', and these can easily be deduced from (47). We obtain 

A = l-l-/42®-l-2/4®Z®-f( — 2/4®-l-6/4®-f-/4®)z®4-(—14/4®-1-18/4®-!-8/4®-|-2/4 ®)z^® 

-f (8/4®—77/4®-f 44/4®-f 40/4®-1-22/4’H-6/4®-I-/4*) 2^® 

-1- (98/4®- 370/4® -h 40/4®-I-138/4’-H134/4®-1- 72/4®-f 30/4®°-I- 8/i^^ -f 2/4I®) z“ -t-.... (50) 

An important feature of the series deduced in this section is that they seem to be 
valid in /4 up to /4 == 1; they can therefore be used to determine the value of A^ as 
/ 4 ->l, and hence the spontaneous magnetization. The series (50) differs essentially 
from those corresponding to finite matrices in that the coefficients of the powers 
of 2 are finite polynomials in /4 and not infinite series. For any finite strip at some 
stage the coefficients would become infinite series, and this corresponds to the 
physical fact that a finite number of overturned spins could completely separate the 
strip into two parts. (This can be verified, for example, in the one-dimensional 
solution, I, equation (15).) 

We shall have occasion to manipulate the series (50) considerably in the next two 
sections. Since only a finite number of terms have been derived, it is impossible to 
justify these processes rigorously. It is believed, howeverj that one can generally 
judge on physical grounds whether the results obtained are valid. 
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6. The spontaheotts magnetization* 


If we differentiate (50) with respect to /t and let /i-> 1 , we fibad that A^/A->-^(z), 

A{2) P{z) = z* + 4 z« + 1828 + 822“ + 3872^2 + 1880z“ +.... (51) 

The relation (41) enables us to obtain the values of A for > 1 from those for /i < 1, 
and it is easy to show that as /jl-^ 1+, A^/A-> 1 —P{z). Hence, since ^(z) + there is 
a discontinuity in A^ at = 1. (This indicates that the series (50) can only be valid 
for 1.) 

When we take account of the zero energy terms, the complete partition function 
for a ferromagnetic is given by 

2; = /i-lz-iA(/i,2), (52) 

and the free energy, F, is equal to -TcT log Z. The magnetization is given by 
— dFjdH, and hence by 

I/J„ = l-2/tA>,/A. (53) 

Thus the discontinuity in A^ gives rise to a spontaneous magnetization 

/o/-?„ = l-2/?(z). (64) 

As before we can more easily deal with the general problem of an unsymmetric 
net, whose spontaneous magnetization is a function of z and z'. Suppose that 
A^-^ol{z,z') as /t-^1, and 

a(z, z') = i z'^-«,(z)/(l - z^)^ = i: a^z'PzH. (66) 

Prom (47) by ddfiferentiating with respect to ji we deduce that 


53(2) = z®, 

84 ( 2 ) = 2 z*+4z*+z®, 

5 g(z) = 32® + 19z* + 322® + ISz® + z“. 


( 66 ) 


The terms (51) and ( 66 ) can be deduced from the complete eigenvector solution 
in the absence of a magnetic field. This can be more readily demonstrated by dealing 
with the terms of fi{z) and y5(z, z') directly. Writing 

PM = S z'%(z)/(l-z®)*' = i /ffj, 2 z'*’z«, (67) 

3 J =0 

we readily find that 

4 (z) = z®, I 

t^{z) = 4 - Zz ^+I (58) 

t^iz) = 322^16^4 + 32^+162;8 + 32i^J 

and ^{z) = + 42® +1728 + + 3572^^ +17302^^ -f.... ( 59 ) 

It wiU be observed that the t{z) polynomials are symmetric about the central term. 

If the series 1 — 2 /?( 2 ) is now compared with the series for long range order in 
Ashkin & Lamb’s paper (i943> ®<ination 5.10) it will be found that they are identical 
for all terms quoted. It is not difficult to see that the spontaneous magnetization 
and long range order must be identical since they are both given by The 

methods used by Ashkin & Lamb for deducing the series for long range order can be 

* I am indebted to a referee for criticism of the original draft of this section. 
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applied to table 5, and the three terms of (58) result. The next term of this series 
has also been deduced similarly: 

t^{z) = 4z® + 46z*+200z® + 305z® + 2003^°+ 4 Qzi 2 ^ 4214 ^ (gOj 

and this adds to (59) the two terms 

8659zi« + 44024z“. (61) 

One of the interestm^ physical properties of the series yff(z) is its behaviour in the 
neighbourhood of the sinjgularity, and this involves an estimation of the magnitude 
and trend of the terms (59), (61). It is useful as a preliminary to quote briefly the 
properties of a power series Sa„z“ whose coefficients are steady in behaviour 
(Dienes 1931 ). If the a.^ are consistent in sign there is a singularity on the real axis 
&tz = B, the radius of convergence of the series. 1 /JJ is equal to the limit as »->-oo 
of I I and the behaviour of the function in the neighbourhood of the singularity 

is determined by the order of magnitude of For example, if B^an~K the 

singularity is of the form (1 —z/JS)-\ if it is of the form log(l—z/J 2 ). 

If ~ -4 /»*' an estimate of the value of k for large n enables one to obtain a good 
approximation to the sum of the series. For the series (69) one can feel fairly con¬ 
fident on physical grounds that the radius of convergence is the same as for A(0-4142). 
The values of for the first nine terms of the series (considered as a power 

series in z^ and given by (59) and (61)) have been calculated, and they are as follows: 

term 23456 7 8 9 

IjBP’a.^ 33-97 49-50 67-88 88-60 109-81 131-62 153-79 176-31 (62) 

1-0 

0-8 

0-6 

0-4 

0-2 


0 

z 

Figxjbe 2 

These teijms are best considered logarithmically for the estimation of A and k. It is 
found that for all but the first few terms the values of h obtained decrease slowly, 
the value at the last term being about 1-16. When numerical values are substituted 
it seems likely that ^[x) is substantially different from 0-5, except in the immediate 
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neighbourhood of the singularity^ where it comes up very rapidly to 0 - 6 . The esti¬ 
mated yff(z) and the corresponding spontaneous magnetissation /q/J® are plotted in 
figure 2 . 

7. The HIQH-TEMPBRATtrBB EXPANSIONS 


Before proceeding further, we shall investigate the behaviour of the specific heat 
singularity in the presence of a fnagnetic field, and this involves an analysis of the 
series (50) for values of <1. We have tabulated the coefficients of powers of« (= z®) 
in (50) for /i = 0-9,0-8 and 0-7, and they are as follows: 

coeffioient of 






u’^ 


u] 

1 

1 

2 . 

6 

14 

44 

U2 

0*9 

0*9 

1*62 

3*41 

7*39 

16*0 

32*2 

0*8 

0*8 

1*28 

2-20 

3*36 

3*21 

- 6-48 

0*7 

0*7 

0*98 

1*32 

1*10 

-1*44 

-^10*9 


It is not difficult to detect a fundamental difference in behaviour between terms for 

= 1 and /{< 1 . When [1 = 1 the terms are all positive and steadily increase, and. 
this corresponds to a singularity on the real axis (Dienes 1931 ). On the other hand, 
for /t = 0-7 and 0;8 the terms do not remain consistent in sign; even for /t = 0-9 th^ 
ratio of successive terms ceases to increase at the last term given above, which is 
not the case at any stage for /i = 1 ; there are strong indications that for any < 1 
the terms are not consistent in sign beyond some point. This leads one to conjecture 
that the specific heat transition becomes continuous in the presence of a magnetic 
field, which is also the result given by the Heisenberg theory. 

A rearrangement of the terms of the peries (60) provides further evidence that 
there are no singularities in A for /t < 1 . Let us write A as a power series in n whose 
coefficients are functions of z; this corresponds to starting at some point of DE in 
figure 1 and moving parallel to DA. We obtain 


A = 1 -t- /tit®+ — 2u*) + /t®(6it* — 14it® - 1 - 8 m®) 

+-f 1 8 m® — 77m® -f 98 m^ — 40m®) -f.... (64) 

This series is valid in the neighbourhood of DE for all m. At m = 1 it is easy to show 
that A = l-h/t. Hence all coefficients of powers of /t higher than the first must 
vanish when it = 1; it was, in fact, this consideration which enabled us to fill in the 
last term of (64) as - 40 m®. (It is easy to see on physical grounds by considering 
overturned spins that the highest power of m in the term in ptP is m®®.) 

We now try to find an expansion for values of m near m = 1 . Putting (1 - it) = ^, 
and expanding A as a power series in the coefficient of ^ is 

— 2/t-f 2/t® —2/t® + 2/t®-(-..., . (66) 

and one may assume that the sum of this is -2/t/l-t-/t. Similarly the coefficient 

/t-6/t®-f 16/t®-31/t®-i-..., (66) 


and in this series second differences of coefficients are constant ; this indicates that 
the sum is One is thus tempted to conjecture a general expan¬ 


sion of the form 


A — 1 2 






I’ 


(67) 
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It should not be difficult to establish the form (67) rigorously by high-temperature 
expansions of the type referred to in § 1 (a). We can easily check the first two terms 
above by considering their values for= 1, the transformation (3) being available 
here; it is found that they give the correct result. 

Using the values of and the series (60) we can now find the coefficient 

of /i® in (64); we can then return and determine These are, respectively, 

8tt® -h 44«« - 370«’ + 799# - 706# -t- 226#® (68) 

and 6/<® — 14/i® -|- 6/i®. (69) 

This process can be extended if we notice a symmetry property of the ^,.(/i). All the 
derived so far satisfy the relation 

This is exactly the relation we should expect from (41) if there were no singularity 
in A along BO in figure 1. It corresponds to the physical fact that there is no spon¬ 
taneous magnetization in this region, as can be verified by evaluating (63). Assuming 
(70) we can deduce several more terms of (64) and (67); each additional term of (64) 
introduces two unknowns, and each term of (67) one. We find for (64), 

/i8(2# -f 40# + 40tt’ -1656# -I- 5304# - 7672#® -f 620#i -1362#2) 

+/t’(22# +138# - 424%® - 6470# -f 30348#® 

-65104t6ii-|-7085(hti®-3903(ht“-f8670w«), (71) 

and for (67) 

= — 2/t® -f 42;t8 — 84/t* -f- 42/4® — 2/4®, 

= - 34/4® •+■ 320/4* - 580/4® -h 320/4® - 34/4’, I 

9ig(/4) = 8/43-423/4*-f-2691/4®-4365/4«-l-2691/4’-423/48-H8/4»,. .. ' 

= 222/4*-4720/4®-f-21926/4®-34858/4’-1-21926/48-4720/4®-H222/41®., 

Again, the values of (72) at /^ = 1 have been checked and they are found to be correct. 
Finally, using the known values at = 1 it is possible to add one more term to (71), 
and two more terms to (72). 

All the results of this section have been deduced from the one series (50) trans¬ 
formed into (64), This brings out very clearly that the high- and low-temperature 
expansions for /^ = 1 are not independent, as one would expect from statistical 
considerations. The series (67) is valid for all (^<0*828); and the series (64) seems 
to be valid for all /^ < 1, thus strongly indicating the absence of any singularity in 
this region. 


8. The theory oe solid solutions 

In I, § 2 the derivation of the partition function for the order-disorder and solid 
solution problems was discussed. For the quadratic lattice which we are considering, 
when the zero-energy terms are taken into account, the free energy per unit is 

given by j,, ^-kT^ogA-a^log/i]-i-2o^e{^-\-2il -ai)e'a, (73) 

/lA^jA = aj. (74) 


where 
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When the sign of the energy is considered, it will be found that 

values of z between 0 and 1 , which we have been discussing in the present paper, 
correspond to the solid solution problem. The order-disorder problem corresponds 
to values of z between 0 and 1 , and is thus related to the antiferromagnetio problem 
The exact theory of binary solid solutions was considered by Lassettre & Howe 
{ 1941 ), and we shall find many of their conclusions here substantiated. 



FiGtTBB 3. (z = 0-4.) 



concentration, of 2 concentration of 1 

Figube 4. (z = 0-4.) 


a natlirjf'r attention to a fixed concentration o^, the relation ( 74 ) determines 
a path m the (^, z) plane along which A must be evaluated to determine F'. When 

When zt^^M ^ ^ * 3 T)e of path results, 

c^rrfi as a function of is sLlar to the 

3 (z = 0-4). Its value increases steadily from zero at /t = 0 to /?(z) 

lattic^ lnTt!trh'' ^ 1 ^ arises for an infinite 

<Tt^ 1 T continuous change for a large finite lattice. Hence 

^ line AB. For z =. 1 we 

use( ) oshowthat;t/l-l-;i->ai.Thusforanyvalueofaidifferentfrom|the 
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path given by (74) moves along AC nntil ^{z) = a^, and then it turns into the plane 
cutting BE in a point jlc = a^/l — Typical paths are AC^B^, AC^B^. 

Clearly a transition takes place at points such as and we shall interpret the 
portion AC^ as corresponding to a separation into two phases, and the portion C^B, 
as solution. This interpretation is borne out by the curve of free energy as a function 
of concentration shown in figure 4. (For simplicity the case eil = 622 has been taken, 
but the resulting features are essentially the same for the general case.) The portion 
AOi may be regarded as a mixture of two phases at Y, phase I being a solution of 
fi{z) of substance 1 in substance 2 , and phase II a solution of fi{z) of substance 2 in 
substance 1 . fi{z) is thus the maximum concentration which can exist in solution 
at the given temperature, and is in fact the solubility curve for the two substances; 
it is shown in figure 2 . As we move along ACj^ the proportion of phase II gets smaller 
until at Cl it disappears. 

The nature of the transition at can be determined from (73) and (74). There is 
a discontinuity in at given by 


lim 

/t-j-l 


cx^A^-/iA^ 


(75) 


On the other hand, (F'jT)^ = 0 , so that the energy E is equal to e-y^^AzjA. and this 
does not involve Thus the energy is continuous, but the specific heat has a dis¬ 
continuity given by 




(Aa/A)] = *(zlogz) 2,1 


e 

icT^ 




to[A|;(A»/A)]. 


(76) 


so that the transition is second order. For aj = 0-5 the transition takes place 
at C, and the specific heat curve has a logarithmic infinity of the type given by 
Onsager ( 1944 ). 

Knally, it seems reasonable to assume that with the exception of the detailed 
behaviour at the singularity O, the discussion of §8 should be qualitatively 
applicable to a three-dimensional model. 


The work described above was carried out at Cambridge during the tenure of 
a Senior Research Award of the D.S.I.R. 
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For table 1 see pull-out sheet facing p. 220. 
Table 2 


pEj 0^1 


10, 

0,10, 

0,1, 


-p 

1*0, 

0,ls0. 

0,13 

10, = 2 
0,10, 

0 ,la =3 

10,1 = 2 
0,10,1 

I30, 

Or I3 

0,1 

1*0,= 4 

0 ,12 0 , = 3 
10,10, 
0,10,10* 

0,13 = 6 

10,12 = 3 

l 3 0rl = ^ 
0,1. 0,1,* 

10 , = 5 

0,10, = 2 

0,12 = 5 

10,1 = 5 
0,10,1 = 2 

l3 0, = 7 
0,130, = 6 

1. 0,15 0, 

6,1.65 IftO* 

0,1 = 2 

l20,= 13 
0,l20, = 7 

10,10, = 3 
0,10,10* = 2 
10,10 

0,13=16 
10,12=12 
120,1 = 10 
0,la0,l, = 4 
10,10,1 = 2 
0,10,10*1 


0,14 



A4=0 
A, = 0 
A4= 1 

As = 0 

■ A, = 2 

I40, 

0,1*0, 

0,15 


A, = 0 

0,14 = 10 

10, 13 = 4 

I2 0 ,12 = 3 
130,1 = 2 
0,1.0,15 

‘1»0, 

0,15 0, 

0,1, 

Aj = 5 

1*0, = 11 

0 , 13=15 

1.0, 

0,17 Ag = 0 

0,140,= 10 

laO, I5 0, 

0,1.0,150* 

10,14 = 5 
I2O, I3 = 4 
I3 0, 12 = 3 
140,1 = 2 
0,1.0,15 

0,1$ 0, 



* Of la0,16 refers to all configurations of this type such that a>0, 6>0, = number of 

I’s in the column, and similarly for other configurations. 


Table 3 


Vi 

10, 




As = 0 


0,10. 





V2 

0,1 

■I20, 

0,130, 

10,10, 

0,10,10, 



A4= 1 

V3 

10, 

0,13 

I3O, 


> 

cn 

It 

0 


0,10, 

10,1 = 2 

0,13 0, 





0,10,1 

1. 0,15 0, 

0,1.0,15 0* 
10,10,10* 
0,10,10*10. 



V4 

0,1 = 2 

130, = 3 

0,13 

140, 

A. = 2 



0,130, = 3 

10,12 = 2 

0,14 0, 




10,10, = 2 

IjO,! = 3 

.Ia 0 ,l 50 , 

' 



0,10,10t=2 

0,1.0,15 

0,1.0, IsO* 





10,10,1 = 2 

laO, I5 0, 1.0* 





o,io,io;i 

0,1.0,150* 1.0^ 



10,10,10*10^ 
0 , 10 , 10 * 10 « 10 ^ 
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?1=-X 

W 


?4=-.X 


10, = z» 

0,10, = a2 

0,1 =z 

IjO, =z* + z4 
0,l2 0, = z^+z* 
0,1a =a+z® 

10,1 = 2** 


Table 6 


10,10. =z* 

0,10,10, = z* 

0,10,1 =z» 


?s=-^x 

vfi 


10, =:Z* IjO, =z®+3z* + z* 

0,10, = z* 0,lj0, = zi! + 3z^+z« 
0,1 =z» 0,1s =a+3z»+z' 

10,1a =3z»+2z' 
laO,l =2z»+3z' 


10,la0, ] 

la 0,10. I_ 

0,10, laOj I 

0,la0,10aJ 

Or 10. la 
0,1*0,1 / - 


IjO, =z!‘+3z« 
0,1*0,= 2z*+2z« 
0,1* =3z'+z’ 

10,1 =z»+2z'+z» 


10,10, =z«+z« 10,10 =z* 

0,10,10,= 2a* 0,101 =z» 

0,10,1 =z*+z’ 0,1010.\_ 

1010, /“* 
010,1 =z» 

0,ls0.1 =z> + 3z®+z’ 

0,1*0,1* =z*-f'2z*+z^ 
0,10,1s =z» + 3z»+z’ 
10,10,1* =3z»+2z» 
1*0,10,1 = 2z* + 3z^ 
10,1*0,1 = 2a*H-2z* 


lOrl.O, 1 , „ . 

0,10,1*0, } - * +3a +a® 


w = 1/(1-z*) 



10,10.10, =z' 

= + 

0,10.10,10„ = z< 
0,10.10,1 =a! 

= 25®+2® 


= 2:5® 



10, =za+a*+2z* 
0,10. = z*+2z«+z» 
0,1 =2z‘+z»+z* 

0,10 = —z*4-a* 
010, =z*-a» 


1 , 0 , = z® + 6z*+6z*4-a® 

®r I 4 0 , = a* + Oz*+ 6 z*+a* 
0 , 1 , =z+ 6 z»+ 6 z'+z» 

10, Ij = 4z> + 8a;5 4 .2z’ 

1* 0,1* = 3z® + 8z' + 3z’ 

Is 0,1 =2z» + 8z' + 4z’ 
0,l«0.1s0,l, =z»+a’ 

10,10.10,1 = 2 z» 

Is0,ls0.1,0, 

0,la0.1s0,l,0j -* +*‘ 
0,10,10,10„1 =z» 

10,10.10,10„ \ . 
0,10,10,10„10j “* 


a® z* z« 
•z'® 1 1 1 

1 3 6 

z'« 1 6 22 

z'® 1 10 60 

1 16 136 

z'^* 1 21 266 

z'** 1 28 476 

z'“ 1 36 792. 

z'“ 1 46 1246 

z'»» 1 66 

z'®» 1 


Table 6 

Z® z“ z“ 

1 1 1 

10 15 21 

60 136 266 

262 822 2233 

822 3736 13630 

2233 13630 65041 

6292 42022 

11292 



21® 

si® 

1 

1 

1 

28 

36 

45 

476 
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Nuclear magnetic resonance at low temperatures 
By J. Hattok and B. V. Bolun 
[Communicated by F. Simon, F.B.S.—Received 22 April 1949 ) 

Investigations iiave been made on nuclear paramagnetism at low temperatures by the radio- 
frequency resonance absorption method. In measurements on solid hydrogen it has been 
found that there are considerable changes in the width of the resonance line with change of 
temperature. These effects are related to changes in the nature of the molecular motions and 
the state of the molecxilar order. A number of experiments have been made on nuclear 
spin-lattice relaxation in different substances. It has been shown that in ionic crystals the 
nuclear relaxation is greatly affected by the presence of paramagnetic impurities. The 
nuclear relaxation time in metals has been foimd to be in reasonable agreement with 
theoretical predictions. Measurements have been extended to temperatures below 1*^ K, and 
the possibility of cooling the nuclear spin system by adiabatic demagnetization has been 
verified. The results for nuclear spin-lattice relaxation are considered in relation to the 
possible applications of nuclear paramagnetism in the region of very low temperatures. 


1. Inteodttotioi^ 

K a substance containing N nuclei with magnetic moment pi and spin Ihj^n is 
placed in a magnetic field a magnetization Mq is set up, given by the Curie 
relation 




I+l 
ZhT I 




( 1 ) 


This magnetization is attained only when thermal equilibrium has been established, 
so that there is a Boltzmann distribution, corresponding to the lattice temperature 
T, over the 2 / 4-1 magnetic energy levels. The rate at which equilibrium is attained 
depends on the rate at which energy and angular momentum can be transferred 
from the nuclei to the lattice, and the approach to equilibrium may be described by 
the relaxation equation ,,, ,, ,, 

dt~ T, ’ 


where is the spin-lattice relaxation time. 

The relaxation time can be measured by radio-frequency resonance methods 
(Purcell, Torrey & Poimd 1946; RoUin 1946; Bloch, Hansen & Packard 1946). The 
essential feature of these methods is that the substance is subjected to a strong 
magnetic field Hq, and a weak oscillating field is applied in a transverse direction. 
The frequency Vq at which resonance is obtained is given by 


fevo = ( 3 ) 

For a value of Hq of a few thousand gauss, the frequency required is of the order of 
1 to 10 Mc./sec. There are a number of ways in which the resonance can be detected; 
one of the most convenient is that due to Purcell et aL, in which the resonance 
absorption of energy by the nuclei is measured by the damping of the tuned circuit 
which supplies the radio-frequency field. By finding the dependence of the absorp- 

[ 222 ] 
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tion on the strength of the radio-frequency field, the spin-lattice relaxation time can 
be obtained- 

The theory of spia-lattice relaxation was originally developed by Waller (1932) 
for the electron spins in paramagnetic substances. If this theory is applied to the 
nuclear spins in a non-metallic solid, it leads to nuclear spin-lattice relaxation times 
of the order of 10^ sec. at room temperature and 10^^ sec. at 1°K. If the relaxation 
time were indeed as long as this, it would preclude the possibility of making any 
practical application of nuclear paramagnetism such as the attainment of very 
low temperatures by adiabatic nuclear demagnetization (Gorter 1934; Kurti & 
Simon 1935) or the use of the nuclear susceptibility for measurement of tem¬ 
peratures near absolute zero (RoUin, Hatton, Cooke & Benzie 1947). 

The relaxation time for the nuclei in ionic crystals has been found to differ con¬ 
siderably from the values predicted by the theory (RoUin 1946; RoUin & Hatton 
1947; RoUin et al, 1947; RoUin & Hatton 1948). The disagreement is most pro¬ 
nounced at liquid helium temperatures, the measured values of relaxation time 
being only of the order of a few seconds or minutes. It appears that this discrepancy 
is due to the presence in the specimens of minute amounts of paramagnetic impurity 
which exert a considerable influence on the relaxation process. 

One of the most interesting applications of the resonance method, apart from the 
study of nuclear relaxation, is to the investigation of the mutual interactions of the 
nuclei in a substance. The magnitude of the spin-spin interaction is indicated by the 
width of the absorption line. During the course of experiments on liquid and solid 
hydrogen, considerable changes in the width and shape of the line with change of 
temperature have been observed (RoUin & Hatton 1948). These changes can be 
correlated with changes in the molecular motions and state of order as the tem¬ 
perature is lowered. 

2. Expeeimektal method 

As the theory and methods of nuclear resonance have been extensively described 
in recent publications (Bloch 1946; Bloembergen, PurceU & Pound 1948; Bloem- 
bergen 1948), we will discuss only those features of our apparatus and techniques 
which differ from those of other workers. 

The circuit we have employed is shown in figure 1. The specimen is placed in the 
coil of the tuned circuit which is supplied with radio-frequency current at the 
resonance frequency. The current is provided by a signal generator feeding through 
a high impedance so that we have essentiaUy a constant current arrangement, and 
the radio-frequency voltage across the circuit is proportional to the circuit im¬ 
pedance. When the field is adjusted to, the ooTrect value for nuclear resonance, 
there is a drop in circuit impedance, on account of the nuclear absorption, and the 
resonance is observed as a change in radio-frequency voltage across the circuit. In 
order to facilitate observation, the field is modulated at an audio-frequency so that 
the change of nuclear absorption gives rise to an audio-frequency modulation of the 
radio-frequency voltage across the circuit. After amplification and rectification, the 
resulting audio-frequency signal can be observed on a cathode-ray oscillograph or 
measured by a meter. 
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As compared with the bridge balancing method used by Purcell et al, ( 1946 ), this 
arrangement has the advantage of simplicity and also freedom from perturbing 
effects due to phase changes arising from frequency modulation of the generator or 
vibration of the circuit elements. The principal disadvantage of our method is that 
rather stringent requirements are placed on the radio-frequency amplifier which 
must have variable gain, be linear and have a good noise factor over a wide range of 
input signals. To fulfil these requirements it is desirable to use an amplifier with 
negative feedback. Some form of balancing method would be necessary if a radio¬ 
frequency amplitude considerably greater than 1 V were required across the tuned 
circuit, in order to avoid saturation of the amplifier. Fortunately, all our measure¬ 
ments could be made with an amplitude less than 1 V. The smallest signal which 
could be detected was determined by the Johnson noise of the tuned circuit when the 
radio-frequency amplitude was less than 10 mV, and by microphonics for higher 
amplitudes. The microphonics were especially large on account of the difficulty of 
obtaining complete rigidity of construction of the coil and the leads to the cryostat 
in which the specimen was situated. 



The field Hq was provided by a small electromagnet capable of giving up to 
4000 gauss with a 2 in. pole-gap. Most of the measurements were made at frequencies 
in the neighbourhood of 2 or 5 Mc./sec. 

The specimen was generally of cylindrical shape, with a volume of about 1 cm.^, 
although much smaller specimens have been used. The specimen was contained in 
a glass cryostat attached to a helium liquefier of the Simon expansion type. The 
cryostat consisted of two vessels A and B situated in an evacuated enclosure 
(figure 2 ). The coil of the radio-frequency circuit was wound on the outside of vessel 
A which contained the specimen. Vessel A was provided with a ground joint so that 
the specimen could easily be changed. This joint was sealed with glycerine and was 
found to be perfectly vacuum-tight even when A contained liquid helium at tem¬ 
peratures below the A-point, 

For measurements at temperatures below the specimen was cooled by 
adiabatic demagnetization of a paramagnetic salt. These experiments presented 
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considerable difficulty, as it was necessary to separate the specimen and the salt by 
an appreciable distance, in order to avoid excessive influence of on the salt, and 
at the same time it was necessary to maintain good thermal contact between them. 
After a number of experiments, it was found that the most satisfactory arrangement 
was to enclose the specimen and the salt in a glass capsule which was filled with 
helium gas at atmospheric pressure and room temperature and sealed off. The 
capsule was placed in vessel A and was cooled to approximately 1°K by liquid 
helium in B, the thermal contact being established by means of helium exchange gas 
in A. Before, demagnetization, the exchange gas was pumped away so that the 
capsule was thermally insulated. 

' helium liquefier 
vessel 



insulated^copper lead to 
radio-frequency amplifier 


manganin wire 


ground joint 

radio-frequency coil (copper) 


3. Methods of meastjrestg the spest-lattioe relaxation time 
The rate of absorption of energy by the nuclei is given by ^ 

where is the amplitude of radio-frequency field and x"> “the absorption coefficient, 
is a function of v and S^. If jffi is very small, the maximum value of is given by 


a: 


( 4 ) 


where Av is the width of the resonance. The change in voltage across the circuit 
is proportional to v = x"Hi- 

When jSl is large, the absorption of energy by the nuclear-spin system causes an 
elevation of the spin temperature and a reduction of x"- The extent of this reduction 
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depends both on the magnitude of and on the spin-lattice interaction, so that by 
finding the value of required to cause an appreciable reduction in x", the spin- 
lattice relaxation time can be calculated. It can be shown (Bloch 19465 Bloem- 
bergen et al. 1948 ; Bloembergen 194 ^) that v has a maximum value when 

(5) 

where y = 

If is longer than a few seconds, it is more convenient to employ a direct method 
of measurement. A very strong radio-jfrequency field is applied so that the nuclear- 
spin temperature is raised considerably above that of the lattice. The amplitude of 
the fiield is then reduced to a small value, and observations are made of the exponential 
groAvth of signal strength as the nuclear temperature falls to that of the lattice. 

4. Experiments on LiQinn and solid ortho-hydrogen 

Measurements were made at a frequency of 5*4 Mc./sec. on the proton resonance 
in liquid and solid hydrogen. It is probable that the ortho : para ratio corresponded 
approximately to the room-temperature equilibrium value of 3 : 1 . The values of 
spin-lattice relaxation time and hne width AH which were obtained at different 
temperatures are given in table 1 . 


yog; 

20 

14-0 

Table 1 

11 

4*2 

1-85 

1*3 

1*1 

(sec.) 

0*02 

0*1 

0*2 

0-3 

0-5 

2 

. 2 

AH (gauss) 

0*1 

0*1 

DO 

8 

10 

60 

50 


The changes in the width and shape of the line as the temperature is lowered are 
shown by the oscillograph patterns in figure Zatog, The deflexion in the x direction 
was proportional to the modulation of jBJ,. Two traces are observed, one for each 
passage through resonance, during the modulation cycle. For the liquid and also 
for the solid just below the triple point, the width of the line is extremely small 
gauss), and one observes the transient oscillation effects which are obtained 
when the time of passage through resonance is short compared with the transverse 
relaxation time Tg (Jacobsohn & Wangsness 1948 ). The width can be calculated 
from the rate at which the oscillations decay. There is no appreciable change in the 
resonance pattern on solidification, but, on further cooling, the width increases. 
At 11 * 6 ° K, where the width has increased to about 0*3 gauss, the passage through 
resonance is sufficiently slow for the transients to be no longer observed. Between 
11 and 10 ^ K there is a rapid increase of wddth to about 8 gauss. Between 10 and 
1-7° K the width remains nearly constant. At 1*5° K a further considerable change 
begins, and, at the lowest temperature which could be attained ( 1 ° K), there is 
a very broad resonance with two peaks separated by about 50 gauss. 

Discussion of the hydrogen resonance 

There are three factors which may influence the width and shape of the resdnance 
line: 

(а) The interaction of the two protons in a molecule with neighbouring molecules. 

( б ) The interaction with the internal field due to molecular rotation. 

(c) The mutual interaction of the two protons. 
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Figure 3 (a). Liquid hydrogen at 14° K.; width of trace 6 gauss. (2>) Solid hydrogen at 
12 -9° K.; width of trace 2-5 gauss, (c) Solid hydrogen at 11-6° K.; width of trace 2-6 
gauss, id) Solid hydrogen at 11-0° K.; width of trace 2-5 gauss, (e) Solid hydrogen at 
1 . 7 ° K.; width of trace 70 gauss. (/) Solid hydrogen at l-d° K.; width of trace 70 gauss. 
(g) Solid hydrogen at 1° K.; width of trace 86 gauss. 
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The magnitude of {a) depends on the crystal structures and lattice spacings. 
Although the structure of solid ori^-hydrogen has not been investigated, measure¬ 
ments on jjaro-hydrogen at 1-65° K (Keesom, de Smedt & Mooy 1930) have indicated 
a close-packed hexagonal arrangement with a separation between nearest neigh¬ 
bours of D = 3-76 A. It seems reasonable to assume that the structure and spacing 
of the 3:1 ortho-para noixture is not greatly different from this. In estimating {a) 
we need fatlra account only of the interaction with the’ nuclei in neighbouring mole¬ 
cules. Although there may be some contribution due to the molecular rotation 
moment of tibe neighbours, this effect is ceirtainly small compared with the nuclear 
interaction. Using the expression for dipolar broadening in a poly crystalline 
specimen (Van Vleck 1948) we obtain for the width due to {a) 

AS = 2-35[|/i2^|:rj^-6j, 

where pb is the moment due to the two protons in a molecule, J = 1, and r is the 
intermol^ular distance. As the only appreciable contribution to the summation 
comes from the twelve nearest neighbours this gives 

hH = 2-35|^y = 8-8 gauss. 

With regard to (6), the field acting on the nuclei due to molecular rotation in the 
state J = 1 for a free molecule is 27 gauss (Kellogg, Rabi, Ramsey & Zacharias 
1939). However, the wave functions for a molecule in a crystal may be appreciably 
different from those for a free molecule, and it is possible that the rotational magne¬ 
tism may be quenched by the crystalline fields. 

A knowledge of the molecular wave functions is also required in order to estimate 
the magnitude of interaction (c). If the effect of spin-spin interaction is calculated 
for a free molecule (Kellogg et aL 1939), it leads to a shift of the resonance by ± 3/6H" 
foi; the rotational magnetic quantum states mj = ± 1 and by ± for mj = 0, 
where =34 gauss (r^ being the internuclear distance and the proton 

moment). 

If the two protons in a molecule were in fi.xed positions with the line joining them 
at an angle d to the shift would be ± 3/2H" (3 cos^ 6 — 1 ) (Pake 1948). If we take 
into consideration that, for a polycrystalline specimen, 6 can have all values from 0 
to TT, then, as shown by Pake, this type of interaction gives a resonance curve which 
exhibits two peaks separated by 3H". 

Although, in the case of solid hydrogen, the protons are not in fixed positions, it 
is probable that, at the lowest temperatures, there is some preferential direction for 
the molecular axis, determined by the forces exerted by neighbouring molecules, 
and this will give rise to a resonance <mrve with two peaks, but it is not possible to 
calculate the separation. 

Turning now to a consideration of the experimental results, the fact that the 
resonance, just below the triple point, has a width of only about Od gauss, means 
that all three interactions (a), (6) and (c) average to nearly zero. The fact that both 
(6) and (c) are suppressed indicates that the direction of the molecular axis is changing 
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rapidly through all possible positions, and, as the width is also considerably less than 
that calculated for (a), it must be assumed that there is also considerable freedom of 
relative motion of the molecules (Bloembergen et ah 1948). The existence of this 
relative motion is, indeed, not surprising, since, on account of the high zero-point 
energy, the solid has a very open structure, the mean separation between molecules 
being greater than that corresponding to the minimum of the interaction potential, 
so that only a small activation energy is required by a molecule in order to be able 
to move from one lattice position to another. It appears, however, that, at 10° K, 
this relative motion can no longer take place, as, at this temperature, the full width 
due to {a) is exhibited. 

The effects of (6) and (c) first become apparent at about 1*6° K. It seems probable 
that the shape of the resonance at the lowest temperature can be attributed to (c). 
The separation of the two peaks is 50 gauss, or about l-5£f". 

Some information about the state of order in solid hydrogen can be obtained fi:om 
specific heat measurements (Mendelssohn, Ruhemann & Simon 1930, 1931; Simon 
1930). Experiments have been made on various ortho-para mixtures at temperatures 
down to 2*7° K. It has been found that the specific heat of or^Ao-hydrogen begins to 
depart from a Debye curve at 11° K, and the anomaly has a maximum at some 
temperature below 2*7° K.* For a mixture containing 50 % of or^Ao-hydrogen there 
would be an entropy change of ^jB log 3 = 1*1 cal./moL, due to the ordering of 
molecular orientation, and — jB log 0*5 = 1*4 cal./mol. for the establishment of order 
in the ortho-para arrangement. Between 11 and 2*7° K the total entropy change 
associated with the anomaly is only about 0*5 cal./mol., so that neither of these 
processes is completed. From our results it seems probable that there is no freedom 
of migration of the molecules at temperatures below 10° K, so that the ortho-para 
disorder is apparently ‘frozen in’. It seems, furthermore, that the main ordering 
of the molecular orientation takes place at a temperature in the neighbourhood 
of 1° K. 


5. Experiments on DEUTERruM 

Using a mixture of deuterium with about 10 % hydrogen, we have made obser¬ 
vations on the deuteron resonance at temperatures down to 1*1° K. At a resonance 
frequency of 2*1 Mc./sec. the relaxation time in the liquid was found to be about 

1 sec. and the line width was less than 0*1 gauss. In the solid, at a temperature of 
1*1° K, the relaxation time was approximately 5 sec. and the line width was about 

2 gauss. Thus the line widths are appreciably less and the relaxation times appre¬ 
ciably longer than for the protons in hydrogen at similar temperatures. 


6. Discussion of the deuteron resonance 

The ratio of ortho to para molecules may be assumed to be given by the room- 
temperature equilibrium value of 2 ; 1. At the temperature of the measurements the 

* 2'7° K is the lowest temperature at which measurements were made. Further experi¬ 
ments on the specific heat of hydrogen are now in progress. 
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ortho molecules would be all in the state J = 0 and the para molecules all in the state 
e/ = 1. The relative abundance of the diJBEerent types of molecule would be as follows: 

abundance 

J J {%) 

ortho 0 0 11 

ortho 0 2 55 

para 1 1 33 

In considering the ratio of the absorption to be expected from molecules with 1 = 2 
to that from molecules with / = 1, we have a factor of 5/3 for the relative abundance 
and, since the absorption depends on I{I +1), there is another factor of 3, making 
altogether a ratio of 5:1. 

^ There is no doubt that the resonance we observed was due to the molecules with 
7 = 2. Since, for these molecules, J = 0, there is no contribution to the width from 
interactions of the tjrpes (b) or (c) considered for the case of or^Ao-hydrogen. 

Calculation of the effect due to {a) leads to a width of 2-4 gauss in solid deuterium, 
which is in reasonable agreement with the experimental value. As would be expected, 
the electric fields due to near neighbours are too small to produce any appreciable 
broadening through interaction with the nuclear quadrupole moment. 

For molecules with / = 1, a broadening would be expected due to (6) and (c) 
and also because of the interaction of the quadrupole moment with the internal 
electric field. This latter effect would be the major influence at very low; temperatures 
and would be expected to lead to a line width of the order of 100 gauss. Our experi¬ 
mental arrangement was not sufficiently sensitive to detect the presence of such a 
broad resonance. 

It is to be expected that the relaxation time for the nuclei of or^Ao-deuterium 
would be longer than in the case of or^i^o-hydrogen, since the relaxation process 
depends on the interaction of the nuclear moment with magnetic field fluctuations 
due to the thermal motions of the molecules. Not only is the moment of the deuteron 
much less than that of the proton, but also, for molecules with J = 0, there is no 
contribution to the field fluctuations due to changes of molecular orientation. 

7. Nuclear relaxation in ionic crystals 

Preliminary observations on a number of ionic crystals, in the form of samples 
compressed from powdered salts, yielded values of the order of a few seconds for the 
nuclear spin-lattice relaxation times at temperatures in the liquid heHum region. 
In order to investigate the mechanism of the relaxation process, a study was made 
of the nuclei in single crystals of fluorite, at different temperatures and for differ¬ 
ent values of the magnetic field Hq, The results of these experiments were as follows: 

(а) Colourless fluorite 

In table 2 are given the values of for a colourless transparent crystal of natural 
fluorite, measured at a frequency of 5-3 Mc./sec. The value of TZq was 1340 gauss, 

(б) Irradiated fluorite 

In view of a suggestion by H. Frohlich that the nuclear spin-lattice relaxation 
process in ionic crystals might be largely determined by the presence of paramagnetic 
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impurities or jP-centres, the crystal used in experiment (a) was irradiated with 
X-rays until a blue coloration was produced. It was necessary to carry out the 
irradiation at a low temperature (90® K) so as to reduce the recombination rate of 
the jP-centres. The values of for the irradiated crystal, measured again at a 
frequency of 5*3 Mc./sec., are shown in table 3. The presence of the J^-centres had 
reduced the relaxation times to approximately one-half of their previous values. In 
order to investigate the dependence of on jETq, measurements were made on the 
same irradiated crystal under the same conditions but with Vq = 2-05 Mc./sec., 
Hq = 503 gauss. The results obtained are given in table 4. It is interesting to note 
that, if the spin-lattice relaxation were due to the mechanism considered by Waller, 
would be proportional to l/Hl, whereas, in fact, the experiment shows that 
increases with increase of Hq, 

Table 2 



sec. 

20 

17 

4*2 

67 

1*2 

280 


Table 3 


T°K 

20 

4*5 

1*2 


sec. 

5 

40 

120 


Table 4 

K sec. 

4-6 20 

1-2 60 

(c) Naturally (floured fluorite 

In order to investigate the effect of naturally occurring impurities, observations 
\fere made at a frequency of 5*3 Mc./sec. on a crystal of naturally coloured fluorite. 
The colouring of natural fluorite is commonly due to impurities of rare earths and of 
the iron group. The values of in this crystal were found to be very much shorter 
than for the colourless crystal, as shown in table 5. The resonance width (8 gauss) 
in this specimen was essentially the same as in the colourless crystal. 

Table 5 



sec. 

20 

0*1 

4-2 

0-46 

1-2 

1*0 


Using a different crystal of naturally coloured fluorite, measurements of the 
relaxation time at temperatures down to 0*26° K have been made at a resonance 
frequency of 1*34 Mc./sec. The values are given in table 6. 
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It has not yet been possible to determine the impurity content of these specimens, 
but the presence of paramagnetic impurities in both the clear and coloured fluorite 
has been definitely proved by measurements of Bleaney and Ingram on paramagnetic 
resonance absorption at microwave frequencies in which a number of quite intense 
absorption lines were obtained. 

Table 6 


T^K 

Ti sec. 

4-2 

0-37 

1-0 

1-5 

0*26 



A quantitative study of the effect of paramagnetic impurities on nuclear relaxation 
in ionic crystals has been made recently by experiments on the proton resonance due 
to the water of crystallization of mixed crystals containing known quantities of 
paramagnetic ions (Bloembergen 1948 a; Darby & RoUin 1 949) • been established 

that the relaxation time decreases with increasing paramagnetic content and is 
approximately inversely proportional to the concentration. 


8. DiSCIJSSIOK of the INFLUElirCE OF PABAMAGHETIO IIVCPUBITIES OK KUCLEAR 
BELAXATIOK IK lOKIO CRYSTALS 


In the relaxation mechanism considered by Waller, changes of spin orientation 
are induced by the fluctuating magnetic fields acting on each spin due to the relative 
translational motion of neighbouring spins. For nuclear spins this effect is ex¬ 
ceedingly small because of the small magnitude of the nuclear moment. The tran¬ 
sition probability at low temperatures is about 10 ^® times smaller than for the case 
of electron spins. Even if there is a high concentration of paramagnetic impurity 
ions, the field fluctuations due to their translational motions are far too small to 
account for the observed relaxation times. 

Much larger field fluctuations will, however, result from changes of electron-spin 
orientation caused by spin-spin or spin-lattice interaction. If is the mean square 
magnetic field fluctuation per unit frequency range in the neighbourhood of Vq acting 
on the nuclear moment, then the probability, W, that a nuclear transition will be 
induced by the field is given by 

( 6 ) 

If the field fluctuations are of a random character with a correlation time r^, we may, 
as in the theory of Bloembergen et al, ( 1948 ), assume a Debye type of spectrum: 




1-f 


(7) 


where is the total mean square fluctuation. For a nucleus at a distance r from 
a paramagnetic ion with effective magnetic moment the value of is given by 

( 8 ) 

In considering the effects of interaction of the electron spins, we may identify 
with the spin-spin relaxation time p\ The value of p' depends on the separation 
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between the paramagnetic ions, and if the concentration of such ions in the sample 
is c, we have for reasonable lattice spacings 

p'~ 10 ~®/c sec. ( 9 ) 

The expression ■ (jq) 


determines the rate at which quanta of energy hv can be exchanged with the para¬ 
magnetic ions due to the mutual interaction of these ions. However, the theory of 
paramagnetic spin absorption (Gorter 1947 ) indicates that the absorption is decreased 
in the presence of a steady transverse magnetic field Hq, probably in the ratio 


Hi^ 


( 11 ) 


where is the mean square field acting on an ion due to neighbouring ions. It 
seems plausible to suppose that the absorption of quanta from nuclear transitions 
is also reduced by this factor. Consequently, from ( 6 ), ( 10 ) and ( 11 ), we obtain for 
the nuclear transition probability in the presence of the steady field 


W 


4p' Hi^ 

1 ‘kn^v^p’^ HP 4- H^' 


( 12 ) 


If the concentration of paramagnetic ions is c, then 



(13) 


where H is the lattice spacing. The mean square local field at a nucleus distant n 
lattice spacings from a paramagnetic ion is 




.Ji. 


(14) 


and so we obtain for the transition probability of such a nucleus, using (9), (12), (13) 
and (14), 


W~y 


,2 . 


_ 4x10-9 _ 

(P -1- 47r^v^l0~^^) (jUgP +X>9flo) ' 


(15) 


If we substitute the numerical values y = 2 x 10 *,/tg = lO-*®, H = 3 x 10“® we obtain 


^^2x 10® ^_- 

(c ®+477 Vl0-«) (c2 -f 7 X 10-^H§)' 

Hence for a near neighbouring nucleus, for which n = 1, we have, with 

V = 5 X 10® c/sec., Hq = 1500 gauss and c = 10-®, IT ~ 2/1-5, 

so that l/W:^TgCiO-7 sec. ^ (16) 

In order to calculate the effect of electron spin-lattice relaxation on the nuclei, 
we equate Tg in equation (7) to the electron spin-lattice relaxation time p. Then from 
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equations ( 6 ), (7) and (14) we obtain for the relaxation time of a nucleus adjacent to 
a paramagnetic ion, the value 


Tr. 


1 


W 


~10 


(17) 


For most paramagnetic ions at the temperatures with which we are concerned, 
/9®>10~“, and so we obtain 

( 18 ) 

For the particular case we have considered, the electron spin-spin and spin-lattice 
effects would be equal for p ~ 0*7 sec., a value which would be expected only at tem¬ 
peratures in the neighbourhood of 0 -l° K. It follows that, at all temperatures at 
which experiments have been made, the electron spin-lattice relaxation will be the 
mechanism responsible for inducing nuclear relaxation. 

So far we have considered only the relaxation time of the nuclei adjacent to 
paramagnetic ions. For a nucleus distant n lattice spacings from an ion, the re¬ 
laxation time due to direct interaction with the ion would be n® times longer, and 
the mean relaxation time of all the nuclei would be of the order of that for the most 
distant ones. This leads to 

indirect) — ( 18 ) 

However, these distant nuclei may be able to attain equilibrium more readily by 
conduction of energy through the nuclear spin systpm. The nuclear spin-spin inter¬ 
change time is of the order of 10 “* sec., and the average time for quanta to diffuse 
a distance of n lattice spacings will be about 10 “® For the nuclei farthest from an 
ion, ~ c-*/2-5, so that the time for diffusion of quanta to the nuclei adjacent to 
an ion is 

iZx,~4x 10 -®c“*sec. ( 20 ) 

Hence, for c = 10 ~®, we have 2^ ~ 4 x 10 ~® sec., which will usually be shorter than 
the equilibrium time due to direct interaction given in equation (19). 

Since each ion is surrounded by 1/c nuclei, the average relaxation time, will 
be the time for exchange of 1/c quanta by the nuclei adjacent to the ion. Hence 


^ c z 


( 21 ) 


where z is the number of near-neighbouring nuclei. 

It is possible, however, that the equiKbrium rate may be Kmited by the rate of 
interchange of quanta between nuclei with n ^ 1 and n = 2 . In general, an ion will 
have about ten near neighbouring nuclei, each of which can exchange quanta at a 
rate of 10 ^ per sec., so that the maximum rate at which quanta can be transmitted 
to the ion is of the order of 10 ® per sec. Hence, with the assumptions we have made, 
the mean relaxation time cannot be very much shorter than about lO^^/c sec. This 
provides the hold-up, in the example we have chosen, for the case of a specimen at 
room temperature when p 10 "''^ sec. In this case, therefore, we will have 

Ti^^ilO-^sec. 
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On the other hand, at liquid helium temperatures where we may take p 10“^ sec., 
the nuclear spin-lattice relaxation time will be determined by equation (21), and 
we have 

sec. 

These values are in fairly good agreement with our experimental results. 

From equation (21) and succeeding remarks, it will be seen that the nuclear spin- 
lattice relaxation time is governed by the value of p, provided p > sec. For 
many paramagnetic substances p has a value of 10 “^ sec. at a temperature in the 
region between 20 and 80° K. At higher temperatures, our theory would suggest 
that the nuclear spin-lattice relaxation time would be independent of temperature. 
At lower temperatures, the dependence of on temperature would be the same as 
the dependence of p.* The dependence on magnetic field is determined by the Debye 
expression (7), which leads in this case to 

J _ T.]l 

Tl~SIp’ 

so that the relaxation time depends on both on account of the field dependence of p 
and because the resonant frequency is proportional to JSq. Thus at low temperatures 
we would expect to increase with decreasing temperature and with increase of the 
steady magnetic field strength. These deductions are in qualitative agreement with 
our observations. 


9. Nuclear RELAXAoxoN IN METALS 
(a) Aluminium 

The relaxation time of Al^^ has been measured at a frequency of 2-45 Mc./sec., 
using a spiral of insulated aluminium foil. The thickness of the foil was of the same 
order as the penetration depth of the radio-frequency field. The line width was 
approximately 10 gauss. The values obtained for are given in table 7. 

Table 7 

jT® K T-i sec. 

20 - 0-2 

4-2 -'I 

1-2 f-'l 


( 6 ) Copper 

Resonance signals due to the isotopes Cu®® and Cu®^ have been observed in a spiral 
of insulated copper foil, using a frequency of 2-48 Mc./sec. The resonance width for 
each of the isotopes was approximately 8 gauss. At a temperature of 1 * 2 ° K, the value 
of Ti for the most abundant isotope, Cu®^, was found to be approximately 3 sec. 
Further experiments at temperatures in the range from 1*1 to 0-27° K have been 
made on a sample of precipitated copper. The specimen was mixed with alcohol to 

* For very low temperatures and low field strength the relaxation process may be 
determined by electron spin-spin interaction [equation (16)]. The value of would then 
be expected to be independent of temperature over a certain range. 
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pro^dde insialation between the particles. The resonance signal was too weak to 
permit reliable measurements of the relaxation time to be made, but there was no 
striking change on cooling from 1*1 to 0*27° K. 

The measured values of the relaxation times in metallic aluminium and copper 
are in approximate agreement with the theory of Heitler & Teller (1936), in which 
the spin-lattice coupling is assumed to take place via the conduction electrons. 
However, there are not yet sufficient data to test the theoretical proportionality 
between and K. 

10. Nuclear demagnetizatiok 

By taking advantage of the long relaxation time in colourless fluorite it was 
possible to carry out an experiment on nuclear demagnetization. The crystal was 
maintained in a field of4000 gauss for 12 min. at a temperature of 1 -2° K, after which 
the field was reduced rapidly to the resonance value of approximately 500 gauss. 
The temperature of the nuclear-spin system, measured by the strength of the 
resonance signal, was found to drop to 0*17° K (the value of HJT being approxi¬ 
mately constant), and subsequently to rise to the lattice temperature with a re¬ 
laxation time of 60 sec., in agreement with the previously measured relaxation time. 


11. Nuclear paeaimaonetism and very low temperatures 

It is interesting to consider the results on relaxation times in relation to the 
possible applications of nuclear paramagnetism at very low temperatures. 

Owing to the very weak interactions of the nuclei in a substance, the nuclear 
susceptibility would be expected to obey Curie’s law down to temperatures of the 
order of 10“^° K, so that measurement of the nuclear susceptibility would provide 
a convenient way of determining absolute temperatures in this region. For the 
" success of this method it is, of course, essential for the nuclear spin-lattice relaxation 
time to be reasonably short. From the experimental evidence and also from theo¬ 
retical considerations it seems unlikely that the use of non-metallic substances, in 
which the nuclear relaxation is brought about by virtue of electron-spin transitions, 
wdfl be satisfactory at very low temperatures and in very strong magnetic fields. For 
metals the situation is more promising, but even in metals we must expect relaxation 
times at least of the order of several hours at temperatures of 10"“®° K. 

By application of a magnetic field of the order of 10® gauss at a temperature of 
10-2° K it should be possible to obtain an appreciable degree of nuclear alinement 
(Kurti & Simon 1935; Simon 1939), and so to investigate the spin dependence of 
nuclear reactions and the angular distribution of the particles from nuclear dis¬ 
integrations (Spiers 1948; Rose 1949). By demagnetization from such conditions, 
extremely low temperatures should be attainable. For the above projects, short 
relaxation times are again an essential requirement. With values of Hq/T greater 
than about 10® gauss/® K, it would probably not be practicable to rely on the 
catalytic effect of paramagnetic ions for inducing nuclear relaxation. For metals, 
for which theory (Heitler & Teller 1936) predicts that the relaxation time varies as 
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IjT and is independent of the situation is more hopeful, but the relaxation time 

would still be very long at the lowest temperatures. 

Recently (Gorter 1948; Rose 1949) it has been suggested that it should be possible 
to achieve alinement of the nuclei of paramagnetic ions by making use of the very 
large internal field acting on the nucleus due to the electronic moment. By using 
a mixed salt in which about 10 % of the paramagnetic ions have a nuclear moment, 
and demagnetizing from an initial temperature of l'^ K and a field of 3 x 10^ gauss to 
a temperature of 10 “^° K and 300 gauss, a considerable degree of nuclear alinement 
should be obtained. Calculation suggests that in this case the nuclear relaxation 
time will be quite short, since the value of H^jT involved is not excessive. 

In conclusion, we would like to express our thanks to Lord Oherwell for extending 
to us the facilities of the Clarendon Laboratory, and to Professor P. E. Simon for 
his continued encouragement and support of this work. We are greatly indebted to 
Professor M. H. L. Pryce and Mr K. W. H. Stevens for a number of very helpful 
discussions, and to Mr J. P. Darby for his able assistance in some of the measure¬ 
ments. One of us (J. H.) would like to make grateful acknowledgement to the 
Department of Scientific and Industrial Research for a research grant. 
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The nature of turbulent motion at large wave-numbers 


By G. K. Batchelor, Trinity College, University of Cambridge 
AND A. A. Townsend, Emmanuel College, University of Cambridge 

{Communicated by H. Jeffreys, F,B, 8 ,—Received 4 May 1949) 


This paper pr^ents some measurements whichi describe the distribution, of turbulent energy 
over Fourier components of large wave-number. According to Kolmogoroff’s theory these 
components of the motion are in statistical equilibrium. Over part of the wave-nximber 
range the form of the spectrum is predicted by a dimensional argument, but at higher wave- 
numbers the spectrum depends on the manner in which energy is transferred across the 
spectrum. Several postulates about this transfer effect have been made. Only that made by 
Heisenberg leads to a ^eetrum function which can be consistent with the measurements. 
Consistency with Heisenberg’s spectrum is obtained by postulating that there is an upper 
limit to the range of wave-numbers containing energy. This limit evidently corresponds 
to a critical Reynolds number below which no energy transfer occurs and the motion is 
* laminar’. 

Measurements describing the probability distribution of dujdx, d^ujdx^ and d^ujdx^ are 
also described. These, and oscillograins of the velocity derivatives, show that the energy 
associated with large wave-numbers is very unevenly distributed in space. There appear to 
be isolated regions in which the large wave-numbers are ‘activated’, separated by regions of 
comparative qmescence. This spatial inhomogeneity becomes more marked with increase in 
the order of the velocity derivative, i.e. with increase in the wave-number. It is suggested 
that the spatial inhomogeneity is produced early in the history of the turbulence by an 
intrinsic instability, in the way that a vortex sheet quickly rolls up into a number of strong 
discrete vortices. Thereafter the inhomogeneity is maintained by the action of the energy 
transfer. 


1. iNTRODtrOTION 

Kolmogoroff’s theory of local similarity of turbulent motion (Kolmogoroflf 1941; 
Batchelor 1947) has received strong experimental support (Townsend 1948 a, 6) and 
may now be regarded as an accurate description of one part of the motion. This 
theory states that the small-scale structure of turbulent motion has invariant 
statistical properties, apart from changes in the length and velocity scales, under 
dififerent conditions. Whatever the nature of the large-scale structure of the tur¬ 
bulence, the small-scale structure is postulated to be statistically isotropic and 
approximately homogeneous in both space and time. The meaning of the latter 
property is that the statistical characteristics of the small-scale motion are approxi¬ 
mately unchanged by translations in space and time over intervals which are large 
compared with lengths and periods typical of the small-scale structure. From a 
consideration of the way in which energy is transmitted from large-scale fluctuations 
of the motion, it is postulated that the statistical properties of the small-scale motion 
are determined by the two parameters v (kinematic viscosity of the fluid) and e 
{Qjx&rgj dissipation per unit mass of fluid). 

The theory is best formulated analytically in terms of the energy-spectrum 
function, since the physical significance of this quantity can easily be understood. 
In particular, physical understanding is used to justify the assumption that this 
spectrum function at wave-number k is determined largely by that part of the 
turbulent motion which is associated "with the length scale 27r/fc. (An equivalent 

[ 238 ] 
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assumption has previously been made about the correlation function (Kobnogorofif 
1941), and while there are circumstances in which it is probably accurate for both 
fnnctions, the authors incUne to the belief that it is more accurate for the spectrum 
function.) If 

Riir) = «,(x)«^(x+r), (1-1) 

where is the i-component of velocity at a point specified by the vector x, the 
general three-dimensional spectrum tensor is defined (Batchelor 1949) as 

00 

r|(k) = ^JJJe-o«)iJ|(r)dT(r), (1-2) 

— 00 . ^ 

where d!r(r) is an element of volume at a point specified by r, and k is a vector wave- 
number. The corresponding transform relation 

00 

-R|(r) = JJJe'O'^TKk) dr(k) (1-3) 


shows that is the density in wave-number space of contributions to the 

energy of the fluctuation in the i-direction, and that ^r|(k) (repeated indices summed) 
is the density of contributions to the energy of all three velocity components. 

The contribution to the energy from wave-numbers whose moduli lie between 
k and •+• d/j is thus IJ{k) dk, where 


E{k) = i r C”Ti{k)kHmd'dd'd 6 ' 
^JoJo 


00 (*n /• 27 r 


= 4^1- \_\_ Ri{r)krsiakrsmd"drdd^d^". 


0 jojo 


(1-4) 


where {k, 6 ', <j>') and (r, 0 ", <j>") are spherical polar co-ordinates of the vectors k and r. 
When the turbulence is statistically isotropic, l?|(r) can be expressed in terms of 
a single scalar function uf{r ): 

B|(r) = i^j^3/(r) -1- r ^j, 


( 1 - 6 ) 


so that 


E{k) = ^j krsin.kr^f+r^^dr 


(siakr 

kr 


— cos&r 


^dr. 

The transformed relation corresponding to (1*6) is 

^/(r) = 2J Efjc) kr^^ ~ 


( 1 - 6 ) 


(1-7) 


These equations relate the quantity under discussion, E{k), to the quantity f(r), 
which is sometimes easier to measure. 



240 


G. K, Batchelor and A. A. Townsend 

Now consider the implications of Kolmogoroff’s theory for tiie spectrum function 
E{h). Inasmuch as E{h) is a quantity determined by that part of the turbulence 
which is associated with the length scale 27r/i (as assumed above), it will come within 
the scope of the theory when k is large enough and must then be a similar function 
under all conditions. Changes in the length and velocity scales are admitted, these 
being determined by the values of the controlling parameters v and e. Hence when 
k is large enough, 

E{k) = ehmkvh-i), (1-8) 

where F(^) is a universal function of its argument The range of values of k for 
which Kolmogoroff's theory (and, more specifically, the prediction (1-8)) is accurate 
is termed the equilibrium range of wave-numbers, because these wave-numbers can 
be regarded as degrees of freedom which are in mutual equilibrium under the action 
of inertial and viscous forces. Likewise the function F describes the equilibrium 
spectrum. The lower bound {k = say) of the equilibrium range will depend on the 
tjpe of turbulence under consideration. In the common case of decaying isotropic 
turbulence k^ must be such that most of the energy of the turbulence lies in wave- 
numbers less than k^^ since otherwise the equilibrium could not be approximately 
steady. In the other direction the equilibrium range is usually assumed (tacitly) to 
extend to infinite wave-numbers; this is a point about which more will be said later. 

In view of the comparative simplicity of conditions in the equilibrium range, it is 
natural to concentrate research on this aspect of the problem of turbulence. More¬ 
over, the universality of the equilibrium spectrum gives great importance to any 
results which can be obtained. The object of this paper is to present some measure¬ 
ments relating to the equilibrium spectrum and to consider their implications, 

2, The form of the equilibrixjm spectrum 

In his original paper, Kolmogoroff (1941) postulated that when the Reynolds 
number of the turbulence is high enough there is a subrange of the equilibrium range 
in which conditions are not affected by viscosity. The physical idea behind this 
postulate is that the motion associated with a small range of wave^numbers has its 
own Reynolds number and at smaller values of k for which this characteristic 
Reynolds number is very large the motion is dominated by inertia forces. Within 
this subrange of A-values, the universal function F must have a form such that v 
disappears from the expression (1*8) for E{k), Hence when ki<k<^kj^, where k;^ 
depends on (and increases with) Reynolds number of the turbulence, we have 

E{k) =Ae^k-^, (2-1) 

where A is an absolute constant, kj^ is a wave-number in the range in which the 
effects of viscous forces on the spectrum first become comparable with the effects of 
inertia forces. Since this range is entirely determined by v and e, k^ is proportional 
to the constant of proportionality is of order unity and k^ may therefore be 

defined as 



( 2 - 2 ) 
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The form of the double-velocity correlations corresponding to (2-1), and the form 
of the triple-velocity correlation found from the same postulates about the inertial 
subrange, have each been found to be in good agreement with measurements made 
at high Reynolds number (Townsend 1948a); and the result (2*1) may be accepted 
as accurate. 

In the range of wave-numbers h;^<h<co, both inertia and viscous forces are 
operative, and dimensional analysis is not sufficient to determine the form of the 
equilibrium spectrum. To deduce the equilibrium spectrum in this range something 
must be known about the way in which energy is transferred between diiSferent wave- 
numbers. Ah initio determinations of the non-Hnear transfer effect are practically 
ruled out by the complexity of the problem, and several authors have therefore been 
led to make intuitive postulates. In the opinion of the present authors Heisenberg’s 
is the only one of these postulates which has any a ^priori likelihood of leading to a 
good approximation to the spectrum, and even here the analysis is plausible rather 
than convincing. However, an assessment of the relative merits of the different 
postulates about the energy transfer is outside the scope of this paper, and here the 
forms of the equilibrium spectrum put forward by various authors are simply quoted 
without comment on their derivations. 

(a) Obukhoff (1941) finds, as a consequence of an assumption about the transfer 
of energy between wave-numbers, that the equilibrium spectrum is given by the 
equation P 

e = 2xM ^ k^E{k) iifcj J ^ E{k) dk + 2vJ ^ k^Il(k) dk, ( 2 - 3 ) 


where % is a universal constant for sufficiently large Reynolds numbers. An explicit 
solution for JE{k) is not given, although, in common with all dimensionally correct 
arguments, Obukhoff’s postulate leads to the inertial solution (2-1) for smaller values 
of k within the equilibrium range. The spectrum function given by ( 2 - 3 ) has a 
minimum in the neighbourhood of k = doubtful whether it 

ought to be taken literally outside the inertial subrange (where, in any case, no 
assumption about the transfer term is needed). Obukhoff’s interpretation is that the 
spectrum contains no energy at wave-numbers greater than ^(%) 

(6) Heisenberg (1948 a) makes a different postulate about the transfer effect which 
leads to the result /o \4 i- /7\4“i4 

( 0^2\ i 

-r and K is an absolute constant. 


When kpkg ( 2 - 4 ) reduces to 


- ( 5 )’ 


k-’’. Heisenberg mentions the possi¬ 


bility that the motion is not ‘turbulent’ at very high wave-numbers, and con¬ 
sequently that ( 2 - 4 ) is not valid for indefinitely high values of k. 

(c) Yet another assumption about the energy transfer has been made by Kovasznay 
(1948), and the resulting expression for E{k) is 


E{k) = A6n-i 1 -(!•)* ^ ik<h), 


(2-5) 
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where is proportional to The characteristic feature of this spectrum is that 
there is no energy associated with wave-numbers greater than a critical value pro¬ 
portional to kji. 

It has been found convenient experimentally to obtain information about the 
spectrum by making measurements of integral moments of E{k) —or, what amounts 
to the same thing, measurements of derivatives of the correlation function «y(r). 
The relation {1‘7) shows that 


-Da 



1 

T 

|_ _ 

Lo (2jz + 3){27H-1)J< 


k^'^E{k)dk. 


( 2 - 6 ) 


The dependence of these integral moments on the form of the equilibrium spectrum 
will vary with n. It is clear that measurements of X>o (= “*) provide no information 
about the equilibrium spectrum, since by definition the equilibrium spectrum con¬ 
tains a negligible proportion of the total energy. The next derivative, Dg, is pro¬ 
portional to the total viscous dissipation of energy. Taylor (1938) has pointed out 
that when the Reynolds number is sufficiently large the energy of the turbtdence 
and the viscous dissipation in a decaying isotropic field are associated with different, 
approximately non-overlapping, ranges of wave-numbers. In these circmnstances, 
i.e. when the quantities Da, D4,... are determined almost wholly by the form 

of the equilibrium spectrum and the parameters e and v. In particular, the dimension¬ 
less ratio DjDf ^Da is then an absolute constant. Equations (1-8) and (2-6) together 
give 




Jo Jo 

r r* “12 ’ 


(2-7) 


provided k^>Jcx- 

Measurements of this quantity are presented later, and in the meantime, the pre¬ 
dictions of its value made by the suggested spectrum functions (2-3), (2-4) and (2-5) 
may be noted. If ObuMioff's spectrum is assumed to terminate at A; = ^(x) the 
consequent value of is found to be 1-83; this figure is not altered very much 

by any other choice of the upper terminal wave-number. Heisenberg’s equilibrium 
spectrum (2-4), if taken literally, gives an infinite value of and of 
However, as already mentioned, Heisenberg (1948 a) states that (2*4) may not be 
valid for indefinitely large values of k because there is likely to be a critical value of 
the Reynolds number associated with large wave-numbers below which no further 
transfer of energy occurs.* If this is so, and if we assume the spectrum (2-4) to be cut 
off sharply at 4 = k^, the consequent value of increases with feg in a manner 

which needs to be determined numerically. Calculations show, for example, that 
the value of DgDi"is about 1-9 when =10^ and about 3-8 when kjk^ = 100^. 
Kovasznay’s equilibrium spectrum (2-5) leads to = 2-79. In general, any 


* In an appendix to this paper, another possible reason, suggested previously by one of the 
pr^ent authors, for the existence of a finite upper limit to the equilibrixnn range of wave- 
numbers in deca 5 rmg turbulence is discussed and is shown not to impose any restriction on the 
range of applicability of Heisenberg’s spectrum. * 
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reasonable shape of spectrum, for which the integral jDg converges, leads to a value 
ofDQD^^D^which. lies between 1*4 and 3.* For instance, the simple power law E oc k-^ 
leads to values 2*33, 1-73 and 1-54 when is 8 , 9 and 10 respectively. If E has the 
form then takes the values 2*59, 2-16, 1*95 and 1*67 when n is 

— 1 , 0 , 1 and 4 respectively. It will be shown later that the experimental value at 
high Reynolds number is a good deal larger than any of these predictions, except 
that obtained from a spectrum of Heisenberg’s form which is terminated at an 
appropriately chosen wave-number. 

3. Experimental method 

The measurements described below were aU made in the small wind-tunnel in 
the Cavendish Laboratory, details of which have been given previously (Batchelor & 
Townsend 1947 ). With the exception of the hot-wire amphfier, the hot-wire anemo¬ 
meter and its associated electrical circuits used in the present experiments are the 
same as those described in that paper. The amplifier (figure 1 ) has been modified to 



allow the limitation of the upward frequency response by plugging in low-pass 
filters of appropriate cut-off frequencies. In this way it has been possible to adjust 
the frequency range of the amplifier so that loss owing to finite frequency range is 
negligible, but, at the same time, very little electrical noise of unwanted 
frequencies is amplified. The effectiveness of this arrangement is such that it is 
possible to differentiate the hot-wire signal three times before the amplifier noise 
becomes appreciable. From the amplifier, the hot-wire output is led into a circuit 
which may be set to give an output proportional to the original signal, or to its first, 

* Note added in proof: A spectrum function for which the integral moments D^n 
slowly convergent leads to values of outside this range. For insi^nce, E(Jc)cck-^^^^ 

leads to = 9*57/a. 
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second or third derivative with respect to time, the mean square value then being 
determined in the usual way with a thermo-junction and millivoltmeter. The 
diflferentiation with respect to time is performed by circuits similar to those described 
by one of the authors (Townsend 1947 ). 

The determination of D^i and Dq proceeds from their expression as mean 
squares of derivatives of the velocity: 



The experimental measurement of these quantities depends on the approximation 
that spatial differentiation with respect to x (i.e. in the downstream direction) may 
be replaced by differentiation with respect to time at a point fixed with respect to the 
wind tunnel. .Symbolically, this means 



where U is the mean velocity and r is the current time for the hot-wire record- This 
assumption is clearly valid in the limit when U is large compared with any turbulent 
velocity fluctuation. The justification of its use in the present and previous experi¬ 
mental work rests mamly in the consistency of the results, and the excellent agree¬ 


ment of observed values of 



and those calculated from the energy equation, viz. 



Assuming the equivalence of space and time differentiation, x may be replaced by r 
71 = 1 , 2 and 3. 

Since the values of high-order derivatives of the velocity fluctuation are controlled 
by the spectrum components of very high wave-number, losses must be expected 
either if the hot wire is too long or if the frequency range of the amplifier is insuffi¬ 
cient, In the present experiments, the effect of wire length was investigated by 
repeating the observations with a longer wire, and the absence of a systematic 
difference between the two sets of observed values of and Dq was interpreted as 
evidence that hot-wire length is not a serious limitation in these experiments. 
Similarly, by varying the frequency range of the amplifier, a frequency range suffi¬ 
cient to include all the relevant Fourier components of the turbulence was deter¬ 
mined, and used for the final measurements. In this way, the authors satisfied them¬ 
selves that further extension of the frequency range of the amplifier or further 
reduction in length of the hot wire would not appreciably change the final results. 

Some measurements of the flattening factor of the velocity fluctuation and of the 
first three derivatives of the velocity fluctuation were also made, using ordinary 
technique (Townsend 19486 ). 
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4. Expebimental besults 

Most of the measurements were made in isotropic turbulence produced by 
inserting square-mesh grids (made of circular rods whose diameter was ^ of the 
periodic spacing M) in a uniform airstream. M took the values 0*64, 1*27, 2*54 and 
5*08 cm. and the stream velocity U was either 300 or 620 cm.sec.”^. For any grid 
Reynolds number VMIv) it was found that the dimensionless quantities 



and /J^A® were constant during the decay process (figure 2), where A is the 
dissipation length parameter defined by/o = — A“^. The constancy of/j^A* has been 
reported in a previous paper (Batchelor & Townsend 1947), and both results are 
consistent with the postulated theory of the initial period of decay (Heisenberg 
19486). 

Another, although less accurate, method of determining/o'^A^ and/^A® would be 
to find the polynomials of the second and third degree in (r/A)^ which give the best 
fit with the measured coirrelation function. Figure 3 shows a comparison of the 
measured correlation function g^(r)( = f+ ^rdf/dr) with the two polynomials 




and 



2 o 



naing the directly measured values and/^A®. The agreement provides a check 

on the general validity of the direct measurements of/J^A® and/^A®. 
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However, the quantitiesand/J'U® are both injauenced by the total energy of 
the turbulence, and it is the ratio 






which is of interest in this paper. The results just mentioned show that it is constant 
during decay, and figure 4 shows how it varies with the grid Reynolds number. 
(The abscissa used in this diagram is sbic® the variation of/J^A^ is then linear, 

as has already been demonstrated (Batchelor & Townsend 1947)-) It was shown 
earlier that the theory of the equilibrium spectrum requires this quantity to be 
invariant at sufficiently high Reynolds number, and the experimental results show 
a tendency in this direction for greater than about 1-5 x 10^. This is about 
the value of Rj^ above which we should expect to be invariant, judging from 

measurements of the correlation function reported in a previous paper (Batchelor & 
Townsend 1948). It was shown there that the correlation function first begins to 
approximate to the form 1 —/(r) oc for small values of r, at a Reynolds number Rj^ 
between 10^ and 4 x 10^. This form for/(r) is the counterpart of the expression (2-1) 
for JE{h), both expressions being consequences of the existence of an inertial subrange 
of the equilibrium range of wave-numbers, and its appearance should mark 
approximately the Reynolds number at which becomes invariant. 

At Reynolds numbers smaller than about 10^, is not invariant, and its 

value is determined by the shape of the spectrum in the quasi-equilibrium range of 
wave-numbers. Within this range the spectrum shape belongs to a singly infinite 
family of curves, with the Reynolds number as parameter (Heisenberg 19486). 
Once again determination of the spectrum requires a knowledge of the inertial 
transfer of energy across the spectrum. However, in the case of very low Reynolds 
number, the direct effect of inertia forces becomes negligibly small over the quasi- 
equilibrium range, and it is possible to make a definite prediction, viz. 


E{k) = const, he 


( 4 - 1 ) 


The corresponding theoretical correlation function has previously been found to 
agree well with measurements (Batchelor & Townsend 1948). The expression ( 4 - 1 ) 
wiU not be correct for very small values of k, but there wiU be very little consequent 
error in the calculation of Nor will it be correct at very high wave- 

numbers where the equilibrium form of the spectrum begins to be valid. The equili¬ 
brium range moves to higher wave-numbers as the Reynolds number decreases, so 
that ultimately the integrals and Dq will be determined wholly by the quasi¬ 

equilibrium form ( 4 - 1 ) (always assuming that the integrals converge—^for the 
spectrum given by equation ( 2 * 4 ) the contribution to Dg from the equilibrium 
range is infinite, and remains so at all Reynolds numbers). Thus in the limit of very 
small Reynolds number ( 4 - 1 ) and (2-6) show that ® 


and this prediction is consistent with the trend of the curve in figure 4 . 
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The asymptotic value of at large Reynolds number appears to be at 

least as large as 4*2. This is well above the value predicted by any of the spectrum 
curves described earlier, except in the case of Heisenberg's spectrum for which the 
integral Dg increases indefinitely with increase of the upper terminal. Calculations 
as in § 2 show that Heisenberg's spectrum is consistent with the asymptotic value 
of being equal to 4*2, provided one can assume that it applies 

for k < 3‘5kg, and that there is no energy in larger wave-numbers. Unless some other 
possible explanation of the high measured value of can be found, the 

evidence definitely favours Heisenberg's form of the equilibrium spectrum, despite 
the presence of the theoretically arbitrary cut-off wave-number. 

However, it is now very important to know more about the way in which the 
spectrum terminates. Heisenberg’s idea (expressed very briefly in his paper) appears 
to be that there is a critical value of some Reynolds number characteristic of the very 

(rM{k)dkJ 

small eddies, say R = — — ^, below which energy transfer is much smaller 

than his transfer term predicts and the spectrum falls off sharply. Thus the critical 
value of R which is consistent with the assumption that Heisenberg’s spectrum (2-4) 
is valid for k < 3-5kg and that 11 = 0 for higher wave-numbers is given by 

^ _ 1 /ce 1 

= /c-Mf)M3-5)-^ = 0-0046, 

since the value of a: is in the neighbourhood of 0*8. 

The strangely high value suggested to the authors that other statistical 

properties of the motion associated with large wave-numbers should be examined. 

One of the simplest of these is the flattening factor J ) 

the velocity derivative Owing to the presence of two mean values in the 

denominator of as against one in the numerator, has the property that it is 
sensitive to any appreciable lack of compactness of the probability distribution of 
d^uldx’^. Tor instance, to take an extreme case, if | d'^ujdx^ | had the value G with 
probability y and the value 0 with probability l-y, we should have = y-i. 
Generally speaking, the flattening factor is increased by any tendency for the 
probability distribution to approximate to the occurrence of either one of two 
values of j d'^u/dx^^ |, one of which is large compared with the other. 

Measurements of oc^ for ti- = 0 , 1, 2 and 3 at various Reynolds numbers are shown 
in figure 5. The flattening factor for u is close to 3*0, which is the figure for a Gaussian 
probability distribution of u. With higher values of n, oc^ seems to vary a little with 
Reynolds number. cc^{7i,>0) should be determined wholly by the equilibrium range 
of wave-numbers at high enough Reynolds numbers and should then be an absolute 
constant, possibly the range of Reynolds numbers of the experiments is not great 
enough to show this result properly. The interesting aspect of figure 5 is the rapid 
increase of with n. The probability distributions of d^uldx^ and dH/dx^ must have 
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very unusual shapes to give values of the flattening factor near 4-9 and 5-9. On the 
simple assumption that d^ujdx'^ is zero for a fraction 1 — y of the total time and 
varies with a Gaussian probability distribution during the remainder of the time, 
flattening factors 3*0, 3-9, 4-9 and 5*9 (for = 0,1, 2 and 3 respectively) correspond 
to y = 1*0, 0*77, 0*61 and 0*51 respectively. Since high orders of the velocity 
derivative are associated with very large wave-numbers, the results of figure 5 
suggest that there is present an effect which becomes increasingly important as the 
wave-number is increased. 



n 

Figure 5. Flattening factors of velocity derivatives. 

Isotropic turbulence, Bifi •, 2810; 6620; x, 11,200; 0, 22,500. 

‘ , ^ Cylinder wake, A> 080; 4,100. 

In view of the above-mentioned property of the flattening factor, the inference 
is that d'^ujdx'^ fluctuates in a maimer which tends to become more markedly inter¬ 
mittent as n increases. This was confirmed very simply by taking photographs of 
oscillograph traces of u, du/dx, dhi^jdx^ and some of which are shown in 
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figure 6. (It should be noted that electrical noise is clearly visible in the records of 
9%/3a^, although since it has a uniform intensity the characteristics of the velocity 
variation are stiU discernible.) It is quite clear from these photographs that the 
higher derivatives fluctuate between limits which are sometimes large and sometimes 
small. Roughly speaking, the spatial field of turbulence is divided into a number of 
regions, in each of which there is a uniform activation of the hig her wave-numbers 
but at a level of intensity which varies firom region to region. The intensity within 
each region seems to tend to become either large or very small as the wave-number 






V 






isotropic turbulence 
22,500. 

Figtoe 6 . Oscillograms of fluctuations. 


wake flow 
i?d=4100. 
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under discussion increases. The linear dimensions of the regions are large compared 
with the wave-lengths with which they are activated. 

Finally, similar sets of measurements were made along the central plane of the 
turbulent wake of a circular cylinder in order to determine whether the statistical 
conditions associated with the equilibrium range of wave-numbers were affected in 
any way by the more rapid decay of the grid turbulence or by the presence of a mflan 
velocity distribution. Two cylinder Reynolds numbers were used, 4100 and 680, and 
the technique was similar to that employed in the previous measurements. The 
measurements of are plotted in figure 7 in a form suitable for comparison 

with the earlier results for decaying isotropic turbulence, and all the points lie about 
a single curve as is predicted by the similarity theory. Likewise the measurements 
of the flattening factors of the velocity derivatives (included in figure 6) and the 
oscillograms of the velocity derivatives (included in figure 6) have features Rimila.r 
to the corresponding results for decaying isotropic turbulence. It can be inferred, 
first, that the form of the equilibrium spectrum (and its upper limit) is not dependent 
on statistical conditions outside the equilibrium range of wave-numbers, and 
secondly, that the spatial non-uniformity of the large wave-number components of 
the motion is likewise an intrinsic property of the equilibrium range of wave- 
numbers. 



Figciub 7 » Variation of -with/oTl*. 

• , isotropic turbulence; +, cylinder wake; 0, theoretical value at low Reynolds number. 


5. Disoxtssion of the eestjlts 

The measurements described in the preceding section indicate a state of affairs 
which has not been contemplated in previous theories of turbulent motion. The 
authors have no complete explanation to offer, and the following discussion is put 
forward as a guide to further thought on the subject. Certain negative conclusions 
at least are definite. 
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The basic observation which requires explanation is that activation of large 
wave-numbers is very unevenly distributed over space. These space variations in 
activation can be described as fluctuations in the spectrum at large wave-number. 
The measurements of flattening factors and the photographs of d'^ujdx'^ show clearly 
that the fluctuations are greater in magnitude for larger wave-numbers. As the 
wave-number is increased the fluctuations seem to tend to an approximate on-off, or 
intermittent, variation. Whatever the reason for the occurrence of these fluctuations, 
they appear to be intrinsic to the equilibrium range of wave-numbers. For it has 
been shown that oiJn>(S) and are approximately invariant, first, with 

respect to Reynolds number of the grid, and secondly, with respect to the type of 
mean velocity distribution! All the evidence is consistent with the inference that the 
fluctuations are small in the region of the smallest wave-numbers of equilibrium 
range and become increasingly large at larger wave-numbers. 

An immediate suggestion is that space is divided into a number of regions each of 
which has its own value of the energy dissipation e and in each of which the energy 
spectrum has the universal form (1-8). Variations in E{h) for a fixed value of h, from 
region to region, then depend on the corresponding variations in e and it can be 
shown that under some circumstances the fluctuations in E are greater than those in 
e. If is proportional to e^, then 


(E-Ef 

{Ef 






where bars represent averages over space. HoVever, this suggestion is quite unable 
to account for the magnitude of the fluctuations in E and their rapid increase with 
h. For instance, when E{h) oc the corresponding value of n is 2, so that the 
(relative) standard deviation of E is only twice that of e. In view of the evidence 
that the fluctuations arise within the equilibrium range, no finite value of n in the 
above relation is likely to give fluctuations in J? as large as those observed. 

It is natural to speculate that the high measured value of is in someway 

a consequence, or at least a concomitant, of the non-uniform spatial distribution of 
E{h), Indeed, it was this speculation which led the authors to measure the flattening 
factors of d^u/dx'^. However, no direct connexion can be traced. The quantity 
has an equal number of averages in the numerator and denominator so 
that it is not sensitive to intermittency. Provided that the measured quantities can 
be interpreted in the manner assumed by the equilibrium theory, the high measured 
value of must be regarded as evidence in favour of Heisenberg’s expression 

for the spectrum and of the existence of an upper limit to the extent of the spectrum. 
Evidently the theoretical spectrum function E{k), which has hitherto been assumed 
to be uniformly distributed in space (apart from small statistical fluctuations), 
corr^ponds in practice to the average value of the spectrum over a large region of 
space. 

The authors sugg^t the following physical picture to account for the non-uniform 
distribution of the large wave-number components. First, consider how the noi;L- 
uniformities may arise. It is well known in fluid dynamics that there is a strong 
tendency for a uniform distribution of vorticity to roll up into a number of strong 
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discrete vortices. For example, a vortex sheet or surface of velocity discontinuity 
is unstable to small disturbances and—^which is more germane to the picture—soon 
degenerates into a distribution of isolated regions of concentrated vorticity. 
Evidently all other types of spatial distribution of vorticity are intrinsically un¬ 
stable.* (Self-attracting matter has a similar property, although the interaction laws 
in the two cases are not identical.) It is natural to suppose that uniform distributions 
of the higher derivatives d^ujdx^, etc., are likewise unstable and tend to 

gather up into a number of discrete regions in which the intensity is high. Since this 
instability of uniform distributions of the velocity derivatives is intrinsic to the 
equilibrium range of wave-numbers, it will have a time-scale small compared with 
the time required for appreciable change in the total energy of the turbulence. Thus 
the instability will develop rapidly and will achieve a temporarily steady state, in 
which the large wave-number components are concentrated in isolated regions, early 
in the history of the turbulence. 

Secondly, are the initial non-uniformities maintained throughout most of the 
decay—and if so, how?^—or are they continually dying away and being re-formed? 
There is no direct evidence on this point, but the simpler hypothesis that the same 
non-uniformities persist throughout most of the decay seems plausible. The transfer 
of energy to a small range of wave-numbers depends in part on the whole system 
and in part on the energy already within that range. It is possible that a region of 
space in which E{k) is above the equilibrium level will induce an above-average rate 
of transfer to energy to that region of space. This surplus of energy within a certain 
region of space and a certain range of wave-numbers will m turn lead to an above- 
average amount of energy associated with the next highest range of wave-numbers 
and lying within certain parts of that region of space.f Thus the process of sub¬ 
division of the fluid into regions of strong and of weak activation will occur in a 
stepwise manner as the wave-number—or the order of the derivative of the velocity— 
increases. The various regions in which wave-numbers of order are activated 
will all lie within regions in which wave-numbers k^_i of an order of magnitude 
smaller than are activated, and these in turn are enclosed by regions in which 
even smaller wave-numbers are activated. Regions which are activated by wave- 
numbers of order k^ will probably compete with one another for the flow of energy 
from the smaller wave-numbers k^_i, so that there will not be many such regions 
lying within each region activated by wave-numbers Consistent with this idea 
is the observation, from a study of the oscillograms of d^ujdx^y that the mean 
separation of the visible activated regions is comparable with the integral scale of 
the turbulence, i.e. with the size of the energy-containing eddies. 

Another statement of the whole process is that the distribution of vorticity (and 
of higher order derivatives) is made ‘spotty’ in the early stages of the decay by some 
intrinsic instability and is kept ‘spotty’ throughout the decay by the action of the 

* The produption of dissipation layers in the fluid, i.e. thin sheets inside which the velocity 
gradient is large, is suggested by the analysis of a mathematical model of turbulent motion 
made by Burgess (1948). 

t It is possible that the existence of a lower critical Reynolds number, suggested by 
Heisenberg, assists in the maintenance of the peaks and hollows of the spatial distribution 
of the energy associated with large wave-numbers. 
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quadratic terms of the Navier-Stokes equations (e.g. by diffusive stretching of vortex 
lines). Apparently the rhyme originally due to L. F. Richardson, 

Big whirls have little whirls, 

That feed on their velocity; 

And little whirls have lesser whirls, 

And so on to viscosity. 

must be taken more literally in turbulence than had been thought. The fact of 
transfer of energy from large-scale motions to small-scale motions has already been 
recognized in turbulence theory, and it now appears that the energy in the small- 
scale motion manifests itself as something approximating to a ‘whirl’, i.e. a region 
of high energy in the midst of a region of low energy. 

Appendix. Epeect of decay of total eneegy on the uppbe 

LIMIT OF THE EQUILIBEIUM RANGE 

In a lecture to the Seventh International Congress for Applied Mechanics, one 
of the authors (Batchelor 1948) used an argument, based on the idea of the tinift of 

reaction of a small range of wave-numbers, to show that the equilibrium spectrum_ 

and in particular Heisenberg’s law—could not extend to indefinitely large values 
of in turbulence which is decaying. This argument can now be seen to be invalid, 
and, in view of the need for clear ideas about the possible reasons for an upper limit 
to the equilibrium range, wiU be corrected here. It was argued on dimensional 
grounds that the reaction time, or time required for energy transfer to occur, for any 
small range of wave-numbers dk is proportional to {BE{k)'\-idk, the implicit 
assumption being that h and E{Jc) are the factors determining the local reaction 
time. The integrated total time for energy to traverse the whole equilibrium range 
then diverges when k is large (except in the very unlikely case that E{k) decreases 
less rapidly than at large values of k), showing that, in decaying turbulence at 
least, there would not be sufficient time available for the whole of the equilibrium 
spectrum to be set up. The fallacy in the argument is that the time of reaction is not 
determined by the local spectrum quantities k and E{k) any more than is the energy 
transfer itself. 

However, a more accurate argument can be given. Let S{k) be the rate of transfer 
of energy, owing to inertia effects, from wave-numbers lower to wave-numbers 
higher than k. Then the time T{k) required for the transfer across wave-number k of 

sufficient energy to replenish the whole of the spectrum at wave-numbers greater 
than i is 

Ht(*), for aU values of k within the equiUbrium range, is smaU compared with the 
time required for the over-aU conditions (e.g. total energy) to change appreciably, 
hen there is no objection on these grounds to an infinite upper limit to the equili- 
bnum range. But for wave-numbers k within the equilibrium range we have 

S{k) = 2vrk^E{k)dk. 

4I k 
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A necessary criterion for an i nfini te equilibrium range of wave-numbers in decaying 
turbulence is thus that 

T{k) = 

for indefinitely large values of Tc. For any wave-number within the equilibrium 
range, for which (1-8) is valid, we require 

where | = kv*e~^. The left side of this inequality has a single minimum value 
at I = ’'V’here ^ is determined by 

• eSFa)d^=^ r^F(^)di. 

J im J im 

For Heisenberg’s spectrum (without cut-off), = oo, and the above condition is 
satisfied more strongly as k increases, so that there is sufficient time available, in 
decaying turbulence, for the setting up of an equilibrium spectrum of Heisenberg’s 
form over an infinite range of wave-numbers. If the spectrum does terminate at 
some (large) wave-number, the reason for this cut-off appears not to be connected 
with the decay of total energy of the turbulence. 


Refebenoes 

Batchelor, G. K. 1947 Proc. CamJb, Phil, Soc, 43, 533. 

Batchelor, G. K. 1948 Proc, 1th Xnt, Congr. AppL Mech.y London, Introductory vol, 
Batchelor, G. K. 1949 Proc, Roy, Soc, A, 195, 513» 

Batchelor, G. K, & Townsend, A. A. 1947 Proc. Roy, Soc, A, 190, 534. 

Batchelor, G. K. <& Townsend, A. A. 1948 Proc, Roy, Soc. A, 193, 639- 
Bmgess, J. M. 1948 Advances in App, Maths., 1 , 171. 

Heisenberg, W. 1948 a Z, Phys, 124, 628. 

Heisenberg, W. 19486 Proc, Roy. Soc. A, 195, 402. 

Kohnogoroff, A. ^IST. 1941 C,R, Acad, Sci. U.R.S.S, 30, 301; 32, 16. 

Kovasznay, L, S. G. 1948 Jl Aero, Sci, 15, 745. 

Obukhoff, A. 1941 G,R, Acad, Sci. U.R.S.S, 32, 19. 

Taylor, G. I. 1938 Proc, Roy. Soc, A, 164, 476. 

Townsend, A. A. 1947 Proc. Camb, Phil, Soc. 43, 560. 

Townsend, A. A. 1948 a Proc. Qarnb. Phil. Soc. 44, 560. 

Townsend, A. A. 19486 Aust, J, Sci. Res. 1 , 161. 


17-2 



The analytic behaviour of Heisenberg’s S matrix 

By R. J. Eden, Peterhouse, University of Gambridge 
{G(ymmunicated by P. A, M, Dirac, F,R.S,—Received 26 May 1949 ) 


The 5* matrix is considered for a system made up of an elementary particle being scattered 
on a fixed centre which has internal excited states. At threshold energy values for inelastic 
scattering, the S matrix undergoes abrupt changes of behaviour. A method of representing 
these as non-analytic changes in the matrix elements as functions of the total energy is 
suggested, and some of the implications investigated. It is shown that it may still be possible 
for the eigenvalues of S to be analytic functions of energy at the threshold values. The usual 
perturbation theory of quantum mechanics is used to consider a resonance scattering system 
of this ty^e, and it is shown that the non-analytic changes in the matrix elements correspond 
to a non-analytic change in the unitary condition of S. When the incident particle is a 
photon, the excited states of the scatterer are necessarily unstable, and the 5-matrix elements 
have smgtilarities in the complex energy plane which correspond to these unstable levels. 
These singular points show clearly the connexion between the line widths for resonance 
scattering and Einstein’s coefficients for spontaneous emission. It is shown that relative 
intensities of spectral lines may be obtained from the S matrix for scattering of light on an 
atom. 


1. Introduction 

In quantum mechanics collision cross-sections can be obtained directly from a 
certain unitary matrix S, which itself can be derived from a given Hamiltonian fi. 
In deriving 8 from H, divergent integrals always occur and have to be eliminated by 
some subtraction procedure. Heisenberg (1943) has suggested that in a convergent 
theory the 8 matrix should replace the Hamiltonian as the fundamental quantity. 
Following a suggestion of Eframers, Heisenberg (1944) and Holier (1946) have 
shown, for a two-particle collision, that analytic continuation of the eigenvalues of 8 
will lead to the energy levels of states in which the two particles are bound together. 
The method of analytic continuation has been extended by the author (1949) to 
systems of many particles, when the number of particles is a constant of the motion. 
When creation and an nihil ation of particles are allowed, the number of particles in 
a system is not an analytic function of the total energy. This causes the number of 
matrix elements in ;S to vary discontinuously with the energy, and one becomes 
doubtful of the applicability of the method of analytic continuation in the complex 
energy plane. Some study of the 8 matrix for a system with a varying number of 
particles has been made by Hu (1948 a). Hu modifies the definition of the 8 matrix 
to make it an analytic function of energy. Unfortunately, this modification leads to 
a serious negative-energy difficulty, as Hu himself remarks; and it should be noted 
also that Hu s 8 matrix is not umtary. From a different viewpoint Dyson (1949) has 
studi^ the 8 matrix in quantum electrodynamics for a general system in which 
creation and annihilation of electron-positron pairs and of photons are permitted. 
Using the highly developed subtraction methods of Schwinger and Feynman, Dyson 
obtains /S-matrix elements from a Hamiltonian; his results indicate that each matrix 
element of 8 will be non-analytic at threshold energies for particle creation, but one 
cannot conclude that this will be true for every type of interaction. 

[ 256 ] 
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In this paper a simpler kind of discontinuous process is considered. This occurs 
when an incident particle is scattered on a fixed centre of force which itself has 
internal excited states of different energies. The centre can then absorb some of the 
kinetic energy of the particle and cause inelastic scattering. Such a system leads to 
several new aspects of ;S-matrix theory. Certain matrix elements of 8 , treated as 
functions of energy, have natural bounds at the threshold values for inelastic 
scattering. It is consistent with the physical interpretation to define these functions 
to be zero outside their natural bounds. These matrix elements are then non-analytic 
functions of energy, but it does not follow that every matrix element of 8 becomes 
non-analytic at each threshold value, or that the eigenvalues of 8 are non-analytic. 

When the excited states of the scatterer, or force centre, are able to decay spon¬ 
taneously, it may be of value to consider an approximate 8 matrix. If there exist 
states of absorption in which the particle is bound to the scatterer, resonance 
scattering may take place. Resonance reactions have been discussed by Hu (1948) 
from the viewpoint of one-particle scattering in /S-matrix theory, and he shows that 
the theory provides a formal basis for such quantum-mechanical results as the Breit- 
Wigner formula for resonance dispersion. But the use of the one-particle viewpoint 
conceals the difficulties which arise when the scatterer has internal states of different 
energies. Here a form of 8 matrix is derived from quantum mechanics using Dirac’s 
perturbation theory. The interaction is treated as a small perturbation, an approxi¬ 
mation which is probably only valid when the incident particle is a photon. The 
matrix elements formally appear to be non-analytic, and it is shown how the unitary 
condition remains satisfied. 

When the scattered particle is a photon certain new difficulties arise, since the 
states of absorption are then the same as the excited states of the scatterer. This 
leads to a connexion between the Kne widths for resonance dispersion of light on 
an atom, and the line widths for spontaneous emission. Both these phenomena are 
seen to result from singularities of the elastic scattering matrix elements oi 8 in the 
complex energy plane. It is shown also that the 8 matrix can be used to determine 
the relative intensities of spectral lines. 

Throughout this paper the word "analytic’ is used in a broad sense, usually 
implying that certain improper functions have been integrated out. 


2. The scATTERi^a matrices f and 8 

The notation and some of the results quoted are taken from Dirac (1948), but 
units are used in which ^ = c = 1. The system considered is made up of a particle A 
of mass m and momentum p, being scattered by another particle B. The scatterer B 
is assumed to be at rest, so that energy but not momentum has to be conserved; 
and B is taken to have internal excited states |a') of energy H^(al), The kinetic 
energy oi A is W ^ total energy of the system is a constant 

given by 

= W^+Hs(oc% ( 2 - 1 ) 

where a superscript 0 denotes initial values. 

17-3 , 
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A single scattering process consists of particle A coming from infinity, encountering 
particle JS, and going off to infinity again. Since the total energy of the system is a 
constant, its state wiU be stationary; thus the classical picture of a particle moving 
through space is misleading, since the probability of any state is a constant in time. 
The reason for this is that the classical idea of the position of particle A has no 
meaning unless an observation is made to measure it. If this measurement is made, 
the system is disturbed and can no longer be considered in a stationary state. The 
essential feature of a stationary state, which will be used here, is that the pro¬ 
bability of finding J? in a particular state | a') is a constant. It is possible to form a 
classical picture of this quantum scattering process by considering a superposition 
in space of a large number of single scattering processes, each one being independent 
of the others. The incident wave can then be pictured as a steady stream of incoming 
particles, but it must be remembered that each particle is associated with its in¬ 
dividual scatterer. Subject to limitation by the total energy the scatterers B 
would then be divided between the various possible states | a®>, \ a'),..., in a division 
which is independent of time. 

If the system is prepared in an initial state j with particle A incident, the 
wave function giving the probability that a second observation would show the 
system to be in a state (pa' | can be written 

<pa' I f [ pWy = <pa' 111 pWy + S^W- Tf'Xpa' [ r | pW>, (2-2) 

where = ± ll{2mx) + ^d{x). ( 2 - 3 ) 

W = E^—Hs{oc') is the asymptotic value of the kinetic energy of the outgoing 
particle as required by energy conservation. It is the kinetic energy which the out¬ 
going particle 'appears to have had' initially. 

In writing the wave function in the form (2-2), the assumption is made that the 
states I a') and | a®) are stable. Eor simplicity, a°, a',... are taken to refer to ground 
level, first excited level, etc., of the scatterer B. Then | a®) is always stable. If 
I a'> also is stable, or metastable, a wave function like (2-2) can be obtained in a 
stationary scattering process. However, the physical meaning of the state | pa') is 
not very clear, since it refers to a measurement on the system when A is close to B, 
so that the kinetic energy W of A need not be conserved. Formally, a measurement 
of a is also made, and found to have the value a'. But experimentally neither W 
nor a is measured, only the asymptotic value W' is observed. If W' is less than the 
initial value by an amount i?^(a')--i?^(a®), it is explained by assuming the 
scatterer B has been left in an excited state | a'). No such deduction can be made 
firom an observed value of W when A is near to J?. Thus the formalism referring to 
a state | pa') has a clear meaning only in the asymptotic region where W = W\ 

For all possible initial states | p^aP} having the same total energy and all 
possible states (pa' [ in which energy need not be conserved, the wave functions (2*2) 
form the elements of the wave matrix These matrix elements are singular in the 
region of momentum space where energy is conserved. When a Hamiltonian H is 
known for the whole system the wave matrix ^ satisfies the operator equation 

Hf = 


( 2 - 4 ) 
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If the interaction energy V can be regarded as an addition to the separate energies of 
A and B, H = +W+V. Treating F as a small perturbation, it is possible to 

calculate 'ijr in various approximations; the type of approximation used depends 
on the aspect of the collision being considered. The wave function will still take the 
form (2-2) in an exact treatment. 

The characteristic matrix S is defibaed by 

<pa' I 8 I pwy = <pa' 11 [ pwy + ^( TF - TF')<pa' [ r | pwy. ( 2 - 5 ) 

It can be obtained at once from the form taken by the r matrix on the energy shell. 
A matrix w^ill be described as 'on the energy shell’ when the energies of the initial 
and final states of its matrix elements are the same; r will be used to denote such a 
matrix. The 8 matrix ( 2 * 5 ) is fully determined if one knows the asymptotic form of 
the 'ijr matrix for large separation of A and B, Thus the matrix 8 depends only on the 
region of co-ordinate space which is used for experimental observation. In particular, 
since in ( 2 - 5 ) the kinetic energy W = = W', there is a clear physical 

meaning to the state <pa' |. 

It should be noted that the definition ( 2 * 5 ) does not correspond exactly to the 
original idea of defining the 8 matrix on the kinetic energy shell. The meaning has 
been extended by allowing the scatterer B to take up potential energy, that is, to 
jump into an excited state. But 8 is still determined entirely by the wave functions 
in the asymptotic region of co-ordinate space, and it is this that justifies the ex¬ 
tension. 

The quantity observed in practice is the differential cross-section for scattering 
into an angle dQ about the direction p. This is given by 

^^^|<pa'|r|pOaO>l2<;£2^ (2-6) 

Jr 

where p denotes the length of the vector p. 


3. Theeshold energies foe inelastic scattering 

In this section it is assumed that the scatterer B has only two states, a ground level 
denoted by [ a®>, and an excited level j a')- 

Ifthe total energy of the system^® = F’®+i^(a®),hasavaluelessthan«i+fig(a'), 
energy conservation forbids the transition of the scatterer B to a final state | a'); 
that is, inelastic scattering of particle A cannot occur. When 1 ?® is greater than 
m+Hs{cx,'), inelastic scattering can occur, and the cross-section (2*6) for the tran¬ 
sition I pa®> to <pa' I between states of equal energy is in general different from 
zero. 

Let range (a) denote 

m+Es{aP)<E^<m+Hs{a'), ( 3*1 a) 

and range (6) denote m+Hg{ix')<E'^. ( 3 - 16 ) 

The value jS® = m+Sg{a') is called the threshold energy for inelastic scattering. 
In a strict sense, the cross-section for inelastic scattering has no meaning in range 
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(a), but it is consistent with the physical interpretation to dejSne it as zero in this 


range. This implies 


<pa'lrlP®a“> 


= 0, range (a),| 
=t= 0, range (6)J 


( 3 - 2 ) 


where r is the matrix on the energy shell. 

Since the energy of the bra vector <pa' | in real momentum space must be greater 
than m+ifg(a'), the r matrix in range (a) must lie off the energy sheU. The definition 
(3-2) gives a mAa.ning to the r matrix elements outside the natural bound 

= m+Hs{oc'). 

It is convenient to use the concept of states in ‘ complex momentum space repre¬ 
sentatives of these states will be distinguished by an asterisk. Thus the state 
<*pa'| is allowed to have energy less than m-f-fig(a'). It is assumed that 
<pa' I r I p“a®) is an analytic function of the two variables and W in the ranges 
.B® > m +- and W >m. Then <*pa' | r | p®a®> is defined as the analytic continua¬ 
tion of <pa' I r I p®a®> as a function of B® and W. In particular, this wiU define 
<*pa' I r I p®a®) as a function different from zero in range (a). Note that in range (a) 

I p®a®*> = 1 p®a®). 

Since in the wave function (2'2), {pa' | r \ p®a®) is associated with a — W) 
factor, it will refer to an outgoing wave m the asymptotic region of co-ordinate space. 
This takes the form ~ 1/r exp (fpr) as r->-oo. For large enough r, p is given by the 
conserved value W = E'‘—Hg{(x'); that is, the wave is determined by (pa' | r | p®a®). 
If analytic continuation is made to range (a) so that W <m, and p = i\p\, the form 
of the wave is ~ 1/r exp {— | p | r) in the asymptotic region of co-ordinate space, and 
represents a closed state. Thus {*pa' | r | p®a®) is associated in range {a) with a wave 
having exponential decay. 

To obtain a representation of this wave ~ 1/rexp( — |p | r) in real momentum 
space, the usual Fourier transform can be taken. This will lead to a sum of Fourier 
components multiplying matrix elements of the t3^e {p"a' | r \ p®a®>. In range (a) 
these matrix elements all lie off the energy shell. This shows that in range {a), 
<*pa' 1 r I p®a'®> represents a sum of r matrix elements m real momentum space, all 
of which lie off the energy shell. 

Corresponding to (3-2) the 8 matrix satisfies 


<pa'|Blp»a®>^®’ 


in range (a),l 
in range (6). J 


( 3 - 3 ) 


The matiTs: elements of 8 become non-analjrbic functions of the total energy at 
the threshold value for inelastic scattering. This suggests the. interesting question 
how the eigenvalues of 8 behave at threshold values. I do not think that this 
question can be fully answered at present, but it may be studied further by con¬ 
sidering the behaviour of the elastic scattering matrix element {pa® | 8 | p®a®) at the 
threshold value of E^. 

The wave matrix element {pa' | ^ | p®a®) need not He on the energy shell so is not 
zero in range (a). However, its behaviour is essentially different for E^ in ranges (a) 
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and (6); since for range (6) it has a singularity atW =W' = E^-Hs{a') due to the 
8 + factor, whilst for range (a) there is no such singularity. This function occurs as 
a factor in the integrand of the wave equation, which is 


|<pa® I V 1 p'a”) d-g" <p"a® | f | pOa»>+J<paO | V \ p V> dp^P^a' | f \ 

= (W^—W) <pa° I }Jr [ p°a®). ( 3 * 4 ) 


This is the integral form of Schrodinger’s equation. Normally one would seek 
as solution a wave function <pa® | }Jr | pW} which is analytic for all TF'>m and 
Whether it is possible to obtain such a solution depends on how 
far the form of the wave equation ( 3 * 4 ) changes as passes through the threshold 
value for inelastic scattering. An analytic function cannot satisfy two different 
equations for the ranges (a) and (6). 

The critical term is the second integral in ( 3 * 4 ); its integrand contains a factor 
(pet' I ijr I p®a®>, which has a singularity on the path of integration for range (6) but 
not for range (a). It may happen that the interaction potential V is such that it 
compensates for this change, and the wave equation ( 3 * 4 ) has its form unchanged. 
Then it will be possible in general to find an analytic solution for (pa^ | -ijr [ p®a®>. 
But if V does not compensate for the change in (paf | ^ | p^a®), there will be an 
essential change in the form of equation ( 3 * 4 ), and no analytic solution for 
(pexP I 'ijr I will exist. Two examples will be discussed which illustrate both 
possibilities. 

If <paO 1 F 1 pV> = W")(poeP | v j pV>, ( 3 - 5 ) 

where = W F" = + ( 3 * 6 ) 


And 5 ( F® — F") is Dirac’s 8 function satisfying 

j f{x) 8[x - Xq) dx = /{Xq) when a < x^, 
J a 

= 0 whena>a;o. 


( 3 - 7 ) 


Only the second term in the wave equation ( 3 - 4 ) need be considered. When TF“ > m, 
it is 


J<pa01 V I p''a'>dp"<P'’a' | f \ P®a°> 

= JJ<pa« I V 1 84 W"- lf6)<pV (r |p»a«> (3-8) 

= d4W- WO) J<pa<> 1 ® 1 pV>^,<pV 1 r 1 po^o). 

WO = Wo+5s(aO)-fl^(a'), 

9 (WV) 


( 3 - 9 ) 


Where 

W"w" replace p", and 


A" = 


3(P") ■ 


In (3-9) W" in the integrand is given the value W“, i.e. the matrix u is on the energy 
shell. 
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When the wave equation (3*4) will not contain a term like (3*9). It follows 

that (pa® I ^ I p®a®> will be a non-analytic function of IF, at the point 

Pr = m+£r^(a')-ir^(a®). 

Hence, since S is determined by the value for W = W^, the elastic scattering matrix 
element (pa® | 8 1 p®a®> will be a non-analytic function of ^® at the threshold value 
for elastic scattering! 

One can obtain a class of interactions V, which give analytic behaviour, by a 
formal change in the above example. The Dirac S function in V is replaced by the 
Heisenberg-MoUer S function, which satisfies 

f /(^) ^(^3 ^o) =/(^o) ®* (3*10) 

J a 

The properties of this ^ function are given by Moller ( 1946 ); it is a function of two 
variables, and the notation 8(x, Xq) distinguishes it from the Dirac S function 
S{x—Xq), which is a function of the one real variable (x — Xq) only. Implicit in this 
change is the use of complex momentum space in the integrands of (3*4); the inter¬ 
pretation of this change is considered below. It gives 

(pa® 1 V t p V> = S{W^ Tf") (pa® | v | p"a'>, (3*11) 

and the second integral of (3*4) becomes 

^+(ifF — IF®) J(pa® I V 

where TF"" = in the integrand. The term (3*12) is present in the wave equation 
for all values of IF >m. Thus the wave equation is analytic, and one would expect to 
find an analytic wave function (pa® | ^ | p®a®> as a solution. 

The formal change which leads to this analytic behaviour is not so artificial as it 
might at first appear. For TF" == lF^<m, the matrix element (^i^p'V | r | p®a®) 
corresponds to a wave ~ l/?"exp { — \p"\r) for large r in co-ordinate space. So the 
interaction (pa® | v | p"a%> means that a transition can take place to a virtual state 
in which the particle A appears to be bound, while the scatterer B is excited to 
I a'). The total energy in this picture appears to be conserved and equal to JS/®, 
Alternatively, if measurements of the momentum of particle A were made in the 
intermediate state, they would correspond to interaction matrix elements 
(pa® I V ] p^'^'^a') off the energy shell in. real momentum space. In this picture the 
interaction V is such that when IF (in (3*4)) drops below m-l-jH^(a') — H^(a®), matrix 
elements of V off the energy shell come into play, and compensate exactly the change 
in behaviour of (pa' [ ijr | p®a®>. 

This gives an analytic function (pa® | f | p®a®> throughout the ranges {a) and ( 6 ). 
Hence the elastic scattering matrix element (pa® | S | p®a®!> is an analytic function 
of A special example of this type has been solved by Touschek ( 1947 ). He works 
in co-ordinate space of one dimension only, and makes the basic assumption that 
the wave equation (the non-relativistic Schrodinger equation) does not change its 
form at the threshold energy< value. In co-ordinate representation the interaction 


I I r\ P®a®>, 


(3*12) 
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energy takes quite a simple form. An explicit solution is obtained, which shows that 
the wave function contains a term having a branch point in the complex plane at the 
threshold value. 

The results of this section show that .the inelastic scattering matrix elements of 8 
can be considered as functions of the total energy which become non-analytic at 
threshold values. The elastic scattering matrix element may, or may not, be analytic, 
depending on the type of interaction potential. In the next section, the investi¬ 
gation will be continued admitting both possibilities. 


4 . The eigenvalues oe 8 at threshold energies 


The eigenvalue equation is 

8<l> = X<j>. 


(4-1) 


Since the total energy commutes with jS, A is a function of jE?®. For range (a), the 8 
matrix can be written 




0 



(4-2) 


<pa' 1 8a I p'a'> will not be required-explicitly, 


For range (6), 


o _ o _ /<Pa®|'S6|P°aO> 


SO need not be defined in this range. 


<paO|;S6|pV>\ 

<pa'l^,|pV>;-. 


(4-3) 


In (4-3), W^+Hg{a,^) = = W'+Hs{ac'), and 8 contains a Dirac S factor in total 

energy. Both (4-2) and (4-3) satisfy the unitary condition 


88 ^ = 8 ^ 8 ^ 1 . 


(4-4) 


Hence, if is an eigenvalue of (4-2) satisfying 


J<pa'> 1 8a I P'a0> dpXp'aO 1 4>> = A°a<pa'> 1 (4-5) 


and A{, is an eigenvalue of (4-3) satisfying . 

J<pa° 1 8^ 1 p'a®) dpXpV 1 $5>+J<paO 1 8^ \ p"®') dp"<p"a' [ # = 4<pa'> j 0>, (4-6) 


A^Ag* = 1 in range (a),l 
AjA?; =1 in range (6).j 


(4-7) 


The question to be answered is whether AJ and A^ can be the same analytic function 
of Eo. 

If the wave function <pa® | f \ p®a®> is an analytic function of .S® atm+Hs{a'), it 
follows that <pa® | 8 \ p®a®> is also analytic. The eigenvalues AJ are determined by 
this term in energy range {a). If <pa® [ 8 1 p®a®> is analytic, it will also determine the 
same eigenvalue function AS in range (6). Now 8a is unitary in range (a), and 8^ is 
unitary in range (6). Moreover, <pa® 1 8a \ p®a®> and <pa® | | p®a®> are assumed 

to be the same analytic function of jE?®. Hence, ia general, it is not possible for 8a 
and 8^ to be unitary over the same energy range. In particular, Sa will not be 
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unitary in range (b), so that | A® | 4= 1 in range (6). But | | — 1 in range (6), hence 

A® and A^ cannot be the same analytic function of Thus analytic behaviour of 
the elastic scattering matrix element of jS, in general, implies that the eigenvalues 
of S are not analytic at the threshold energies, and conversely. 

If <pa® I S I pW) is not analytic, it is possible for to be unitary not only in 
range (a) but also in range (6). If this is so, then | A® | = 1 for both (a) and (6). But 
it is still not consistent to take A® and Aj, to be the same function of This is because 
the matrix has more eigenvalues than are given by A®, which arise solely from the 
first term of It is consistent, however, to take half the eigenvalues, AJ say, of A^ 
to be the same functions as A®. Denote the remaining eigenvalues by A^. Then 
I A? 1 = 1A^ j = 1 in both (a) and (6), but it is not essential that | A'j, [ = 1 in range (a). 

This shows that the following assumption may be regarded as an alternative to 
the assumption of analytic behaviour of the elastic scattering matrix element: The 
functions of energy A^, which are the eigenvalues of S in range (a), are included 
amongst the eigenvalues of Sin range (6). This is not the only alternative assumption, 
but it appears to be the simplest. 

There is a trivial case where it is possible for both assumptions to hold. This occurs 
when the system only gives ‘pure scattering’, i.e. when the incident particle A 
cannot cause transitions in the scatterer Then for range (6), 


S = 


'(pa^\S\p^cxP} 

0 


<pa'|^|pV>;- 


(4-8) 


The functions Ag are eigenvalues of {pofi | 8 1 p®a®> and therefore the same as Ag, 
while Aft are eigenvalues of <pa' | 8 1 p'a'). One has to suppose that there is some 
other method of finding the state of B than by observing with particle A, 


5. SCATTEBER WITH UNSTABLE EXCITED STATES 

In some important practical cases, the excited states | a') of the scatterer B are 
unstable. For example, if B is an atom, it can usually decay from one excited state 
to another, or to its ground state, by spontaneous emission of a photon. It is 
assumed now that the excited states | a'>, | a"),... of B can decay spontaneously by 
emission of a particle G of momentum q. This appears to raise a new difficulty in 
/S-matrix theory, since the levels of | a'), etc., will now have a band width in the 
energy spectrum. It is assumed at fitst that this width is sufficiently narrow to 
justify speaking of a particular value B^(a') as the energy of the level | a'>, but it is 
shown later that such an assumption is not essential to fix a specific value for the 
threshold energy. 

It is now necessary to consider carefully the implications of a steady scattering 
process in quantum mechanics. In the classical picture, a single collision consists of 
particle A coming from infinity, encountering particle B (initially in the ground 
state I a®)), and going off to infimty again. B may be left in the ground state, in 
which case the collision is complete. Or, if B may be left in an 

excited state | in which case there is inelastic scattering of particle A. However, 
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the collision is not complete. At some subsequent time. B will decay from | a'> to 
I with emission of particle 0, which then goes oS to infinity and the collision is 
complete. 

In the quantum picture of a steady scattering process, the probability of any state 
of the system is constant in time. The concept of a lapse of time before emission of 
particle O does not arise. The observed results, from an initial state | pW>, will be 
a certain probability for a final state <pa^ |, and a certain probability for a final 
state <pqa® |. Both final states have energy The observed result in the second 
case is the two outgoing particles p and q. In a strictly stationary process no more 
information is obtained, and it has only a formal meaning to say that excited states 
I a') exist. The observed result is solely the creation of a new particle G with momen¬ 
tum q. When C has a finite rest mass, the threshold energy for particle creation is 
given by -4- where and are the rest masses of particles A 

and C. Providing and have no band spread, the threshold energy value is 
precise. 

The matrix elements of ^ are of the following two types: 

<pa® I ifr I pwy and (pqa® [ f | pW}. (5-1) 


Corresponding to (3-3), 


<pqaO|^|pOaO> 


= 0 for E^ < 4- -h 

4= 0 for E^ >Hjs{a^) + -h m^. j 


(5-2) 


The matrix elements of 8 are non-analytic at the threshold energy for particle 
creation, and the considerations of §§ 3 and 4 apply here also. It should be noted 
that the threshold energy for particle creation corresponds to the lower end of the 
band width of the unstable level jHg(a'). Hence 


Hs{(xP)+mc!<Hs{oc'), 


(5-3) 


The uncertainty of the energy does not lead to any uncertainty in the point 

where the 8 matrix elements become non-analytic. 

If the decay lifetime of an excited state | a') of B is long compared with the time 
spent by particle A near to B, it is possible to consider an experiment which leads to 
inelastic scattering of A without creation of 0. Such a result would be obtained 
when the incident wave has a sharp beginning. Then during the initial stages of the 
collision, particle A may be observed inelastically scattered, but the probability of 
finding a particle C created would be very small. To a good approximation, the 
experiment would be observing a transition ] pa°) to (pa' | of equal energy, 
In this case it may be of value to consider an approximate 8 
matrix, which can be written in the form (4-2) for energy range (a), and in the form 
(4*3) for energy range (6). The condition for the validity of such an approximation 
is the same as the condition that the transitions described by it are observable, 
namely that the decay period of | a'} is long compared with the duration of the 
collision. It should be noted that this approximate 8 matrix is non-analytic at 
E^ = -h m^, and this may be very different from the point E^ = 

at which the exact 8 matrix is non-analytic. 
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If, as suggested by Heisenberg ( 1949 ), the rest masses of elementary particles have 
a band "width, then the 8 matrix itself must be regarded as an approximate concept, 
but such a possibility would lead to speculations beyqnd the scope of this paper. 


6. Resonance soatteeing 


In this section the perturbation method of quantum mechanics is used to form an 
8 matrix. This method is perhaps only apphcable when the incident particle is a 
photon, but it gives interesting co nfir mation of the ^-matrix theory of unstable 
states, and throws more light on the non-analytic behaviour. The system considered 
is formed from an incident particle A, mass m, kinetic energy W , and momentum 
p, and'a scatterer B vfith stable excited states | a'> of energy Hs(a'). There exist 
states I hy of energy J7j. for which particle A is absorbed in the scatterer B. The total 
energy of the system is +Hg{ofi), and the interaction V between A and 

B is treated as a small perturbation. 

The wave matrix is given by ( 2 ' 2 ), and the 8 matrix by (2-5), 

(pa' 1 8 1 p®a°> = (pa' \ 1 j p®a®>+d(lf - W')(j?a' \ r | p®a°>. 


where W = E^—H^a') and E'^ >Es{a')+m. When E^^Ej^, 


<pa' (r I p®a°> == — 27ri 


,<palF fe)<A|F|p°aO> 


{E°—E^—a+ib) 


(6-1) 


Only the value r of r on the energy shell is important. In ( 6 * 1 ) a and b are real, and b 
is positive. They are 

a = J:l\(k\V\pa'}\^dpl{W'-W), ( 6 - 2 ) 

a.* J 

6 = wS f| <* I FI pa'}\^dpS[W' - W), (6-3) 

a' J 

where S is taken only over those values of a' for which > m, 

a* 

Variation of in the complex plane will lead to the same singularities in r as in S. 
Hence the matrix elements of S have a singularity at 


(6-4) 

According to the general theory of the 8 matrix, this singularity, which is in the 
lower half complex E^ plane, means that the state | hy is unstable and has decay 
constant 26. This interpretation is confirmed by a direct calculation of the decay 
probability of | A) (Dirac 1948 ). 

The mean energy of | IS) appears to be Ej.’^a, and pot as was first assumed. 
The interpretation of this is quite straightforward. The value as given by 

5f-matrix theory, is the observable value of the mean energy and is obtained either 
by the resonance point for scattering, or by observing the maximum intensity of 
particles when | IS) decays. But Ej^ is not an observable, it is an auxiliary quantity 
introduced for convenience in calculation. Formally, Ej^ is the energy of the un¬ 
disturbed state I i), in which particle A is bound to the scatterer B, But as soon 
as an observation is made to obtain the energy value, the state is disturbed and falls 
into an eigenstate of the observation. Ej ^,+is the eigenvalue of this observation, 
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but jEfc is the ^energy’ of state. | fe) and is not a well-defined concept in quantum 
mechanics. 

In addition to matrix elements like (6-1), the r matrix will contain elements for 
absorption. When == Ej^,, these are 

(6-5) 

These lead to the wave function {h\'ilr\ giving the probability that a 'measure¬ 

ment’ would reveal a state of absorption. In a steady scattering process the pro¬ 
bability of the state | i) must be constant in time. Therefore the formation pro¬ 
bability must be exactly balanced by the decay probability. In a Gibbs ensemble 
picture of a large number of individual collisions superimposed, one can say the 
number of particles A absorbed is exactly equal to the number emitted. Only when 
a non-stationary process is considered can an absorption be observed, so in an exact 
treatment the 8 matrix contains no elements corresponding to (6*5). 

When E^ is not near to a resonance value Ej^^ the r matrix is given by the dis¬ 
persion approximation in quantum mechanics. It is 

<pa' I r I p®a“> = - 27rij<pa' | V ] p®a®> + S — ^ ^ • C®'®) 

This assumes that <pa' | V | p®a®) is second order in smallness, when <pa' | F | Jfc) is 
first order. 

Formulae (6*1) and (6-6) will now be used to investigate how the unitary condition, 
8^8 = 88^ == 1, can hold at a threshold value where the 8 matrix becomes non- 
analytio. Writing ^ = 1 + i?, the unitary condition is 

= 1 , = ( 6 - 7 ) 

If m +Hg{a') is not near to JS'*., the dispersion approximation (6-6) has to be used. 
This gives 

<p®a® 1 r I pa'>J = 2nikpa,' | V (p®aO> + S ^ ^^ , (6-8) 


(6-9) 

( 6 - 10 ) 


where a subscript 2 denotes a second-order approximation. Then 

<pa' 1 B 1 p®a®> = 5(1F- TF'Xpa' ] r j p®a®>, ( 

<pa' I Bf t p®a®> = 5(1F - lF')<P®a® | r ] pa'}*. (6 

The fourth-order approximation for r gives, for r on the energy shell, 

<pa' I r I p®a»>4 = - 47r®|s J (pa' | V | p"a") dp^p^a" | V | pOaPyS^E" - E°) 

. ^ Tv. I V I p'V>dpXp"a^ I F I I F I p'^a0}S4E''-E0) _ 

V fv<P“''I ^ 1 *><* I ^ IP''^")<^P"<P'a" I FI p»a®> S+ (E" - E^) 

r {pa''\V\k}{k\V\p’'a''}dp\p''a''\V\k'}{k'\V\p<>a<>}S4E''-E0) 

{E0-E^){E"-E„) 


( 6 . 11 ) 
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where E" = W+Hsia"), and S is only over states with E0>m+Hs(cc''). By ( 6 - 6 ) 

ot!* 

and ( 6 - 8 ) to ( 6 - 11 ), hence 

RlB^^B^Bi, ( 6 - 12 ) 

and using (2;3), B^+Bl+B^B^= 0. ^ (6'13) 

This shows that the unitary condition holds to the fourth approximation. The 
abrupt change in the inelastic scattering elements of the S matrix, as E° increases 
through m+Es{a!"), leads to an extra term in the unitary equation (6-13), which is 


j<pa« II p"a"> dpXp V i Rl \ pW}. 


(6-14) 


Tlie term (6-14) is, in this instance, cancelled by an extra term appearing in ^4 and 
jB|. Thus the unitary condition depends on a non-analytic change in the elastic 
scattering Tna. t,ri-!r elements of S, at the threshold energies for inelastic scattering. 

If E° = Eii = m+Hg{a'"), the resonance scattering approximation ( 6 - 1 ) must be 
used. This gives 


It should be noted that b, given by (6-3), like B^ ( 6 - 11 ), is not an analytic function 
of energy a,tE° = m +Hg{a"'), due to S being taken only over states with 


From ( 6 - 1 ) and (6'15), 

<pa' I r + I p®a°) 


E°>m+Hs{a"). 

<pa^|F|A;><jt;|F|p«a°> 


— 4mb 


(E°—E^.—a—ib) {E^—Ek—a + ib)' 


(6-16) 


Substitute in (6-16) the value given by (6-3), and use (6-9) and ( 6 - 10 ). Then 


<paO \R + B^\ p®a»> = - IF - TF«) S 

a" 


f<pa“ 

F k}(k 

\y\ 

pV>(y(iS"-jB'>)dp" 

1 

{E° 

—Ej^ — a—ih) 


= -<pa'>|ii:ti2|p0a0>. 


..<pV'iF|jfc><A:|F|p«aO> 
^ (EO-E^-a+ib) 


(6-17) 

(6-18) 


It is clear also that so the tmitary condition holds. The extra term in 

the product (6-18), as increases above m+Hs{oc'"), cancels with an extra term in 
the series for 6 , Thus it is again the non-analytic behaviour of the elastic scattering 
matrix elements which ensures the unitary condition. 

These calculations from usual quantum mechanics indicate that at threshold 
values for new real processes, where the S matrix undergoes an abrupt change of 
behaviour, every matrix element of 8 will take a different analytic form. But it should 
be noted that the interaction considered here corresponds to that in equations ( 3 * 5 ) 
to (3-9), It is not mathematically necessary that a change in form of the unitary 
equation corresponds to a change in analytic behaviour of the elastic scattering 
elements, since the operation of taking the conjugate complex of a function is not 
analytic, in particular it is affected by branch points in the complex energy plane. 
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7. Photon soatteeing 


When the scattered particle ^ is a photon, the states of absorption | Tc) are the 
same as the excited states [ a"> of the scatterer B. This means that these excited 
states are unstable, and the decay particle (7 is a photon. Since the rest Tna,gg of C 
is now zero, inelastic scattering—or more exactly creation of a photon pair—^is 
possible for all energies E'>>Hs(a°). This has the consequence that the elastic scat¬ 
tering matrix elements must be anialjH/ie at the energies Eg{ac"). It wiU be verified 
that this result is given by Dirac’s perturbation theory, and a connexion with 
coefficients for spontaneous emission will be noted. 

Denote the momentum of the photon by p, its polarization by 1, and frequency 
by V. Then since ^ = c = 1, jp | = 2itv. The matrix elements for interaction with 
a one-electron atom are given by Dirac ( 1948 , § 63), and in resonance-scattering 
approximation lead to 


/ 1 01 1.^010 o\ ». v(a"a®) j'(a"a®) <a® a:, ]a"><a" Xio ofi} ] 

<pl». I r |p«lW> = - pXw-o+U, ■ i 

27rv(a"a0) = £r^(a") 27TV^ = b® 1 . 


(7-1) 


Xio is the component of electron co-ordinate in the direction P of the photon p®. 
Energy conservation on going over to the rox 8 matrix requires v = The line 
shift a, and the line width 26, are given by 


a = 27762S (v(aV))2|JJ:S j <«" [*11 a'> (7.3) 

b = 277262 S (v(aV))2jJy'S I <«" I *11 a'> |2sinwd&)d;^;, ( 7 - 3 ) 

where 277r' = E°—Hs{a'), and S is taken only over a' such that v' > 0 . 

a' 

The term (7*2) giving the shift of the energy level diverges. Until recently this 
term has been ignored, but it has been shown by Bethe that a subtraction method 
consistent with relativity requirements will remove all but a finite part of a. This 
finite part is interpreted as the shift in the energy level first observed in hydrogen 
by Lamb and Retherford. The imaginary term ib in the singularity of (7*1), shows 
that the excited state | a") of the atom can decay by spontaneous emission of light 
to some state of lower energy. This fact predicted by /S-matrix theory was first noted 
by Wentzel ( 1948 ) in a somewhat different treatment. The connexion between the 
line width 2b for scattering and the coefficient 2b for spontaneous emission arises in 
^-matrix theory from the complementary interpretations of the singularity in the 
complex energy plane. 

As increases through the value an additional term appears to be in¬ 

cluded in the sum for 6 . This term depends primarily on the factor j 1 F [ pa"> |^, 
which is zero for photon scattering, since it corresponds to emission of a photon from 
an atom without a change of state. Thus„ the matrix element (pla® | 8 1 p®Pa^>, 
calculated in resonance scattering approximation, is an analytic function of at 
Hjs{(x"), As noted above this result is required for consistency with the analytic form 
of the unitary condition. 
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The emission coefficient 26 can be broken up into separate terms, such as 


47rW»JJs|<a''l®il«'>| 


sin o)do)dx- 


(7-4) 


This is the Einstein coefficient for spontaneous emission of a photon of frequency 
v{a"a'), with decay of the atom from | a"> to [ a'>. Knowledge of all the Einstein 
coefficients is required in order to predict the relative intensities of spectral lines, 
but the 8 matrix appears to give only the sum of these coefficients for decay from 
each level In order to obtain these relative intensities from the S matrix, it 

is necessary to consider other matrix elements than the elastic scattering elements. 
It is convenient to picture a Gibbs ensemble made up of a superposition of individual 
independent collisions, and the whole representing a stationary scattering process. 

The discrete lines in a spectrum are an approximate concept obtained from sharp 
maxima in a continuous spectrum. To the same approximation the energy of | a") 
may be regarded as a sharp value Hgiaf'). Then for an energy value such that 
an incident photon may excite the atom from [ a^) to ] a"). 
Let X photons of the ensemble do this. The state | a"> will then decay, either by 
emission of one photon frequency v(ad'o!?)y or by emission of two photons v(a"a') and 
v{a'a^). The latter process takes place by decay first to | a'), and subsequent decay 
of j a'> to I ofi). Since the ensemble as a whole represents a stationary state, the 
number y of photons v(a"a') leading to formation of ] a'> from | a">, must be equal to 
the number of photons v(a'a^) giving decay from | a'>. Further, if z is the number of 
photons in order that the probability of | a"> should be constant, cc — 5 ^ + 25 . 

Omitting the polarization vector 1 for brevity, the S matrix will have the following 
matrix elements resulting from an initial state | p°a®>: 


(а) {pcxP I 8 I p^a®>, 

(б) <pp(a'aO)aO|5f|pOaO>, 

(c) <pp(aV)a<>l^|p^>aO>, 

(d) <pp(a"a') p{oc'ocP) a® | /S | 


The process of decay of | a"} should not be confused with induced emission, which is 
essentially a non-stationary process, and occurs only when a photon collides with 
an atom already in an excited state. 

Denoting the r matrix elements corresponding to ( 7 - 5 ) (a) to (d), by 
respectively, the cross-section for the transition | pW} to <pp(a"a®) a® | will be deter¬ 
mined by ^ow, the probability of formation of the real intermediate state 
I a") is the same for both (c) and (d). Thus the ratio | : | is determined solely 

by the relative probabilities of decay of | cd'y direct to | and decay via [ oc^y to 
] oc^y. In a stationary process each decay to | a'> is associated with a unique decay 
I oc^y to [ cxPy, since otherwise the probability of | os') would either increase or decrease. 
Hence, apart from weighting factors, the ratio | * I 1^ gives the relative in¬ 

tensities of the spectral lines of frequencies j'(a"a®) and v{oc"(x'). Similarly, all other 
ratios of intensities may be obtained from the 8 matrix. 

In an exact treatment of photon scattering, one would have to consider matrix 
elements corresponding to creation of many photons; indeed, for any given energy 
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an infinite number of photons is theoretically possible. It seems probable that 
approximate methods will be necessary in /S-matrix theory to limit the complexity 
of the processes considered. This difficulty does not arise, however, for particles of 
finite mass, whose number is limited by the total energy of the system. But for such 
particles the difficulty of non-analytic behaviour of matrix elements is encountered. 
The examples considered in this paper indicate that a new postulate will be required 
in 5^-matrix theory, which states how the analytic behaviour changes at threshold 
values. 

I wish to express my thanks to Prof. P. A. M. Dirac and to Prof. W. Heisenberg 
for valuable criticism and advice, and also to Dr N. Kemmer for helpful discussions. 
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The organization and work of the Division of Biochemistry 
and General Nutrition of C.S.I.R. 

By H. R. Maeston,* Chief of Division 
{Lecture delivered 18 November 1948 —Received 16 May 1949) 

[Plates 12 to 18] 

Introduction—organization and administration 

In allotting me the task of relating to you something of the organization and work 
of the Division of Biochemistry and General Nutrition of the Council for Scientific 
and Industrial Research, I trust it is not your pleasure to have me dwell on the first 
part of this title—^for a description in measured terms of a substance so tenuous is 
beyond me. Organization (in its of&cial sense) is not readily discernible to those of 
us who are gathered together in this laboratory. It is there, but it is never obtrusive. 

We are an organ of a body which, although nurtured by Government funds, is 
free from the vegetative nervous system of the pubhc service administration. We 
are situated within the precincts of a university, and enjoy the amenities and 
intellectual discipline of academic life without having to shoulder too great a burden 
of teaching. Our reference is to conduct research (with a quiet aside that applied 
science may remain healthy and productive only when thoroughly fertilized with 
more fundamental studies). Here is a grand experiment in Government adminis- 
tration. 

The burden of responsibility entailed is apparent. This, together with a simple 
faith that practical application will flow freely and naturally from more complete 
understanding of the underlying phenomena, directs our efforts; and a common 
curiosity welds us, without loss of individuality, into a team. Our accounts are kept 
in a way which is acceptable to the Treasury. 

The team is composed of individuals whose initial training has been either in 
physiology or in chemistry—eight senior research men, about twice this number of 
younger men (the heart of the team), and about four times as many technical assis¬ 
tants (enough to provide all the extra hands and eyes the team may use effectively 
without being overwhelmed by problems of management). The backbone of the 
team consists of individuals who have had post-graduate training in British uni¬ 
versities and who are imbued with the ideals of which this place is the Mecca. 

The scope of the work 

The meagre fund of exact knowledge of ruminant physiology—^which, in light of 
the importance of sheep and cattle to the well-being of mankind, is rather a depres¬ 
sing heritage—^prompted our attention to this general field. Our interest became 

* Elected F.R.S. 17 March 1949. 
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fixed on the nutritional bioehenustry of the sheep ^a convenient and tractable 
ruminant— and more especially on factors which influence wool production, for 
here was a virgin field that might appropriately be cultivated in Australia. 

There is no great mystery about the nutritional factors which govern wool pro¬ 
duction by normal, healthy sheep. The quota of the amino-acids absorbed from the 
intestine that ultimately serves as a substrate for wool production must escape alike 
the »^ftTng.nria of Competing syntheses, and of deamination and utilization as a source 
of energy_^modifying influences which vary with the nutritional state of the animal. 

A series of experiments in which there was a precise knowledge of the overall 
energy transactions, of the nitrogen balance, of the amino-acids in the fodder and 
in the main synthetic products—^wool and flesh, and of the rate of wool production, 
allowed the influence of various states of nutrition on the efficiency with which amino- 
acids are utilized for wool production to be assessed with satisfactory accuracy. 
Appraisal of the nutritional limitations imposed by grazing conditions then became 
feasible and we were able to proceed intelligently with their correction. 

The estimation of the overall efficiency of wool production was greatly simplified 
by a study of the amino-acid constitution of the vegetable proteins which normally 
provide the substrate from which wool is elaborated, for this revealed that the 
protoplasmic proteins, apparently of aU orders of higher plants, are of extraordin¬ 
arily similar composition. The biological value of these protems for wool production 
is restricted by their potential cystine content to approximately 36 % under ideal 
conditions. The theoretical nutritional state in which there would be a complete 
conversion of the limiting essential amino-acid, however, is never closely approached 
—even under nutritional conditions in which the energy requirements are met with 
substances other than protein, and there is a minimum of depletion of the sub¬ 
strate of amino acids by competing syntheses, the efficiency with which the highly 
evolved Merino sheep converts to wool fleece the amino-acids absorbed from its 
intestine exceeds 10 % only in exceptional instances. Obviously wool keratin 
is an expensive biological product when compared with the protems of meat, mUk, 
e^, etc. 

Usually the concentration of protein in pastures falls very short of that necessary 
to provide for maximum fleece production, and for this reason the grazing Merino 
rarely expresses its full hereditary propensity—^fine wool, more often than not, is 
mainly the result of suboptimum nutritional conditions. 

The experimental work which is proceeding on the thermod 3 mamics of food 
utihzation, designed primarily to provide a sound basis for maintaining flocks over 
periods of drought, must be passed over with mere mention. Although energy meta¬ 
bolism was the central theme of physiology at the close of last century, it had been 
abandoned in a state of no little confusion. About ten years ago we built two calori¬ 
meters for the study of energy transactions in the sheep and these tools have since 
been used contiauously to provide an essential basis for our nutritional investiga- ■ 
tions. Discussion of the work on the intermediary metabolism of the simple fatty 
adds which, as products of microbial dissimilation of carbohydrates, constitute the 
main and apparently wasteful source of energy for the ruminant, must be set aside, 
and so must the studies of the nufrition and activity of the symbiotic microflora of 
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the paunch, upon which the raminant largely depends. These projects lack neither 
scientific interest nor basic nutritional importance, but time is limited and I should 
like to relate in some detail our experiments with trace elements as these have led 
in a sort of Pilgrim’s Progress (which we like to imagine was a logical sequence) to 
the solution of agricultural problems of considerable economic significance. 


Teaoe element studies 

The geochemistry of the very deficient fost-Pliocene aeolian soils 

A great part of the soils.along the seaboard of southern Australia are of aeolian 
origin—^their genesis probably dates from a period of extreme aridity in post- 
Pliocene times. 

The coastal fringes are composed essentially of marine shell fragments, wind- 
borne into gently rolling dunes that cover unconformably and at considerable depth 
the underlying strata. These merge imperceptibly through consolidated limestone 
ridges, intersected by brown soils—^residua derived apparently from leaching of the 
older dunes—^into a hinterland where light siliceous sands imposed upon solonized 
subsoils prevail over relatively huge areas. 

' Indigenous plant associations on these soils 

Most of this terrain is in a zone of secure and adequate rainfall. The calcareous 
littoral supports a very simple plant association in which two oalciphile grasses, 
Bromus madritensis and Lagurus ovatus, overwhelmingly predominate (plate 12a). 
The silioeous sands constitute the so-called mallee deserts where a low and stunted 
heath of dwarfed eucalypts, Banhsia sp., Xanthorrhea sp., etc., has become inured 
to the penury of the deficient environment (plate 126). 

Desultory attempts to farm these tracts failed, and all but the marginal areas 
were abandoned as useless for agriculture. 

Coast disease and related maladies 

The earliest settlers who ventured to graze their flocks on the natural pastures of 
the littoral found their enterprise hazardous. Sheep confined to these tracts in¬ 
variably became anaemic and would waste and die, usually within a year. 

This was the first problem that attracted us—^it provided the clue which led to 
the solution of the problem of these refractory lands. 

A short preliminary study revealed a syndrome very similar to that of a malady 
which had been observed to affect sheep depastured on specific areas in most coun¬ 
tries, and which had been dubbed with many names. Human experience with this 
malady had been a long one. Its aetiology was quite obscure. 

We proceeded on the assumption that the malady had a nutritional origin. Was it 
then an uncomplicated deficiency of an essential nutrient element, or was it a 
deficiency imposed by excessive ingestion of calcium? Experiments soon dispelled 
the latter idea—^and incidentally placed in proper perspective the ^Erdalhali 
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Alkdlizitar theory which, at that time, tended to obscure our conception of the 
phosphorus metabolism of ruminants. 

The former hypothesis was encouraged when we observed that sheep in an ad¬ 
vanced stage of the malady would respond dramatically to dosing with a mixture 
of soluble salts of the heavy metals (Ni, Co, Mn, Zn, Fe, Cu) which apparently are 
always present as traces in living matter. As the therapeutic effects were strikingly 
obvious, cobalt was identified as the active constituent of this mixture within a few 
months, and a year later we had demonstrated unequivocally that Img. Co/day 
would prevent the onset of the symptoms which invariably affect sheep depastured 
on the littoral (figures 1, 2 and plate 13). 

The ioference that those maladies which are characterized by a similar syndrome 
might also originate from cobalt deficiency proved correct. A year or so after our 
first announcement, the New Zealand bush sickness which affects sheep on soils 
derived from acidic volcanic ejecumenta, the Western Austrahan enzootic marasmus 
which affects sheep on certain red loams, the vinkish and daising of the Cheviots, the 
pine of the raised beaches of the Inner Hebrides, the salt sickness of the coral sands 
of Florida, and similar maladies elsewhere were. aU demonstrated, by others, to 
respond dramatically to cobalt. 

But the disabilities suffered by sheep depastured on the deficient httoral were of 
more complex origin. Another syndrome, previously masked by the more rapidly 
fatal effects of cobalt deficiency became evident in the animals treated with cobalt. 
This proved to be the result of copper deficiency. 

A further four years of experimental observations conclusively demonstrated that 
adequate supplements of cobalt and of copper would maintain sheep in normal 
health and productivity while depastured on this terrain; and collateral chemical 
evidence left no doubt that the malady was the result of a dietary deficiency of both 
cobalt and copper. Here, then, where the dual deficiency prevails, appropriate 
treatment would reveal the uncomplicated syndrome of either deficiency (figure 3). 

A unique opportunity was thus provided for intensive study of these deficiencies. 

Cobalt deficiency 

We found it possible to produce the deficiency syndrome under laboratory con¬ 
ditions by confining sheep to concrete pens, and feeding them on rations consisting 
of hay produced on the deficient terrain, supplemented with washed gluten and cod- 
liver oil—a diet which, when further supplemented with cobalt and copper, fulfilled 
their nutritional requirements. This procedure rendered possible a close study of the 
malady (figure 4), 

A sheep exhibits characteristic symptoms when cobalt deficient (plate 13). Its 
normal alert demeanour changes to one of dull and rheumy-eyed listlessness; its 
buccal and conjunctival mucosae blanch; its skin pales from the normal ruddy pink 
to a dull greenish hue, becomes less flexible and in the adivanced stages of the malady 
sufficiently fragile to break on parting the wool. A steady decline in body weight 
reflects a failmg appetite which progresses until the animal dies of inanition. Autopsy 
reveals little that is distinguishable from hunger oedema—^there was little evidence 
which might provide a clue to the physiological mechanisms involved. 
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weeks on deficient pasture 


Figure 1. The data are from an experiment in which an even fiock of ewes {aet. 9 months at the 
beginning of the experiment) was divided into 5 groups each of 8 auimals and treated, while 
depastured on the deficient littoral, by dosing thrice weekly with the elements indicated. 
The effects of additional cobalt are obvious. Those without it all succumbed within a year. 
The effects of copper deficiency previously masked by the more rapid effects of cobalt 
deficiency become apparent in group B. Other elements superimposed on cobalt and copper 
exerted no significant benefit. (From experiments of Marston, Lee & McDonald 1936 .) 
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Figure 2. The data Prefer to one of a nximber of pairs of mature twin Merino ewes which were 
transferred to the deficient littoral in 1936. EweW 6.248 was treated with cobalt throughout 
the experimental period of 3 years. Ewe W 6.241 was untreated during the first 65 weeks 
after which a supplement of cobalt sulphate equivalent to Img. Co/day was administered. 
Both ewes receiv^ 10 mg. Cu/day, The supplement of cobalt prevented loss of weight and 
the appearance of deficiency symptoms in ewe W 6.248. The effect of cobalt administered 
• to ewe W 6.241 while in the terminal stage of the deficiency syndrome (see plate 13) illus¬ 
trates the typical therapeutic action. There are no striking permanent effects after recovery 
from an extreme state of cobalt deficiency. The growth rates of the lambs (inset) produced 
subsequent to mating these ewes at 110 weeks are practically identical. Both received 
1 mg. Co/day. •-• ewe W 6.248 (treated), • - - ewe W 6.241 (untreated). 
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The anaemia which is a feature of the malady presents a blood picture suggestive 
of an aplastic condition of the bone marrow (plate 136). In the early stages, a reduc¬ 
tion in the number of cells rather than changes in their mean size or in their mean 
haemoglobin content contributes to the low oxygen-carrying capacity. Later, as 
the state of anaemia worsens, the picture becomes one of a profound large-cell 
anaemia, somewhat reminiscent of, but quite distinct from that , of Addison’^ 
pernicious anaemia of man. 

All attempts to produce cobalt deficiency in small laboratory animals (rats,,mice, 
rabbits, etc.) have failed—^most of the experiments reported in the literature are 



Figtjbe 3. The data are from an experiment designed to estimate the quantity of copper neces¬ 
sary to fulfil the requirements of sheep depastured on the deficient terrain. This flock was 
divided into six groups each of 10 animals and treated as indicated. (From experiments of 
Marston, Lee & McDonald 1938 .) 
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Figube 4. Rye hay grown on the deficient littoral supplies adequate nourishment for sheep if 
provided ad lib, and supplemented each day with 100 g. washed gluten, 4 ml. ood-liver oil 
and 1 mg. Co and 10 mg. Co. Without additional cobalt this diet is inadequate—sheep fed 
on it develop progressive symptoms of cobalt deficiency which terroinate fatally. The data 
illustrate the effect of the cobalt supplement on sheep that have been pen-fed on this diet. 
The growth rate of no, 692 which repeived 1 mg. Co/day from the beginning of the experi¬ 
ment is normal. No. 689, to which no extra cobalt was supplied, developed well-defined 
symptoms of cobalt deficiency, lost weight and died 44 weeks after being confibaed to this 
diet, the course of the syndrome being identical with that observed in the field. 

The insets show the effects which supervened when Img. Co/day was provided for 
4 weeks to sheep which had developed the deficiency S 3 mdrome imder these conditions. 
Note effects on food intake which is represented as mean daily intake of food/week. The 
rye hay contained 0-02/^g. Co/g. dry wdi.; the gluten 0 * 02 /tg. Co/g. dry wt. The water 
provided for the animals was distilled. (From unpublished experiments of Marston & 
Peirce 1938 - 9 .) 
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’unconvincing, however, as they have been of short duration and the chemical claims 
* have been of doubtful significance; but we have now the third filial generation of 
rats that have been sustained, with elaborate precautions and meticulous chemical 
control, on a diet containing < 0*03 parts of cobalt per million dry weight, upon 
which they remain normal and healthy. Sheep would certainly succumb to the 
deficiency within a year if confined to fodder containing this concentration of 
cobalt. 

The amount of cobalt necessary to overcome the fatal consequences of the 
deficiency is certainly very small. The equivalent of 1 mg. Co/day which was arbi¬ 
trarily adopted in the first series of experiments proved on further study to be in 
large excess of the actual needs of sheep depastured on the deficient littoral where 
the intake in the fodder varies between 20 and 30/tg. Co/day—^the equivalent of 
0*1 mg. Co/day was sufllcient to prevent entirely the appearance of any -untoward 
symptoms, provided that it was administered frequently. In these experiments the 
positive controls were dosed thrice weekly; correspondingly larger doses given at 
intervals of two weeks failed to prevent the onset of deficiency symptoms, and 
equivalent doses administered at intervals of 6 weeks merely delayed their fatal 
termination. 

The fact that sheep and cattle are apparently the only animals which suffer the 
consequences of cobalt deficiency while grazing on the deficient terrain—^marsupials 
abound, the rabbit population if imchecked assumes plague proportions, and horses 
do exceptionally well there—suggests that the ruminant is either extraordinarily 
wasteful with cobalt or is unique in its greater demand for this element. Our 
observations support the latter hypothesis. 

In our first experiments with sheep transported from normal pastures to the defi¬ 
cient littoral we had observed the deficiency syndrome develop to its fatal conclusion 
in some whose livers, when analyzed subsequent to death, had retained as much 
cobalt as is found in the livers of animals grazed elsewhere on normal pastures. 
Later, we established depots in the sheep by introducing relatively massive quantities 
of slightly soluble cobalt salts under the skin, and observed no benefit from this 
procedure. On investigating the reason for this, we obtained unequivocal evidence 
that if cobalt is to be effective it must be ingested—^when injected into the blood 
stream it is valueless to the animal (figure 5) although the cobalt concentration in 
the organs may by this means be increased at least ten-fold above that found in 
normal healthy sheep. Clearly then, cobalt exerts its action primarily either in the 
lumen of the alimentary canal or during its passage through the wall. The site of 
this activity appears to be at a level above the duodenum, for study of the fate of 
Co®® injected intravenously revealed that a considerable proportion of cobalt intro¬ 
duced in this way is voided in the faeces; it is not secreted in the saliva but finds its 
way via the bile into the intestiae from which it is not reabsorbed. 

An important function of cobalt in the ruminant might thus concern the symbiotic 
flora of the paunch upon which the nutrition of the ruminant depends. If the demands 
of these micro-organisms are large compared with the requirements of the animal 
itself, then the strikingly dissimilar behaviour between ruminants and other herbi- 
vora might be explained. 
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Attention has now been fixed on the essential nature of cobalt for the nutrition of 
A.nima.1s other than ruminants, by the announcement a few months ago of the 
isolation of Minot’s anti-pernicious anaemia factor from liver, and of the discovery, 
both in the United Kingdom and in the United States, that this bright red, crystalline 
material is an association complex of cobalt. 

These findings already suggest that the quantity of cobalt required for the normal 
physiological function of the bone marrow is minute, as <10/6g. of this factor 
(equivalent to < 0*4/^g. Co) introduced parenterally has been reported to correct 
for at least 7 days the dyscrasia of human pernicious anaemia. 

Deficiept pastures, which are never completely devoid of cobalt (they contain 
between 0*02 and 0*03/fcg. Oo/g. dry wt.), may provide to all grazing animals sufficient 
cobalt for the elaboration of this factor—^possibly by interaction with Castle’s 
extrinsic factor in the acid gastric contents—^but leave unfulfilled, in the ruminant, 
the requirements of other physiological mechanisms (those of the symbiotic micro¬ 
flora for example) which demand greater quantities of cobalt for their normal 
activities. 

The profound anaemia that supervenes on cobalt deficiency in the ruminant has 
certain features in common with other macrocytic anaemias of nutritional 
origin. But its origia is apparently not due primarily to a deficiency of the 
A.P.A. factor. Our current experiments suggest that it does not respond either to 
massive amounts of liver extracts adnainistered parenterally or to similar therapy 
with the pure A.P.A. factor. Nor will it respond to dosing per os with pteroyl- 
glutamic acid. In so far as our experience extends, cobalt administered per os (as a 
soluble ionizable salt) is the only effective agent which will prevent the onset of the 
deficiency syndrome in sheep depastured on the deficient tracts, or will cure the 
symptoms when they have developed. 

The anaemia which is a feature of the cobalt-deficiency syndrome in the ruminant 
is apparently the result of a breakdown of a link in the chain of metabolic events 
responsible for the maturation of the red cell, other than the one that fails in 
human pernicious anaemia. 

In contrast to the dramatic change in the general health and activity of a deficient 
sheep which supervenes immediately on treatment with cobalt, the recession of the 
anaemia is slow, and so the low oxygen-carrying capacity of the blood per se is not 
the prime cause of the physiological disability but a symptom of a more general 
metabolic defect. It appears that we'may seek with confidence a l^s restricted physio¬ 
logical role for cobalt than the specific part it plays in the maturation of the red cells. 

And that is the present state of our knowledge of the function of cobalt in the 
ruminant. Our curiosity is now directed to the possible significance of cobalt in the 
nutrition of the associative growth of micro-organisms which normally inhabit 
the rumen. The A,P.A. factor is known to be necessary for the growth of the Dorner 
strain of Lactobacillus lactis and this implies that cobalt may be an essential adjuvant 
for other bacteria—^the quantity required, 1-3 x 10"“^/6g. of the crystalline factor 
(equivalent to 5 x 10~^ /ig, Co) per ml. of medium for half maximum growth, suggests 
that the A.P.A. factor is among the most ^tent of the compounds essential for the 
proliferation of micro-organisms. 
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Figure 6 . The individuals of this group of 4 Merino ewes {a&t, approx. 9 months at beginning 
of the experiment) were grazed together on cobalt-deficient pastures and treated as follows: 
R. 57, with the equivalent of Img* Co/day administered once a week per os; R. 50, and 
R.50, with Img. Co/day injected once a week into the jugular vein; R.53 received no 
supplement of cobalt. All received adequate copper. After 50 weeks, when R. 50 was in 
the terminal stages of the deficiency syndrome, the equivalent of Img. Co/day was super¬ 
imposed on the injections. jS denotes recognizable deficiency symptoms. The behaviour 
was gimilfl y to that of the animals in other groups. The cobalt concentration of the pastures 
varied between 0-02 and 0‘03/£g. Oo/g. dry wt. (From experiments of Marston & Lee 
1943-44*) 
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Copper deficiency 

It is possible to be more concise and somewhat more final in the discussion of our 
experience with copper deficiency—for reasons which may later become clear, 
problems associated with the physiological role of copper were pursued with more 
vigour and they have yielded more readily than those that concern the function of 
cobalt. 

When the cobalt requirements of sheep depastured on the deficient littoral are 
fulfilled, a syndrome slowly develops which has proved to be the result of a serious 
copper deficiency; additional copper leads rapidly to its regression, and will maintain 
the animals in normal health and productivity. 

Sheep are unable to establish a positive copper balance on these deficient pastures 
which contain, according to the stage of growth, between 2 and 4/^g. Cu/g. dry wt. 
Their reserves of copper are depleted and the reduced status is reflected by a steady 
fall in the blood-copper to levels below one-fifth of the normal concentration of 
approximately l/^g./ml. They sicken and exhibit well-defined symptoms. By 
appropriate treatment with supplements of copper insufficient to maintain the normal 
physiological requirements, we were able to produce an ordered series of deficiency 
states that ranged from the frank s 3 nidrome in the untreated animals to an incipient 
state of deficiency in which overall efficiency was impaired without the appearance 
of specific symptoms (figure 6), 

It was our experience with this series of experiments which led us later to recognize 
the aetiology of a number of iU-defined maladies of young grazing stock, enzootic 
over extensive areas distinct from the very deficient terrain upon which these 
observations were made. And they provided the second, and this time, much more 
definite clue to the understanding of the factors which had rendered agriculture 
impossible on the vast areas of the so-called mallee deserts. 

The observations showed clearly that when the copper status of the sheep falls 
below a well-defined level, the first metabolic process to become seriously impaired 
is the chemical mechanism concerned with keratinization. Further depletion results 
in a disordered iron metabolism which becomes manifest in a h37pochromic anaemia 
and the deposition of haemosiderin in the tissues. A very low copper status in the 
ewe dtiring pregnancy leads invariably to nervous sequelae in her lamb. 

Nervous sequelae of copper deficiency 

The results of this nervous disorder have been known to shepherds for many 
centuries in the British Isles and elsewhere. 

The symptoms range, according to the severity of the lesion, from complete 
paralysis at birth to a bland ataxia which may appear at any age up to 6 months 
or more. The incoordination of the hind limbs in the milder cases presents a clinical 
picture which suggests failure of the upper motor neurones; and histological examina¬ 
tion of the cord reveals extensive demyelination in the ventro-lateral column always 
involving the direct and crossed pyramidal tracts which are not as highly differen¬ 
tiated in the sheep as in the primates. 

The invariable nature and restricted distribution of these lesions raises many 
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weeks on Cu-deficient pasture 


Figube 6. The data are from an experiment designed primarily to study the influence of various 
degrees of copper deficiency on the quantity and nature of the wool produced by Merino 
sheep. This flock was selected from a large number of young Merino ewes to be of even wool 
type. It was divided into 8 groups each of 8 animals and grazed on seriously copper- 
deficient pastures. All received cobalt. The influence of the supplements of copper on the 
oxygen-carrying capacity and on the copper concentration of the bloods is shown. The 
effects on the wool fleece are indicated in figure 8 and plate 15. (From esperiments of Mar- 
ston & Lee 1945 - 6 .) 
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intriguing questions, but it is the effects of copper deficiency on the process of 
keratinizatioh that I should like to relate in some detail to you. 


Copper deficiency and heraMnization 

Copper deficiency reveals itself first as'a marked deterioration in the quality of the 
fleece (plate 14a). A gradual series of morphological changes reflects in the wool 
staple the progressive decrease in the efficiency of chemical mechanisms in the 
follicles which require copper if they are to function normally. As the copper reserves 
are depleted the crimp becomes progressively less distinct xmtil the fibres emerge 
entirely devoid of character. 

The capacity of the follicles to impart crimp returns immediately on the 
resumption of a normal copper status and the staple that grows subsequently 
resumes boldly the character of the particular wool type of the individual (plate 
146). 

There is thus little doubt that the changes in structure reflected by this lesion in 
the fleece are due to the breakdown of a catalytic process in which copper is pri¬ 
marily involved. The follicles of a black sheep seriously depleted of copper, lose their 
ability to impart Crimp and their capacity to produce pigment. The role assumed 
by copper in effecting oxygen transfer is beautifuUy illustrated by the sudden re¬ 
appearance of both melanin and crimp when the normal copper concentration in 
the foUicles is reinstated (plate 14c). 

Consideration of the cytology of the follicle leads to the site of this failure. As the 
proliferating cells at the base of the follicle mature, their expanding protoplasm 
impels them to present a minimum surface and fiU with no, interstices the restricted 
space they occupy so that each ceU becomes faceted and approximates to the shape 
of Kelvm’s minimum tetrakaidecahedron. In this state they are forced towards the 
corneal constriction where they are graduaUy compressed to about one-eighth of 
their original cross-section and so become greatly elongated into spindle-shaped 
cortical cells which, when keratinized, comprise the wool fibre. During their extrusion 
though the constriction the globular protein of these cells granulates and proceeds 

through microfibriUae of fibrous protein (Vomer’s trichohyalin of classical histology) 
fco hard keratin. ^ 


A specific histochemical reaction with alkaline nitroprusside which forms a deep 
purple complex with thiol (—SH) groups reveals the process which is impaired by 
copper deficiency. When this reagent is applied to a normal fibre freshly plucked so 
M to retam its root, the basal cells are stained very lightly if at aU. At the level where 
the mtracellular structures begin to granulate and form into microfibrillae the 
IS intense and from there, in a normal fibre, it extends for apptoximLtely 
100/4 to cease qmte abruptly m the fizUy keratinized portion. When applied similarly 
to a wool fibre from a sheep with a low copper status the intense reaction begins at 
the same level but It extends for IOOO /4 or more-practicaUy the whole of the fibre 
embedded m the skm reacts strongly, the staining of the upper portion becoming 
^gresmvely mtense as it approaches the skin surface (figure 7 ).. On dosing the 
eficient animal mth copper this greatly increased zone of free thiol groups retracts 
to its normal position within a few hours. ° 
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The evidence leaves little doubt that copper is primarily responsible for catalyzing 
the oxidative closure of the thiol residues of the prekeratin fibrous protein to the 
disulphide linkages of keratin. The rate at which this reaction proceeds is a measure 
of the copper status of the sheep. In the normal integument the oxidation of the 
reduced fibrous protein is complete in 8 to 12 hr.—^the fibre is set deep down in the 
follicle: in the integument of a seriously copper-deficient animal this Pxidative change 
takes 3 days or more to proceed to completion and so the fibre retains its plastic 
condition until it emerges at the skin surface. 



5Qfif 

a b 


FiGtTRB 7* Wool follicles (diagrammatic) showing the approximate distribution of free —SH 
groups in the wool fibre during keratinization as indicated by the nitroprusside reaction 
applied to wool from a normal and h copper-deficient sheep. 

The preferred molecular orientation in the wool fibre originates during the passage 
of the cells through the constriction at the base of the follicle—^the normal fibre 
becomes anisotropic during its extrusion through this constriction and the molecular 
asymmetry remains. The long-chain fibrous protein molecules are alined while still 
in a reduced state and fixed in this position by copper-catalyzed oxidative closure 
of the cysteine residues of adjacent molecules to disulphide bonds which bind the 
keratin fibrillae together. In the copper-deficient sheep the comparatively slow 
oxidation of the fibre provides ample opportunity for subsequent disorientation 
before internal bonding is completed. 

The aberrant physical properties of copper-deficient wool—^its reduced tensile 
strength, its lack' of elasticity and abnormal stress strain cycle, its tendency to 
become permanently set, its reduced affinity for dyes, etc.—^with little doubt arise 
from the abnormal internal bonding and less orderly structure within the fibres. 
There is no gross change in its amino-acid constitution. 

When the copper status of a sheep falls below normal, the efficiency of inter¬ 
mediary metabolism is impaired; appetite is lessened and so the rate of wool growth 
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is diminished. We employed methods analogous to a chemical titration to estimate 
the extent of this. Supplements of copper ranging in increments from nil to amounts 
that were more tha-Ti sufficient to meet the nutritional requirements were administered 
to a series of carefully matched groups of sheep depastured as a flock on the frankly 
deficient terrain (figure 6). The mean weight of clean-scoured wool produced was 
found to vary exponentially with the amount of copper provided in the supplement. 
In the nutritional environment of the littoral dunes, the asymptote of maximum 
response was reached when between 7-6 and 10 mg. Ou/day was supplied. Equili¬ 
brium was established at this level of intake and greater amounts of copper brought 
about no further improvement either in the quality or m the quantity of wool 
produced (plate 15 and figure 8). 



Figure 8 . The influence of a graded series of copper deficiency (see figure 3 and plate 15) on 
the annual production of clean scoured wool during the first 2 years of the experiment is 
shown (O 1945 clip, • 1946 clip). The observed means for each group are plotted in 
relation to curves derived by the method of least squares to specify that the increase in 
wool production per unit of copper supplement is proportional to the deficit below the 
maximum wool production K. The asymptote K is indicated with its s.n. plotted on either 
side. In each year the maximum response was achieved when the supplement provided 
between 7*5 and 10 mg. Cu/day. The pastures were more nutritious in 1946 than in 1945. 

Adequate copper more than doubled the monetary value of the fleeces from sheep 
on this very deficient terrain and the fleeces from the deficient groups ranged in 
value according to the degree of deficiency imposed. The reduced value of the fleece 
from a copper-deficient sheep is not due entirely to its lighter weight. The lack of 
crimp is recognized by wool-buying appraisers to indicate properties that have been 
found undesirable in technological processing and so copper-deficient wool is heavily 
discounted. 

These titration experiments allowed the consequences of all degrees of copper 
deficiency to be expressed in language readily appreciated by pastoralists and 
general adoption of preventative measures followed. 
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h Typical mallee heath 

Areas of aeolean soils in Southern Australia where trace element deficiencies prevail. 
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The effect of different degrees of copper deficiency on the character of Merino wool. 
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Resistance of certain plant species to soil conditions which impose copper 
deficiency on other species. 
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The development of pastures on the mallee heath soils of the hinterland 
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Delineation of deficient areas 

In the preliminary investigations, geochemistry with its fuU appreciation of the 
petrological aspects of soil origin provided valuable guidance, and in virgin country 
ecological studies have been helpful in delineating deficient areas within any one 
climatic zone. 

On the very deficient tracts where only that vegetation inured by selection to the 
inadequate nutritional environment is able to persist, the small quantities of 
micromutrients which become concentrated in the fodder plants are grossly insuffi¬ 
cient to fulfil the requirements of grazing ruminants. 

On less seriously deficient terrain, however, the chemical composition of the 
available pastures is subject to a great variety of environmental influences: those of 
climate—^the seasonal effects of light, rainfall, temperature, etc.; those of the soils 
—^the nature and interaction of the minerals of the soil proper and of the parent 
rocks, the pH, the structure, the microflora, etc.; and those of the vegetation itself 
—^the species, variety, strain of the plants, their root systems, their stage of growth, 
the mineral interactions within them, to mention but a few, are all reflected in the 
composition of the fodder. And so it is not feasible, under these conditions, to assess 
the status of micro-nutrient elements without some means of integrating this 
complex and labile system of variables. Indicator plants do this, and if appropriate 
sj^ecies are selected, specific lesions are exhibited. The grazing animal further 
resolves these factors and their influence may be measured in terms of animal 
production. 

We have exploited specific symptoms such as the copper-deficient lesion in the 
wool for mapping the areas that are seriously involved and for revealing incipient 
deficiencies of copper on terrain where hitherto such limitations had never been 
suspected. 

The extent of the areas where less obvious deficiencies are prevalent is very much 
greater than that of the frankly deficient terrain, and the consequences are of little 
less economic significance. The recognition and correction of deficiencies on these 
great tracts of marginal lands followed experiments with indicator plants and led 
finally to the development of pastures on the very deficient aeolian soils. 

Solution of the problems of the aeolian soils 
Development of pastures on the littoral 

From the beginning the factors which limited so strikingly the development of 
vegetation oh these h age tracts intrigued us. 

In our preliminary experiments with animals grazing on the littoral we attempted 
to establish a sown pasture of a high-yielding perennial grass and a legume suited 
to this climatic zone by applying liberal dressings of phosphate, nitrogen and potash. 
The manurial treatment served only to stimulate the grasses already prevalent— 
the sown species failed completely (plate 166). 

Subsequently, when we realized that copper deficiency in the fodder limited the 
welfare of animals depastured there, we were led to investigate the effects of incr^i^ng 
the level of available copper in the soils. It was a series of experiments with 
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as an indicator plant that proved the low fertility of these calcareous sands to be due 
primarily to a low copper status. 

The experience of early settlers who had attempted without success to farm these 
deficient tracts suggested that rye would grow there but oats, wheat and barley 
would fail. This was substantiated. Oats proved particularly susceptible, for when 
grown in this environment the oat plant displayed fiagrant lesions and failed to 
head (plate 16a). Plot experiments of factorial design revealed that a dressiug 
of 71b. CuS 04 . 5 H^ 0 /acre applied at sowing prevented these deficiency lesions 
and a crop of 23 bushels/acre resulted—^nitrogen was then the limiting factor for 
when nitrogenous manures were superimposed the yield was more than doubled. An 
identical dressing of copper applied a year before sowing resulted, under the same 
conditions, in a crop of 62 bushels/acre. Here is a probable effect of copper on 
nitrification within the soils. 

In the absence of additional copper all legumes failed completely, but with it 
lucerne (plate 17), black medic, barrel medic and other pasture legumes developed 
with surprising vigour, and under these conditions pasture grasses grew well in 
association. 

The effects of the copper dressings proved lasting—splendid high-yielding mixed 
pastures established in this way several years ago have persisted without further 
additions of copper—^the yield tending to increase rather than diminish with time. 

The factors which had rendered agriculture impossible on about 2000 square 
miles of littoral were thus revealed and application followed. 

Development of pastures on the siliceous hinterland 

Although experimental flocks confined to the great hinterland of siliceous sands 
provided evidence of serious copper deficiency in the sparse herbage on which they 
subsisted, our experiments there with oats as an indicator proved zinc and not copper 
to be the first limiting factor. 

When the phosphate level of these virgin soils was raised, oats grew and yielded 
a poor crop of less than 10 bushels/acre. No apparent lesion of copper deficiency 
appeared and dressings of copper produced no significant response in the yield. But 
very striking symptoms of disordered metabolism became evident—^the older leaves 
assumed a deep purple colour, A dressing of 71b. ZnS 04 . fiHgO/acre prevented the 
accumulation of anthocyanin and doubled the yield before the low nitrogen status 
of these soils became the limiting factor. Lucerne responded to copper but not to 
zinc—^here again a species difference. Subterranean clover failed completely to 
develop without additional zinc, grew luxuriantly with it, but in the absence of 
a dressing of copper failed to set viable seed and so did not persist. 

Further series of experiments proved unequivocally that splendid, high-yielding 
permanent pastures could be established by sowing the perennial grass, Phalaris 
tuJberosa, and the annual, subterranean clover, with a dressing of superphosphate 
enriched with 71b. each of ZnS 04 . 6 H 20 and CuS 04 . 5 H 20 /acre (plate 18), and that 
—^an important economic consideration this—^these pastures could be established 
under a cover crop of wheat or oats, the value of the grain firom which would more 
than discharge all costs of the sowing. 
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The main factors which have limited the development of vegetation on these huge 
areas of hungry soils have been revealed, the course that agricultural development 
should take is clear, and already application is proceeding apace, with dramatic 
results. About 3000 square miles of sandy heath is involved. 

CONCLirniNG BEMARKS 

Although application of these findings met with spectacular success and the 
imphcations are of considerable economic importance, there is no need here to confess 
that application was not the immediate goal for those of us who carried out the 
experiments. Our delight has been more with the phenomena that have been 
revealed, with the problems that these have clarified, and with the pattern as it 
emerged. Each step allowed a glimpse of physiological mechanisms in-which 
minute traces of heavy metals play an essential part. The urge to add further to this 
picture will continue to be our main stimulus: I have no doubt that piusuit of know¬ 
ledge along these lines wiU pay economic dividends. 

The realization that research in the applied field may miss the substance for the 
shadow if it becomes too practical, was the central thought in the minds of the small 
group who launched C.S.I.R. on its course of free scientific inquiry, and who had the 
foresight in the beginning to ensure that ofi&cial science in Australia would be free 
from political control, and independent of public service administration. 

All of us who have worked in the splendid atmosphere which this created realize 
the wisdom and vision of the three men who were mainly responsible—a statesman, 
Viscount Bruce, E.R.S., who as Mr Stanley Bruce was the Prime Minister of Australia 
22 years ago when C.S.I.R. was founded; an engineer, Sir George Julius, our first 
Chairman, who died in office; and a chemist, Sir David Rivett, P.R.S., who left the 
Melbourne Chair to set the course and take the helm, and who has since tirelessly 
guided C.S.I.R. on the not particularly easy route of free scientific inquiry. 

Our gratitude to these men, and our affection and respect for our leader, are 
unlimited. We feel that we are the subjects of a grand experiment in official scientific 
administration and this, perhaps more than anything else, stimulates us to carry the 
findings of our scientific inquiries a good deal further into the field of practical 
application than we should be inclined to under any other regime. We are all anxious 
to prove this experiment a success. 

Appen-dix on history and organization oe division op 

BIOCHEMISTRY AND GENERAL NUTRITION 

The nucleus of the Division of Biochemistry and General Nutrition was formed 
when the Council for Scientific and Industrial Research fotmded the Division of 
Animal Nutrition in 1927 with the appointment of Professor Thorbuxn Brailsford 
Robertson as Chief. Robertson built the central laboratory in the grounds of the 
University of Adelaide, drew together a small team, and with courage and vision set 
to work on problems associated with the nutrition of sheep. 

Shortly after Robertson died in 1929, Sir Charles Martin, E.R.S., then recently 
retired from the Directorship of the Lister Institute, London, showed his affection 
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for Australia by accepting the responsibility of guiding the young Division for a short 
period. He was Chief of the Division of Animal Nutrition during 1930-32. The wise 
and inspiring leadership of these men initiated a spirit of research that has held the 
team together and has directed their efforts. Subsequent to the return of Sir Charles 
Martin to England in 1932 the Division of Animal Nutrition became part of the 
newly created Division of Animal Health and Nutrition with Dr L. B. Bull as Chief. 
In 1944, to simplify administration, the research activities centred at Adelaide were 
raised to the status of a Division of the Council and the scope was increased by the 
reference implied in the title—Biochemistry and General Nutrition. 

During these changes the course of the research has altered very little—^the 
Division has gradually consolidated into a Research Institute which is concerned 
broadly with the physiology and biochemistry of ruminants and more particularly 
vpth the nutrition of the wool sheep. 

The original two-storied Animal Nutrition Laboratory, its annexes which house 
the two calorimeters, metabolism cages for 20 sheep and subsidiary apparatus, and 
the four-storied Biochemistry Laboratory now nearing completion which comprise 
the buildings where the Division is centred, are situated within the grounds of the 
University of Adelaide. This proximity has fostered a close liaison between the 
Division and the University; the research staff share alike the amenities and the 
disdiplines of their university colleagues. The Division has a central field station, 
Glenthome, of some 600 acres situated about 11 miles from the laboratories, and 
a series of field stations distributed over the pastoral areas of Australia at sites where 
nutritional disabilities exist. Experiments conducted on these outlying field stations 
serve both to clarify the problems and to apply under conditions of station practice 
the information which results from more intensive studies in the laboratory. 

The Division is organized into a number of sections which may be defined loosely 
as nutritional biochemistry, vital energetics, tissue metabolism, microbiology, 
analytical and physical chemistry, organic chemistry, animal physiology, plant 
nutrition, and field stations. The sections flow imperceptibly into one another, the 
fluidity being fostered to ensure the unhampered intercommunication of ideas 
e^ential for successful team work. Long-term individual and collaborative studies 
which aim at extending knowledge of the nutritional physiology of the sheep con¬ 
stitute the main experimental projects, but on occasions, relatively short-term 
experimental investigations are undertaken to illuminate the origin and nature of 
specific nutritional disabilities which climate and terrain impose on grazing rumi¬ 
nants. The guiding principle of all investigations is the simple faith that practical 
application will flow naturally and freely from a more complete understanding of the 
underlying phenomena. 

The reference of the Division is to conduct research; the research findings are 
extended to practice in the pastoral industry through the appropriate organizations 
with which there is a close liaison. 
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Desoeiption op Pi-ates 12 to 18 

Plat© 12 

Typical areas of aeolian soils in Southern Australia where trace element deficiencies prevail 

a The Recent calcareous dunes of the littoral consist essentially of comminuted shell fragments 
which overlie unconformably and at considerable depth the older soils. The unusually 
small amount of copper available from these soils limits the development of most plant 
species. These deficient tracts are overgrown with the calciphile grasses Bromm madritensia 
and Lagums ovaPus^ Fodder plants which grow there in the absence of manurial dressings 
of the elements which are short in these soils do not provide enough cobalt and copper to 
fulfil the physiological requirements of grazing ruminants. 

h The siliceous, solonetz soils of the hinterland support a stunted heath inured by natural selec¬ 
tion to this singularly deficient terrain. Growth of other plant species is limited by the 
deficiencies of phosphorus, zinc and copper which prevail. Ruminants depastured on these 
tracts develop symptoms of copper deficiency. 

Plate 13 

The effect of cobalt deficiency gn Merino sheep 

a The twin Merino ewes are those referred to in figure 2. The photograph was taken in December 
1938 after they had been depastured on cobalt-deficient terrain (see plate 12 a) for 55 weeks 
during which the ewe on the right, W 6.248, had received the equivalent of 1 mg. Co/day 
administered per oa thrice weekly. The other, W 6.241, which was untreated during this 
period exhibits the symptoms of extreme cobalt deficiency. The oxygen-combining capacity 
of the blood of the former was at this time 15*5 voL 0^/100ml.; that of the latter was 
3‘5vol. Og/lOOml. 

h The morphology of the formed elements in the blood of the sheep above is shown. The film 
from W 6.241 is typical of the blood dyscrasia which supervenes in the tenninal stages of 
cobalt deficiency; that from W 6.248 is normal. 

Plate 14 

The effect of copper deficiency on the wool grown by Merino sheep 

a The capacity to impart the crimp which is a feature of Merino wool is lost by the follicles when 
the animal’s copper status is seriously depleted. The three staples illustrated were drawn 

. in three successive years from an area defined on the shqulder of an experimental ewe; 
the first was grown while the animal was on normal pastures, the other two reflect the 
deterioration of the animal’s copper reserves during two years’ grazing on copper-deficient 
terrain. 

h The ability to impart crimp to the fibre returns abruptly when the copper necessary for this 
function is provided. The staple illustrated was taken from an experimental ewe which had 
been dosed with the equivalent of 10 mg. Gu/day while grazing on the deficient pastures on 
which it had been depleted. 

c When copper-deficient, black-woolled sheep lose their ability to produce melanin and their 
capacity to impart crimp to their wool fleece. Both functions return immediately when 
a normal copper status is resumed. The effect of a supplement of copper on the pigmentation 
' and crimp is illustrated. (From experiments of Marston & Lee.) 

Plat© 15 

The effect of different degrees of copper deficiency on the character of Merino wool 

When a sheep is confined to pastures which are acutely copper-deficient its reserves of copper 
are depleted rapidly. The rat© of this depletion may be decreased by providing amoimts of 
copper which are insufficient to reinstate a positive copper balance. In this way an ordered 
series of deficiency states may be imposed. The series of staples shown are from ewes em- 
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ployed in an experiment (figures 6 and 8) which aimed, by means of a titration, to deter* 
mine the quantity of copper necessary to reinstate copper equilibrium in sheep depastured 
on copper-deficient terrain. Each pair of staples was drawn from an identical site in two 
consecutive years, the first of each were grown while the animal was on normal pastures, 
the second during the first year of treatment while on deficient pastures. The deficiency 
lesion appeared in aU staples from sheep that received less than the equivalent of 7-dmg. 
Cu/day in the supplement. These form a graded series. (From experiments of Marston 
& Lee.) 

Plate 16 

Eesistance of certain plant species to soil conditions of the calcareous 
littoral which impose copper deficiency on other species 

a Experimental cereal crops sown with superphosphate but without copper. Rye com 
growing normally under conditions in which oats (var. mulga) have developed flagrant 
lesions of copper deficiency and have failed to head. 

b Complete failure of certain species of pasture plants {Phalaris tuherosa, Trifolium subter- 
raneum and Medicago lupulina) sown on the calcareous Httoral sand manured with ample 
dressings of superphosphate, potassium sulphate and ammonium sulphate. Left: The 
sown species have failed to develop and the area is overgrown with the natural species 
Lagurus aoatus and Bromvs madritensis which have responded to the better nutritional 
environment provided by the dressings. Right: The natural cover unmanured. (From 
experiments of D. S. Riceman.) 

Plate 17 

The establishment of lucerne on the calcareous littorcd 

a Typical sheU-sand dimes at Robe, South Australia. 

Top left: Area outside rabbit-proof fence denuded of grass-cover by rabbits. 

Top right: Typical natural pasture of Lagurus ovatua and Bromv^s inadrilmsis. 

Bottom left: An experimental crop of lucerne {Medicago saMva) established with manurial 
dressings of copper sulphate. 

BoUomright: Experimental quadrates showing effect of the application of copper sulphate. 

6 Quadrate (on bottom right area in a) sown May 1938 with lucerne together with manurial 
dressing of superphosphate and copper sulphate. The lucerne is established. Photographed 
November 1939. 

c Quadrate adjcicent to 6 sown May 1938 with lucerne together -with manurial dressing of super¬ 
phosphate. In the absence of additional copper the lucerne has failed and the area is 
dominated by Lagurus ovatus and Bromus madritensis. Photographed November 1939. 
(From experiments of D. S. Riceman.) 

Plate 18 

The development of pastures on the rnallee heath soils of the hinterland S.E. South Australia 

a Area cleared for experimental trials. 

b and c. Experimental pasture of Trifolium suhterraneum^ Phalaris tid>erosa and some Medicago 
saii/oa developed on rnallee heath soils with manurial dressings of superphosphate, zinc 
sulphate and copper sulphate, h in late spring of second year and c in early spring of fifth 
year after sowing. (From experiments of D. S. Riceman.) 



On overpotential and the photovoltaic process at 
polarized electrodes 

By P. J. Hudson aitd E. K. Rideal, F.R.S. 

The Davy Faraday Laboratory, The Royal Institution 

{Received 10 March 1949) 


The acceleration of the electrodeposition of hydrogen and oxygen by light of wave-length 
from 4000 to 2000 A has been studied on different electrodes. The quantum efficiency of the 
photoreaction was determined as a function of the wave-length of the incident light and of the 
steady polarizing current. From these experiments it was concluded that the rate-determining 
step at these electrodes occurred after the discharge of the ions and that the overpotential 
corresponded to a stationary concentration of adsorbed atoms or radicals. It was further 
concluded that an electrode at which hydrogen is being evolved at a sensible rate is covered 
with a nearly complete layer of adsorbed hydrogen. The potential at which such evolution 
occurs is determined primarily by the negative potential necessary to displace adsorbed oxygen 
atoms or water molecules by hydrogen. Calculations of this potential, in the few cases where 
the necessary heats of adsorption are available, gave values in agreement with those observed 
experimentally. It was concluded that the rate-determining step on most cathodes, except 
platinum, was the electrochemical combination of an ad.sorbed atom with an ion in the double 
layer, and relations were obtained for the dependence of the overpotential on the current 
density and eleotrokinetic potential, which are in fairly good agreement with experiment. 

A similar mechanism is tentatively suggested for the electrode reaction at an anode at which 
oxygen is being evolved. 

1. Inteoditction 

When either hydrogen or oxygen is evolved by electrolysis at metallic electrodes the 
electrode acquires values in excess of those anticipated for the reversible ‘hydrogen’ 
or ‘oxygen’ electrode respectively. Various alternative mechanisms have been 
proposed to account for the appearance of these irreversible overpotentials. These 
have recently been the subject of detailed reviews by Bowden & Agar (1938), 
Erurnkm (1943), Smith (1947), Agar (1947) and Bockris (1948), and it is not necessary 
to reproduce them aH here. We will at this point merely observe that the various 
hypotheses may be broadly classified into two groups: those in which the rate¬ 
determining step in the overall mechanism is the discharge of an ion or the decom¬ 
position of a water molecule to give an adsorbed atom or radical, and those in which 
the rate-determiniug step occurs after the discharge and the overpotential is due to 
the resulting stationary concentration of adsorbed atoms or radicals at the electrode 
surface. The slow-discharge theory (Erdey-Gruz & Volmer 1930; Gurney 1932), m 
which the rate-determining step is considered to be the transfer of an electron from 
the cathode to a hydrogen ion or a water molecule falls into the first group, as does 
the slow proton transfer theory (Eyring, Glasstone & Laidler 1939), in which the 
rate-determining step is considered to be the transfer of a proton firom a waiter 
molecule in the double layer to a water molecule adsorbed on the electrode, while 
the catalytic (Tafel 1905; Hickhng & Salt 1942) and electrochemical (Heyrovsiky 
1925; Okamoto 1937) theories fall into the second. 

[ 296 ] 
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If the velocity of what is believed to be the rate-controllmg process could be 
altered by some iadependent method an unambiguous decision as to which is in 
fact the rate-controlling process could be made. The photovoltaic action of light 
incident on polarized electrodes has been examined with this object in view, and 
as a result it has been possible to make such a decision and show that, with certain 
modifications, the catalytic and electrochemical mechanisms are those which are 
actually operative at polarized electrodes and to define under what conditions the 
former or latter process controls the reaction. 

Audubert (1929) observed a small photoeffect on both anodicaUy and cathodically 
polarized electrodes of gold and platinum. The sign of the photo-e.m.f. was such as 
to cause depolarization of the electrode. Duclaux (1935) observed a decrease in the 
potential of a tungsten electrode at which oxygen was being evolved when it was 
illuminated with ultra-violet light. Bowden (1931) observed that both a cathodically 
polarized mercury electrode and an anodically polarized plAtinum electrode were 
slightly depolarized by light of wave-length firom 2000 to 4000 A and made a semi- 
quantitative determination of the photocurrent (i.e. the extra current required to 
return the electrode to its original potential) as a function of the electrode material 
and the wave-length of the incident light. Price (1938) extended the investigation 
to a variety of electrodes at which hydrogen or oxygen were being evolved and found 
similar results on all of them. The present work is a more detailed investigation into 
the effect. 


2. EXPBBnvCBNTAL 

The electrolysis ceU used for measuring the overpotential is shown in figure 1. 
It was made of ‘Pyrex’ glass. The quartz window and the electrode being studied 
were held in place with picein wax. The electrolytic solution, however, never came 
into contact with this wax or any tap-grease. The cell was partially immersed in 
a water thermostat at 23“ C. The quartz window was warmed with a small lamp, 
which was switched off during an experiment, to prevent condensation of water 
vapour on the inside. When a mercury cathode was used the cell was modified, as 
shown in the inset to figure 1. 

The deposition of hydrogen was studied on electrodes of mercury, copper, nickel 
and silver in a solution of 0-lN-sulphuric acid, using a Hg/Hg2S04/0-lN-H2S04 
reference electrode so that no liquid-liquid boundary potentials were established. 

The deposition of oxygen was studied on a platinum electrode in 0'lsr-sulphuric 
acid and on platinum, silver, gold and nickel electrodes in O-l N-potassium hydroxide, 
when a Hg/HgO/0-1 n-KOH reference electrode was used. 

The solutions were made from ‘Analar’ chemicals and twice distilled water. 
They were electrolyzed for 3 days, using small smooth platinum electrodes, while 
being stirred with a slow stream of hydrogen (or oxygen, in the case of solutions for 
use in the experiments on the evolution of oxygen), to remove foreign ions. The 
solution was placed in the fiask shown and a stream of hydrogen (or oxygen), purified 
firom condensable impurities by passing through a liquid-air trap, was passed through 
the ceU and the solution for about 18 hr. The solution was then blown into the ceU 
by means of hydrogen (or oxygen) kept in an aspirator over dilute sulphuric acid. 
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The electrode, which had been previously cleaned in 40 % nitric acid and washed 
with distilled water, was prepolarized for 2 or 3 hr. to reduce any surface oxide layer 
and to bring it to a reproducible condition. Then the electrolyte was renewed.* 
Under these conditions the hydrogen overpotentials and the oxygen overpotential 
on gold were reproducible to 2 mV for any one run and to 10 mV for different runs. 
The other oxygen overpotentials were reproducible to within 20 mV, except on nickel, 
where variations of the order of 50 mV were observed and on platinum in alkaline 
solution when a systematic lowering of the overpotential occurred on successive 
runs. 



Figure 1. The electrolysis cell, q, quartz plate; c, cathode; 
a, anode; r, reference electrode; t, greaseless taps. 


The electrode was illuminated with monochromatic light, using the large quartz 

monochromator described by Mitchell & Rideal (1937). The monochromator gave 

a patch of light about 3 by 7 cm. which was nearly monochromatic and of nearly 

uuiform intensity, from 2 to 10 x 10^^ quanta/sq.cm./sec. 

The electrode was polarized with a steady current and the overpotential measured. 

On illumination, the electrode potential fell by 20 to 1000/^V. The photocurrent 

could be measured either by increasing the current until the potential returned to its 

original value or by calculation from the observed change in the overpotential, $ 7 /. 

From the Tafel equation , r i 

— 7 ] — U + 0lOg]L0^> 


where — ^ is the overpotential, i the current density and a and b are constants, we 


obtain 


^i=2-30i(-^7/)/6. 


Since the overpotential usually showed a slow drift with time* the latter course 
was usually adopted, although when both methods could be used good agreement 
was obtained. The photocurreht was measured at several different current densities 
for the same degree of illumination, and then the wave-length and intensity of the 
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incident light were determined separately. The experiments were repeated on the 
mercury cathode usin^ a 1000 W B.T.H. high-pressure mercury lamp. The light 
intensities obtained with this lamp were greater by a factor of from 6 to 40 , depending 
on the wave-length, than those obtained previously. The photocurrent, at constant 
wave-length and polarizing current, were proportional to the light intensity, within 
the experimental error, showing that the term quantum efficiency, or the number 
of extra ions discharged per quantum of incident light, is of physical significance 
when applied to this reaction. 

The wave-length of the light was measured with a small ‘Beck’ ultra-violet 
spectrometer with a fluorescent screen and the intensity by means of a uranyl 
oxalate chemical actinometer. 10ml. of a solution of O-OlM-uranyl oxalate and 
0*05 M-oxalic acid were placed in each of two cells of 4*5 sq.cm, cross-section, approxi¬ 
mately the area of the electrodes, and one was illuminated for 2 hr., while the other 
stood alongside, in the dark, as a blank. 10 ml. of 0 * 14 N-ceric ammonium sulphate 
in 10 % sulphuric acid were added each and the excess ceric sulphate determined by 
titration with 0 * 005 N-ferrous ammonium sulphate in 10 % sulphuric acid, using 
phenyl anthranilic acid as indicator. From the amount of oxalate decomposed by 
the light and the quantum efficiency of the reaction, given by Leighton & Forbes 
(1930) and Forbes & Heidt (1934), the intensity of the light could be determined. 
At wave-lengths greater than 3400 A allowance was made for the incomplete absorp¬ 
tion of the light by the oxalate solution, by calculation from the absorption coeffi¬ 
cients given by Leighton & Forbes (1930). At wave-lengths less than 3000 A the 
oxalate solution was diluted 10 times and was titrated with 0 * 014 N-ceric ammonium 
sulphate and 0*001 N-ferrous ammonium sulphate. This had the dual advantage of 
increasuag the titration values in the region where the light intensities were smallest 
and of preventing the absorption of the light in such a small depth of solution that 
the quantum efficiency of the reaction would be affected by the inability of the 
reaction products to diffuse away. 

Owing to the difficulty in measuring the potential changes and light intensities, 
the accuracy of the experiments is probably not better than about 10 % and on the 
nickel anode is much less. 

In order to compare the photoeffect on the different electrodes at the same real 
current density, the surface areas of the electrodes were measured from the capacities 
of their double layers (Bowden & Rideal 1928). A ‘square-wave’ oscillator was built 
whose frequency was variable from 40 to 250 c./sec. The output was fed on to the 
control grid of a pentode. The anode current, which could be adjusted to a suitable 
value by varying the bias of the control and screen grids, passed through the electro¬ 
lysis cell. The potential between the cathode and the reference electrode was amplified 
by the amplifier of a cathode-ray oscilloscope and was observed on the screen as 
a stationary pattern. 

In order to reduce ‘pick-up’ to a ininimum, the capacities were determined in a 
more compact electrolysis cell, using 0 *lK-hydrochloric acid and a Ag/AgCl/0*lN- 
HCl reference electrode, which was placed inside the cell close to the cathode. The 
cell itself was screened by coating it with a conducting layer of ‘ Aquadag’, which 
was earthed. 
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Owing to the rather large currents that were employed for the high current pulse 
(4 mA) there was a noticeable potential drop due to the resistance of the solution. 
This was apparent as a short vertical line in the potential-time pattern. The capacity 
of the double layer, and hence the area of the electrode, was inversely proportional 
to the slope of the potential-time pattern during the charging of the double layer. 
Since the ceU was not adapted to taking a mercury electrode, the capacities were 
compared with that of a heavily amalgamated copper electrode whose area was 
assumed to be equal to its apparent area. This assumption was justified by the 
determination of the ratio real area: apparent area for an amalgamated silver 
electrode. The value obtained for the ratio was 0 ‘ 95 . The area of the mercuiry elec¬ 
trode was assumed to be equal to its apparent area. 

Rbstilts 

The values obtained for the ratio real area: apparent area, assuming it to be I’O 
for amalgamated copper, were: amalgamated silver 0 - 96 , gold 1-7, platinum 6-2,nickel 
6 - 9 , copper 7-8 and silver 13 - 3 . 

The dependence of log^^y on logi^i, where y is the quantum efficiency of the 
photoreaction and i the polarizing current, in amperes per sq.cm, apparent area, is 
shown in figures 2 and 3 . A series of parallel straight lines is obtained, slope 1-0 to 1*1, 
Figures 4 and 6 show the dependence of logioyon/iv, the energy of the incident quanta, 
measured in eV, at a constant cmrent density of 3-0 x 10 “® amp./sq.cm., correspond¬ 
ing to apparent cmrent densities of 3 - 0 ^;A/sq.cm. for mercury, 21 for nickel, 40 for 
silver and 23 for copper. Straight lines, slope 0-6, are obtained for the silver, nickel 



Fioube 2 Fioueb 3 

Figukbs 2 and 3. The deposition, of hydrogen, showing the dependence of log^oy 
on logito^ at different wave-lengths, given in aj^trom tinits. 



300 


P. J. HiUson and E. K. Rideal 


and copper electrodes, while the mercury electrode gives a curved line of approxi¬ 
mately the same slope. The results may be expressed by the equation 

logio7 = const.-t-logioi-t-/?/iv/ 2 - 30 fe!r, 

where 1 / 30 . 



Figures 4 and 5. The deposition of hydrogen, showing the dependence of logi^y on hv, 
the energy of the incident quantum, at a constant polarizing current. 



Figure 6 Figure 7 


Figures 6 and 7 . The deposition of oxygen, showing the dependence 
of logiQ 7 on logioi at different wave-lengths. 

There is no threshold frequency in the wave-length range studied, and the constant 
in the above equation is of the same order on all the metals studied, although the 
overpotentials, — and the work functions, differ considerably. — ^ is 1*29 V with 
respect to a Hg/HggSOjO'lN-HgSO^ electrode on mercury, 1*20 on copper, 1*15 on 
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silver and 1*10 on nickel. (j> is 4*52 V for mercury, 4-16 for copper, 4-68 for silver and 
5*01 for nickel (Kleine & Lange 1937). 

The dependence of log^oy on logioi, at different wave-lengths, is shown in figures 
6 and 7 , for the deposition of oxygen. A series of parallel straight lines is obtained, 
slope about 0-6, except on platinum in alkaline solution when 7 does not increase 
beyond a limiting value of 4-4 x 10 “^, as the energy of the quanta and the polarizing 
current are increased, although the overpotential continues to increase normally 
with logio^. Kgures 8 and 9 show the dependence of logio7 on the energy of the 
quanta for the deposition of oxygen at a constant current density of 3*0 x 10~’ 
amp./sq.cm., corresponding to apparent current densities of 2-1 yMA/sq.cm. for nickel, 
1*55 for platinum, 4*0 for silver and 0*52 for gold. Log^jy is again of the same order 
for all the metals studied and increases as the energy of the quanta is increased. 
The curves, however, show a change of slope at 4-5 eV on platinum in acid solution 
and in alkaline solution at 4*3 eV on platinum, 4*5 on silver and 3*5 on gold. The 
results obtained on nickel were so inaccurate that they only showed that the effect 
was of the same order of magnitude and the break, if any, could not be located. 



Figubbs 8 and 9. The deposition of oxygen, showing the dependence 
of logioT on hv at a constant polarizing current. 


4 

Before, discussing the implications of these results on the mechanisms proposed 
for the electrode reactions, it is necessary to show that they are the result of a true 
photoeffect and not merely to a heating of the electrode surface by the incident 
radiation. A simple calculation of the rate of heat input and of the necessary tem¬ 
perature changes involved reveals the fact that, under the most favourable con¬ 
ditions, the surface could not be sufficiently heated above the temperature of the 
bulk of the electrode and that to heat the whole of it, for an electrode 2 mm, thick, 
required about 40 sec. Since the potential changes were observed as quickly as the 
response of the galvanometer allowed, less than a second, the effect due to heating 
the electrode must be negligible in comparison with the photoeffect. Furthermore, 
the Iogio7-A^^ curves show no sudden breaks over ranges of wave-lengths in IvMdh 
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the reflectivity of the metal, and hence the amount of heat absorbed by the electrode, 
changes rapidly with the wave-length, e.g. the reflectivity of silver falls from 70 
to 10 % between 3500 and 3000 A. 


Discxjssioisr 

It is evident that if the rate-determining step were the transfer of electrons from 
the cathode to the ions in the double layer, that photoemission would cause an 
increase in the current at constant potential. Na selective maxima, however, are 
observed in the logi^y-hv curves, as is the case with photocathodes, nor can one 
interpret the large dependence of the photocurrent on the electrode potential 
(logic 7 ~ const. -10^^) compared with the much smaller dependence on the energy 
of the incident quanta, measured in eV (logic 7 “ const.-l-0*6/iv). Further, at an 
anode, where the rate-determining step is assumed to be the transfer of electrons 
jEcom the ions in the double layer to the electrode, the photoemission presumably 
should lead to a decrease in the current and not to the observed reverse. 

The slow proton transfer theory has been criticized on other grounds (Butler 
1941), but in order to explain the photoeflfect it is necessary to assume that the 
reacting species, water molecules, have a very high absorption coefficient for light 
when in the adsorbed layer. 

We must conclude that these hypotheses in which the discharge rate is the con¬ 
trolling factor are untenable, that the rate-determining step occurs after discharge 
and that it is accelerated by illumination, whilst the overpotential is due to a 
stationary concentration of adsorbed atoms or radicals. 

We will proceed to examine the catalytic and electrochemical hypotheses in the 
light of these results. 

' When clean metallic surfaces are exposed to hydrogen or oxygen, the surfaces 
are completely, or almost completely, covered with a monolayer of chemisorbed atoms 
at gas pressures of a fraction of 1 mm. of mercury. We must consequently conclude 
that when a metal electrode is immersed in aqueous solution it will be completely 
covered with a chemisorbed monolayer. The constitution of this monolayer must be 
hydrogen and hydroxyl or oxygen. In this case it is impossible to distinguish experi¬ 
mentally between adsorbed oxygen atoms and hydroxyl radicals and when reference 
is made, later in the paper, to adsorbed oxygen, it is always possible that it may be 
hydroxyl. 

Since the heat of adsorption of oxygen is usually much greater than that of 
hydrogen, a monolayer of oxygen atoms is normally formed, the hydrogen being 
displaced. Langmuir (1916) has shown, for instance, that a tungsten surface rapidly 
adsorbs water vapour, and its electron emission falls to the value for a tungsten 
surface on which oxygen has been adsorbed. The heat of adsorption of hydrogen on 
tungsten is 45kcaL/g.moL on a bare surface (Beeck 1945), while that of oxygen is 
about 130kcal./g.moL (Roberts 1935a), with the result that, as Roberts (19356) 
showed, gaseous oxygen completely and instantaneously displaces chemisorbed 
hydrogen as molecular hydrogen. The eflfect of oxygen poisoning the ortho-para- 
hydrogen conversion on all metals except platinum shows that this is generally true. 
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In the case of platinum Oatley (1939) showed that gaseous hydrogen partly dis¬ 
places chemisorbed oxygen and vice versa, a mixed film being formed in both cases. 

At the negative potentials usually attained during the deposition of hydrogen the 
chemical potential of the adsorbed hydrogen is much enhanced, the increase corre¬ 
sponding to an increase in pressure by a factor of 3 x 10^ for each tenth of a volt in 
excess of the reversible hydrogen potential, whilst the chemical potential of the 
oxygen is correspondingly reduced. Under these conditions the chemisorbed oxygen 
is displaced and replaced by hydrogen. From the high quantum efficiencies observed 
for the photoreaction at the more negative potentials we conclude that an electrode 
at which hydrogen is being evolved at a sensible rate is covered with a complete, or 
nearly complete, layer of chemisorbed hydrogen. The potential at which the hydrogen 
is evolved, and hence the term a in the Tafel equation, 

-9/= a-{-61ogioi, 

depends primarily on the potential required to displace the chemisorbed oxygen by 
hydrogen, and hence on the difference in the heats of adsorption of hydrogen and 
oxygen on the metal. 

The experiments of Oatley (1939) indicate that the heats of adsorption of hydrogen 
and oxygen are comparable, and that even at potentials as low as the reversible 
hydrogen potential a considerable fraction of a platinum electrode is covered with 
chemisorbed hydrogen so that hydrogen may be deposited at a sensible rate, and it 
is possible to use a platinum electrode to measure the reversible hydrogen electrode 
potential. 

Taking Roberts’s value of 130kcaL/g.mol. for the heat of adsorption of oxygen 
on tungsten and 30 kcal./g.mol. from Beeck’s figures as the mean heat of adsorption 
of hydrogen on tungsten, we obtain 

W-t-HgO = W—0-hH2-3*5kcal. 
and W+IH2O = W—H+iOg-lOkcal. 

Thus the replacement of chemisorbed oxygen by hydrogen, a three-electron trans¬ 
fer, requires an increase of energy of 15-5kcaL/g.atom or 0*67 eV/atom. It should 
therefore be attained at a potential of — 0*22 V with respect to the reversible hydrogen 
potential. In the case of nickel, where the heat of adsorption of hydrogen is some¬ 
what less (Beeck 1945) while the heat of adsorption of oxygen, as estimated from the 
heats of formation of the oxides, is probably slightly less too, replacement of oxygen 
by hydrogen should occur at about the same potential. Both metals, then, should 
exhibit a low hydrogen overpotential but cannot be used as reversible hydrogen 
electrodes, as is found. 

The correlation observed by Bockris (1947) between the overpotential and ther-. 
mionic work function may be explained qualitatively on this hypothesis. Emission 
of electrons from an electrode is equivalent to a surface oxidation. The lower the 
work function, the easier the oxidation and, in general, the greater the difference 
in the heats of adsorption of hydrogen and oxygen. Thus, contrary to expectation, 
on the basis of the slow discharge hypotheses, the lower the thermionic work function 
the higher the hydrogen overpotentiaL 
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Mercury, and possibly other high overpotential metals, may behave differently 
in that the heats of adsorption of oxygen and hydrogen are so low that water is not 
dissociated but adsorbed as molecules. Kemball (1946) found that water vapour 
was adsorbed on to mercury as molecules which were probably associated on the 
surface. In such a case, the potential at which sensible evolution of hydrogen begins 
depends primarily on the displacement of water, whose chemical potential does not 
greatly vary with increasing polarization, by hydrogen: 

Hg—H2O - Hg—H -{- iOa + JHaO - 34kcaL ^ (AHh.o - 

where ASh^q ^^d are the heats of adsorption of water and hydrogen. If these 
heats are small and of the same order, the required potential is about — 1*4V. 
Mercury, then, should exhibit a high overpotential for the deposition of hydrogen. 

The above calculations are necessarily only approximate. First, because of un¬ 
certainties in the measured heats of adsorption, particularly as applied to polarized 
electrodes, and secondly, because it has been necessary to use the heat of adsorption 
rather than the free energy and, as Kemball showed for the adsorption of vapours 
on mercury, these may differ considerably. They do, however, show that the over¬ 
potentials to be expected on this view are of the same order as those observed 
experimentally. 

The view that hydrogen is discharged at electrodes which are nearly completely 
covered with adsorbed hydrogen has previously been objected to on two counts. 
First, that a change in the electrode potential would involve a change in the 
fraction of the surface covered with adsorbed atoms, and the deposition or ioinzation 
of these would cause a marked increase in the measured capacity of the electrode, 
whereas the work of Frumkin (1943) and others, particularly on mercury, has 
shown that the whole of the capacity of the electrode can be accounted for by the 
altered charge of the double layer. Secondly, that determinations of the quantity 
of electricity required to change the electrode potential from that at which hydrogen 
is being evolved to that at which oxygen is evolved have not detected the presence 
of hydrogen except on such metals as platinum and palladium. The most recent of 
such experiments are those of Hickling and others (see Hickling & Taylor 1948), who 
followed the dependence of potential on the quantity of electricity passed by means 
of a cathode-ray oscilloscope on electrodes of platinum, gold, nickel and copper. 
On platinum, they found that reversal of the polarizing current gave a track con¬ 
sisting of three distinct portions. First, a slow change of potential corresponding to 
the ionization of a monolayer of hydrogen; secondly, a rapid change of potential 
corresponding to the altered charge of the double layer; and thirdly, a further slow 
change of potential corresponding to the deposition of a monolayer of oxygen. On 
the other metals similar results were found for the second and third portions of the 
track, whereas the first portion was absent. 

The conclusion that such experiments prove the non-existence of adsorbed hydro¬ 
gen on metals other than platinum, makes the tacit assumption that s'jch a layer 
must be removed by ionization. The work of Roberts (19356) shows that, at any rate 
in mumo, oxygen displaces hydrogen from tungsten directly as molecular hydrogen, 
and not as atomic hydrogen or water. We consider that this mechanism is responsible 
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for the above results and that reversal of the polarizing current first alters the poten¬ 
tial of the electrode to that at which oxygen is deposited and that the oxygen atoms 
then displace the hydrogen without previous ionization, except on platinum where 
the heat of adsorption of oxygen does not exceed that of hydrogen by an amount 
great enough to make such a displacement possible. Indeed, unless the surface of 
the cathodes were nearly covered with adsorbed hydrogen, the deposition of another 
layer of oxygen prior to the evolution of oxygen would be unnecessary. 

The objection on the ground of capacity measurements assumes that a large 
variation in the potential of the cathode involves a considerable variation in 0^, 
the fraction of it covered with hydrogen. If, however, the adsorbed atoms repel one 
another, by electrostatic forces or otherwise, a very small change in can involve 
a large change in the chemical potential of the adsorbed hydrogen (Wang 1938). 
TrapneU (1949) has recently obtained the following figures, column 2 of table 1, for 
the equilibrium fraction of a tungsten surface covered with adsorbed hydrogen at 
different pressures at 0° C. 

Table 1 


P 

pressure of Hg 
(mm. Hg) 

10“S 

10-^ 

10-2 


fraction of W 
surface 
covered by H 

0*65 

0-69 

0*73 


log^ 

equiv. current 
(amp.) 

i-22 

S-I7 

0-11 


V 

equiv. electrode 
potential 
(V) 

0-242 

0-188 

0-133 


It is seen that even at pressures of a fraction of 1 mm. of mercury, increasing 
the pressure by a factor of 100 leads to an increase in 6 ^ of only 4 %. At potentials 
corresponding to many atmospheres pressure (an overpotential of — 0-3V corre¬ 
sponds to a pressure of lO^^atm.), a similar change in chemical potential would 
involve a change in which is many times smaller and hence undetectable by the 
normal capacity measurements. 

If a particular electrode potential corresponds to a stationary concentration of 
adsorbed atoms, the steady cathodic current is equal to the rate of removal of the 
adsorbed atoms. These can only be removed by diffusion into the metal, by surface 
combination to give molecular hydrogen (the cataljrfcio mechanism), or by the 
discharge of and combination of an ion in solution with a surface-adsorbed atom 
(the electrochemical mechanism). Although hydrogen is known to diffuse into the 
bulk phase of many metals, it is unlikely that, under steady conditions, the process 
is rapid enough to constitute a significant fraction of the overall current except 
possibly on palladium. Diffusion of hydrogen into the bulk of the electrode and of 
dissolved oxygen from the interior of the electrode to the surface may, however, 
play a significant part in the slow attainment of a steady overpotential. 

In the case of the catalytic mechanism it is clear that, at the degree of saturation 
of the surface postulated, the rate of combination is dependent on the free energy 
of the adsorbed atoms rather than on their concentration alone. 

We then have the following relationships: 

-n = {0^-Go)lF, 


VoL 199. A 


20 
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where Gq and are the free energies of the adsorbed atoms at the reversible and 
working potentials respectively. 

The rate of combination = ie/2F, where is the current due to the catalytic 
mechanism and 

iJ 2 F = 

where ¥ = and E is the energy of activation for surface conlbination. 

Hence ' —= oonst. + (2*30J!ijr/2F)logiQi(. 

= const.+ 0-027 logio 4 atO^O. ' 

This relation is found experimentally for the deposition of hydrogen on platinum, 
■under certain conditions, at low current densities. In the case of the evaporation 
of hydrogen from tungsten in vaouo, where the electrochemical mechanisms cannot 
be operative, we can take Trapnell’s results and place the equilibrium gas pressure 
equal to an equivalent electrode potential and the rate of evaporation, which is 
equal to the rate of combination, equal to an equivalent current: 

V = —(2-30JlT'/2F)login^ (table 1, column 4), 

and iogioie = 2-68+logio^)+logio (1 “ ^h) (table 1, colunm 3). 

This gives an expression 

— F = —0-136 + 0-028logioic 

in agreement with that predicted on the catalytic theory. 

The relation foimd on most metals, however, is 

—9/ = a+(2-30i?!r/aF)logioi, 

where a = 0-5 to 0-7. Hence it must be assumed that on these metals either that the 
reaction rate is profoundly modified by the presence of a few chemisorbed oxygen 
atoms or that hydrogen evolution takes place by the other method, the electro¬ 
chemical mechanism. 



Figure 10. The energy and potential barriers at the electrode. The electrode potential F is 
equal where f is the potential across the ‘Helmholtz’ double layer and ^ is the 

potential across the ‘Gouy’ or diffiise portion of the double layer. 
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In acid aqueous solutions the electrochemical mechanism may be diagram- 
maticaUy represented as in figure 10 and by the sequence 

followed by the rapid reaction 

c+if+H3O+ ^ Jf—H + H2O. 

It is evident that for metals which strongly adsorb oxygen* hydrogen evolution is 
only possible if the potential attains a relatively high cathodic value. Under these 
conditions the HgO"^ ions present in the solution will be strongly adsorbed on to the 
negative if—surface. 

Expressing the rate of reaction, at an electrode potential F, in terms of Eyring’s 
theory of rate processes we obtain 

iJ 2 e = {kTIh) [H] [Ha 

where 4 is the current due to the electrochemical mechanism, [H] the concentration 
of adsorbed atoms and [H J] the concentration of hydrogen ions in the 'Helmholtz ’ 
double layer. This is related to [H^], the hydrogen-ion concentration in the bulk of 
the solution, by the equation 

where ^ is the electrokmetic potential or the potential across the dififose part of the 
double layer. 

Hjxota & Horiuti (1938) and Okamoto (1937) hare calculated the magnitude of 
the free energies of the adsorbed atoms'and activated complex by statistical methods, 
but since they did not conceive the whole of the surface to be covered with absorbed 
atoms, the values obtained are not valid in this context. 

If the potential of the electrode, F, be raised to V+SV, the free energy of the 
adsorbed atoms is increased by an amoimt (JFF, while that of the ions in the double 
layer is decreased by an amount S^F, Thus the free energy of the reactants is iu- 
creased by St/tF, as shown in figure 10. If the free energy of the adsorbed Jf—^HT— 
complex depends on the electric field, ijr, in which it lies and is increased by an amount 
(1 — a) StJrF, where (1—a) is a parameter, the rate becomes 

ih + K) /2e = (kTIh) [H] [H|] e-<^+^OFisT e-Ae/sr 
Hence Ini^ = cohst.+ln[H^]—^F/jRT 

and hi(i«+^ie) = const.+ln[H^]-(C+(y0F/F!r-a^4'F/FT. 

Thus In (1+ Siji^ = (Sin 

= -S^F/RT-aSi/rFIRT, 
and since i}r=V—^, 

(Sint, = -aSVFjRT-{l -a) d^FIRT. 

Except in the neighbourhood of the electrocapillarity maximum , F>^, and 

d(lnt,)/dF = -aFjRT 

or -s? = a+61ogio*e, 


20-2 
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where 6 = 2 'ZORTIaF, a being a proper fraction, and the value of a, as explained 
above, depends primarily .on the difference in the heats of adsorption of oxygen 
and hydrogen. 

Tn dilute acid solution, in the absence of foreign electrolytes, 

C = const.+ (J?!r/F) In [H^]. 

K A(? is constant at a constant overpotential, then on high overpotential metals, 
where the metal is far from the electrocapillarity maximum, is independent 

of [H^]. Levina & Sarinsky (1937) found this to be true for the deposition of hydrogen 
on mercury in dilute hydrochloric acid solution. 

At constant current density and hydrogen-ion concentration 

<JF-H(l-a)5^=0. 

On mercury, where a is found experimentally to be equal to 0*6, th^n 

= const., 

an expression first derived by Frxunkin (1933) from other considerations. 

Illumination leads to the activation of some of the adsorbed hydrogen atoms. 
Winch (1931), on the basis of some experiments on the ‘outgassing’ of photo¬ 
cathodes by exposure to ultra-violet light, concluded that the actual activation 
may be done by the ejected photo-electrons. In any case, the number of atoms 
activated per second is proportional to /[H], where I is the intensity of iUummation. 
The activated atoms quickly reattain thermal equilibrium with the substrate, but 
a fraction are able to react before they are deactivated. 

If the average fraction of the energy acquired that remains when the atoms are 
able to react is the 

rate of the photoreaction = ip/2c 

= (JfeT/h)[H+][Hae-^o/*2'e^*'’/*2', 

where [H'*'] is the number of atoms activated by the light per second and is equal 

k) H[H]. 

So that ij, = igkl 

and logio 7 = log^ ipjl = const. -I- logio 4 -|- phvj2‘Z0kT, 


where the constant is of the same order on aU metals. This is the expression found 
experimentally for the dependence of logioT on logjoi and hv. 

At an anode at which oxygen is being evolved there can be no question of the 
surface being covered with a naixture of chemisorbed hydrogen and oxygen, since 
the only metals on which it may be assumed that the heats of adsorption of hydrogen 
and oxygen are comparable, platinum and palladium, show high oxygen over¬ 
potentials. Consequently it is assumed that oxygen is discharged on a metal oxide 
layer that is at least one molecule thick and on some metals, e.g. copper, may attain 
a considerable depth after prolonged polarization. While the mechanism of the 


reaction 


40H"-4e = 2H20 + 02 
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is probably more complex than the reaction at the cathode, it is assumed that the 
overpotential is due to a stationary concentration of hydroxyl radicals (or oxygen 
atoms) adsorbed on the oxide layer. The rate of deposition of these radicals is then 
equal to their rate of removal by a catalytic or electrochemical mechanism. 

Owing to the uncertainty as to the nature of the adsorbed particles and their 
concentration it is not possible to formulate an exact expression for the rate of 
deposition of oxygen, but it is probably significant that the transition elements, iron, 
cobalt and nickel, which have a high affinity for oxygen, have a low oxygen over¬ 
potential, while the noble metals, platinum, and gold, have high overpotentials. 

If (?0H ®o 't}he free energies of the adsorbed hydroxyl radicals at the 
working and reversible potentials of the electrode respectively 

tiF = Oq-^—Oq =/(^oh)5 

and if the radicals are mainly removed by catalytic combination, 
rate of combination = 

and ^ = a' + 6'logioic» 

where 6' is not necessarily constant at different polarizations. 

The primary action of the light is supposed to be the decomposition of a molecule 
of the surface oxide to give an activated oxygen atom which may react with one of 
the adsorbed radicals before it is deactivated and returns to its place in the oxide 
lattice. 

If Nhv > JE\ the energy required for the reaction 

M — 0 +hv = M +0 

to give a free oxygen atom, the stationary concentration of free oxygen atoms 
produced by the illumination, [O’’"], is proportional to the light intensity, J, and if 
y?' is the average fraction of the excess energy, hv--E'jN, which they retain until 
they are able to react 

and logio 7 = = const. + J logio + jS'hvjkT 2-30. 

If, on the other hand, Nh < W, the stationary concentration of free oxygen atoms, 
[0'^], is governed by the rate at which oxygen atoms activated inside the lattice can 
diffuse to the,point of reaction and may be expressed as 

[ 0 +] = 

where p is an undefined parameter. 

Then logio 7 = const. + J log^o i^ (/?' -h p) /n^/2*30fe jT. 

Similar relations are obtained if it is assumed that the radicals are removed 
primarily by the electrochemical mechanism, provided that it is assumed that the 
primary action of the Kght is to decompose a molecule in the oxide layer. 



310 P. J. Hillson and E. K. Rideal 

At a constant wave-length, the slope of the logio 7-l^gio ^ curves would be expected 
to be 0*5, while the value found experimentally is about 0-6. The limiting value of 
4x 10-^ found for y on platinum in alkaline solution if attributed to the limiting 
quantum efSciency for the primary photoreaction, PtO+hv Pt-hO, presumably 
due to the low absorption coefficient of an oxide layer that was probably only one 
molecule thick. 

At a constant current density, the log^^y-hv curves would be expected to show 
a fairly marked change of slope when Nhv = W is calculated from thermal 
data to be: Pt0 99kcal./g.moL (4-3eV/molecule), AugOg 77kcaL (3‘4eV), 
Ag20 89kcaL (3*9eV) and NiO 139kcal. (6-1 eV). Breaks were observed in the 
experimental curves at 4*5 and 4*3 eV on platinum in acid and alkaline solution 
respectively and at 3*5 eV on gold, in very good agreement with the theoretical 
values, while the value of 4*5 eV obtained on silver, under less favourable experimental 
conditions, is in fair agreement with the theory. 
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Observations on the turbulent fluctuations of a tidal current 
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Records have been obtained of fluctuations in the speed of the tidal current in the Mersey 
estuary, using a current meter in a stand on the bottom, and compared with other records 
taken with the meter suspended freely at various depths. The fluctuations covered a wide 
range of periods but could be separated into two main types: ‘short period’, having periods of 
the order of a few seconds, and ‘long period’, with periods from 30 sec. to several minutes. 
The amplitudes, periods and auto-correlation of the short-period fluctuations have been 
examined in some detail, and it is concluded that the fluctuations observed near the bottom 
are evidence of the turbulence associated with bottom friction. It is believed to be the first 
time that the presence of turbulent velocity fluctuations of this time-scale in the sea has been 
established experimentally. The long-period fluctuations resemble those found in previous 
investigations and show features consistent with their being turbulent in origin also, although 
turbulence of the time-scale involved in their case would probably be mainly horizontal. 


1 . Oedee oe magnitude 


Let [ ] denote a mean value taken over a few minutes at a fixed point. Suppose that 
the direction of the mean current is in a fixed horizontal line, and let U denote the 
speed of this mean current. Let U+u,v,w denote components of the total current 
at any instant, so that w is vertical. Then 

[«] = [v] = [w] = 0, 

and the Osbome-Reynolds expression for the force of internal friction is 

PIuw] 

per area, p denoting the density of the water. 

This paper is concerned with measurements- of i7+w and a preliminary estimate 
of the magnitudes of [w®] to be expected may be obtained from the empirical formula 

0-0025yoJ72 (1-1) 

per area, for the force of friction on the bottom. Near the bottom we have two 
expressions for the force of internal friction, and equating them gives 


\uw\ = 0'0025?7®. 


( 1 - 2 ) 


On writing M = A W = »•> 

so that A indicates the ratio of vertical to longitudinal turbulence, and r is the 
correlation coeflficient between these two components of -turbulence, we have 




0-0026 _ 


Now, for a given value of A, the ratio 


[ 311 1 


(1-3) 
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will increase as the value of t decreases. If we suppose that 

A = 1, r - 0-3, 

which is in accordance with the figures given by K^rm^n (I93S)> based on small-scale 
experiments on flow between parallel plates, we have 

= 0-09. (1-4) 

When U = lOOcm./sec., or approximately 2 knots, the equation (1*4) gives 

[^6^]^ = 9 cm./sec. 

2. PrEVIOTTS INVESTIGATIONS 

Thorade (1931) pubhshed a diagram showing a record taken in the River Elbe in 
June 1926, by means of the current meter designed by H. Rauschelbach. This meter 
recorded both speed and direction of current about every 10 sec. It was held about 
2 m. below the bottom of a pontoon, which itself was about 1 m. below the surface 
of the river. The depth of water under the meter was about 5 m. The diagram extended 
over about 17 mm. and showed an oscillation with a period of about 6 min. and a 
speed amplitude of about 10 cm./sec. 

In 1934 Thorade published an analysis of some observations taken from the 
Poseidon in the international Kattegat Expedition of August 1931. Three Rauschel¬ 
bach current meters were worked simultaneously from the same ship, and the 
observations extended over about a week. Within an interval of 3 min. the speed of 
the current varied over 10 cm./sec., about a mean value of 25 cm./sec. Taking 1 min. 
mean values of the components, well-marked oscillations with periods of 3 to 5 min. 
and with amplitudes of 4 to 6 cm./sec. were revealed. Thorade then considered the 
difference between the simultaneous readings of two instruments. This eliminated 
the effect of the translatory motion of the ship and allowed the effect of the changing 
direction of the ship to be calculated. The remaining part of the difference was split 
up into a quick variation and a slow variation, the latter being given by 3 min. mean 
values. Thorade found that the quick variation increased in amplitude with the 
magnitude of the surface waves, but was independent of the mean speed of the 
current; he concluded that it was due to the rolling of the ship. He found the slow 
variation to be independent of the surface waves, but to depend partly on the speed 
of the current and partly on the rate of mixing of the water as revealed by obser¬ 
vations on salinity. 

In 1936 Doodson (1940) designed and built a current meter which gives a photo- ^ 
graphic record of all fluctuations of speed whose period is greater than Isec., and 
this meter has since been used by the staffs of the Liverpool University Oceanography 
Department and the Liverpool Observatory and Tidal Institute. During two weeks 
in 1938 the naeter was hung freely from a boat, the Zephyr, anchored about 4 sea 
miles from the south coast of the Isle of Man, where the current reaches about 
150 cm./sec. at spring tides. For a number of records the meter was below the direct 
influence of the surface waves. An inspection of the records showed at once the 
presence of two oscillations, one with a period of about 3 sec. and the other with 
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periods of the order of 1 min. The quicker oscillation occurred all the time, while the 
slower oscillation occurred only in groups. The Zephyr rolled for much of the time, 
and its period of rolling was about 3 sec. Though experiments made in harbour 
showed that artificial rolling produced no fluctuations on the records, yet it was 
decided not to publish the records or an analysis of them. 

In 1946 the investigation was continued by attaching the current meter to one 
of the anti-aircraft forts in Liverpool Bay. Records were taken during two weeks, 
but on each occasion there was so much surface wave that the investigation became 
a study of surface waves (Bowden 1947 ). 

Mosby ( 1946 ) used a current meter, consisting of twelve sets of revolving cups, to 
measure the current at twelve different levels near the bottom of Alvaerstrommen, 
near Bergen. He discovered oscillations with periods of about 5 min. 

3. Obsebvations m the Mersey 

The observations studied in the present paper were made in August 1948 from an 
anchored boat, the William Herdman, in the River Mersey. The William Herdman, 
a 62 ft. motor fishing vessel, is the property of the University of Liverpool and is 
managed by R. J. Daniel. Doodson’s meter was again used, and aU the members of 
the Oceanography Department took part in the work. 

The William Herdman occupied two positions in the River Mersey: 

( 1 ) 3 to 6 August 1948, she was moored to a buoy off Bromborough in a depth of 
10 m. at L.w.s. (low-water spring tides). The width of the river there is 1-64km. at 
L.w.s. and 2*06 km. at h.w.s., and the maximum depth in the section is 10 m. at 
L.w.s. 

( 2 ) From 16 to 20 August 1948, she was at anchor in a position 0*5 km. below 
Rock Ferry pier, i.e. about 2 km. down river from the former position in a depth of 
17 m. The river is 1 -Okm. wide at l.w.s. and 1-82km. at h.w.s. in this position and 
the maximum depth is 18 m. at L.w.s. 

The range of the tide in the Mersey is about 9 m. at spring tides. Both the positions 
were to the west side of the centre of the shipping channel. The nature of the bed is 
mainly stone and shell in this part of the river, with mud-banks near the sides. 

In normal use the Doodson current meter is suspended through the swivel, by its 
electric cable. For the measurements near the bottom, a stand was constructed of 
IJin. diameter iron tubing, joined at the comers by brass castings (see figure 1 ). 
It consisted of four vertical tubes, each 8 ft. high, spaced 5 ft. apart by two horizontal 
frames, one at the top and the other from 1 to 3 ft. above the pointed feet at the lower 
ends of the vertical tubes. The lower frame was extended for 2 Jft. to the front and 
to the rear, with vertical fins at the rear end to orientate the stand in the current 
when being lowered, and horizontal boards at both ends to obviate any tendency for 
the stand to tilt over on the bottom due to the pressure of the current. The whole of 
the lower frame could be adjusted m height, according to the nature of the bottom, 
so that the vertical feet could sink in as far as the frame. From the top corners, four 
tubes converged upwards to a castiug carrying an eye-bolt to which the supportiug 
wire was shackled. The meter was suspended inside the stand by a wire from the top. 
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the length of which could he altered to adjust the position of the meter vertically. 
This stand was built in the workshop of the Liverpool Observatory and Tidal 
Institute, under the supervision of A. T. Doodson. 



Figheib 1 . Stand for supporting the Doodson current meter on the bottom. 

The stand was lowered oyer the side of the boat by a steel wire leading from a 
power-operated winch over a snatch-block on the derrick. The electric cable was kept 
slack and free of the wire and led to a hand-operated winch in the hold. 

The stand was usually lowered to the bottom soon after slack water and raised 
before the next slack water, the wire being kept slack while the stand was on the 
bottom. As the boat was moored or anchorecj from the bow only, it was necessary to 
wait after slack water until the boat was streaming in the current and in a fairly 
steady position. Similarly, it was necessary to raise the stand before the boat started 
to swing at the following slack water. When the effects of wind and tide on the boat 
were in opposing directions, the movements of the boat were often considerable, 
and it was difficult to prevent the wire becoming taut and causing the stand to tilt. 
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A device was fitted in the meter giving an indication on board when it was tilted 
through an angle of more than about 20°, and records during which the stand was 
believed to have been tilted were rejected. 

The recording gear, housed in the hold, gave a record of the current on photographic 
paper 60 mm. wide, moving at a speed of about 4cm./mm. Time marks were put on 
the record automatically every 30 sec. 

In taking measurements at depths not near the bottom the meter was suspended 
from the wire directly, without the stand, the other arrangements being as before. 

Omitting records which were invalidated by tilting or other faults, fifty-five 
successful current records were obtained, each of about 30 min. duration. Of these, 
thirty-seven were taken near the bottom with the meter in the stand and the re¬ 
maining eighteen at various depths with the meter suspended freely. 

The Fave gauge, modified for recording wave pressures, as previously described 
(Bowden 1947), was laid on the bottom and records obtained simultaneously with 
the current records on several occasions. Since the recording disk made one revolu¬ 
tion in 10 min., provision was made for switching the driving motor in the gauge on 
and off from the boat, through an electric cable. The gauge was laid shortly after 
slack water and left down until near the following slack water. In that time three 
10 min. traces at intervals of about 2 hr. could be obtained on one disk. Owing to the 
change in depth of water due to tide, the three traces were separated radially and 
could easily be distinguished. 

’ 4. Measttrement oe records 

The fluctuations on most of the current records were very variable, but it seemed 
possible to divide them into two main types: (a) fluctuations with periods of the 
order of a few seconds, which were superimposed on (6) fluctuations with periods of 
from 30sec. to several minutes. The term ‘period’ is used here to indicate the time 
scale of the fluctuations and does not imply the existence of a series of regular 
oscillations. 

The mean amplitude of the short-period fluctuations was estimated for each minute 
interval of the record, and the mean period estimated from the number of peaks in 
the sanae interval. To measure the long-period fluctuations, a tracing was made of 
each record, smoothing out the short periods. The mean amplitude and period of the 
long-period fluctuations were then estimated in a similar way, but using 10 min. 
intervals. Elimination ofthe long-period fluctuations gave the mean current. Unless 
there was a marked change in the character of the fluctuations during a 30 mm. 
record, mean values were deduced for the whole record. 

The measured mean values for the records taken with the current meter in the 
stand on the bottom are given in tables 1 and 2, referring to the position at Brom- 
borough Buoy and off Rock Ferry respectively. The corresponding results with the 
meter suspended freely at various depths are given in table 3. Denoting the mean 
current by U, the mean amplitude of the short-period fluctuations by %, and that 
of the long-period fluctuations by the ratios uJU and u^jU are also given in the 
tables. Figure 2 shows examples of current records [a) near the surface and (6) near 
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the bottom. The very short period, about 1 sec., is instrumental, corresponding to 
the natural period of the recording galvanometer. 

Records of the pressure on the bottom were obtained by the Fave gauge during 
those current records against which the letter P is marked in the 'remarks’ 
column in the tables. The Fave disks were examined under the microscope in the 
usual way, but in no case was there any measurable pressure fluctuation, other 
than the slow change due to the rise or fall of the tide. It may be concluded that 
the amplitude of any pressure fluctuation present must have been less than that due 
to 2 cm. of water. 


Fioube 2. Sample lengths of two current records, a, no. 27 , 1*8 m. below surface in a 
calm sea. 6, no. 33 , 1-1 m. above bottom, showing turbulent fluctuations. 

5. Discussion of short-pebiou fluctuations 
5*1. Effect of surface waves 

Since the short-period current fluctuations observed at Queen’s Fort, and described 
in a previous paper, were attributed mainly to wave currents, we may consider, first 
of all, the influence of surface waves on the present results. The pressure amplitudes 
at the bottom were below the limit of sensitivity of the Fave gauge, i.e. less than 
2 cm. of water. For waves of period 3 sec. the corresponding horizontal velocity would 
be 4*2 cm./sec. This is of the same order of magnitude as the values of given in 
tables 1 and 2, so that the evidence of the Fave records alone does not exclude the 
possibility of the fluctuations being due to wave currents. 

There is reason to believe, however, that the wave pressures were considerably 
below the limit of sensitivity of the Fave gauge and the wave currents correspondingly 
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smaller. The waves at the surface did not exceed 2 ft. (60 cm.) in height during the 
series of observations and were usually smaller, while the period was not more than 
3 sec. The depth of water was greater than 10 m. at Bromborough Buoy and greater 
than 17 m. off Rock Ferry. Waves of period 3 sec. and amplitude 30 cm. at the 
surface would be attenuated to give a pressure amplitude of 0-3 cm. of water at 10 m. 
and 0*02 cm. at 17 m. The corresjfonding amplitude of horizontal velocity would be 
0*7cm./seo. at 10 m. and 0-04cm./seo. at 17 m. If the effective period were 4 sec. 
(and it was found previously that the apparent wave period increases with depth), 
the corresponding pressure amplitude would be 2-6 cm. at 10m. and O-O cm. at 17 m., 
;and the horizontal velocities 3-9cm./see. at 10m. and 0-9cm./sec. at 17m. Unless 
the waves were traveHing in a direction parallel to that of the current, the com¬ 
ponent of wave velocity in the direction of the mean current would be less than these 
figures, which refer, in any case, to extreme conditions. 

It therefore seems improbable that wave currents could account for the amplitudes 
of the short-period current fluctuations recorded in tables 1 and 2, particularly in the 
deeper water position off Rock Ferry. Moreover, the general character of the records 
near the bottom differed from that of the records obtained at Queen’s Fort, or of 
those in the present series obtained near the surface in the presence of waves. 

5-2. Depenience of flucimations on mean current and height above the bottom 

Figure 3 shows the mean amplitude of the short-period fluctuations plotted 
against the mean current TJ for aU records taken with the meter in the stand. There 
is an evident tendency for % to increase with U, although the scatter of the points 



Fiotjue 3. Short-period fluctuations near the bottom, showing dependence 
of mean amplitude of fluctuation % on the mean current V. 
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is considerable. To a first approximation it seems justifiable to assume a linear 
relation between % and U and take the ratio uj U as being independent of U. A rather 
better fit to the observations is given by the broken curve, suggesting that % 
increases less rapidly for large values of U. 

As shown in tables 1 and 2, recprds were obtained with the meter in three different 
positions in the stand, i.e. 0-6, 1-1 and l*4m. above the bottom. Mean values of 
uJU and its standard deviation are shown in table 4 for the three heights. The 
difference between the figures for !•! and l-4m. is insignificant, but the mean value 
of UjJU for 0*6 m. is appreciably higher. The average for 0-6 m. is based on only six 
individual records, but, if statistical considerations may be applied, the probability 
of the difference between the mean for 0-6 m. and the combined mean for M and 
1*4 m, being significant is over 90 %. In view of the small number of records at 0-6 m. 
and the wide scatter of the values of uj U for all three heights, no distinction has been 
made between the various heights in figure 3. 


Table 4 . Dependence oe eluctuation ratio on heioht 
ABOVE bottom. (MeTER. IN STAND) 


height 

above 

short-period fluctuations 

long-period fluctuations 

bottom 


standard 


standard 

(m.) 

mean UifU 

deviation 

mean u^/U 

deviation 

0*6 

0*144 ±0-022 

0*053 

0*092 ±0*016 

0*037 

M 

l4 

0*113 ±0*0091 0.111 j^Q.Q07 
0*109±0-012/ ^ 


0*101 ±0*012 
0*099 ±0*009 

0*044 

0*029 

all heights 

0*117 ±0*007 

0*040 

0*099 ±0*007 

0*037 



2t 


FiGxmE 4. Long-period fiuctnations near the bottom, showing dependence 
of mean amplitude of fluctuation on the mean current U. 
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Taking all the measurements near the bottom, the average value of uJU is 0-117, 
■with a standard deviation of 0-040, and may be taken as applying to an average 
height of 1-1 m. above the bot'fcom. 

The values of the estimated mean period 2i of the short-period fluctuations have 
been examined in a similar way, but there does not appear 'to be any significant 
correlation with the mean current or ■with the height above the bottom. 

6-3. Dependence of fluctvaMons on depth below surface 
Considering now the records taken -with the meter suspended freely at various 
depths, figure 5a shows the values of uJU plotted against depth below surface for 
three series of observations. The difference between the first series (records 65 to 60) 
and the second series (records 61 to 66) is striking. In the first series the fluctuations 
are small near the surface and increase 'with depth, at first rapidly and then more 
slowly. In the second seyies the fluctuations are larger near the surface, decrease to 
a TuiniTmiTn at about 6 m. and then increase again at greater depths. At the time the 
first series was taken there was no "wind and the sea was calm, while during the second 
series there was a -wind of force 4 and surface waves of up to 2 ft. (60 cm.) in height. 
The character of record no. 61, at 3-0 m., was also different from the characters of 
records near the bottom, showing groups of regular, wave-like oscillations, as dis¬ 
tinct from the irregular character of fluctuations near the bottom. 



depth, below surface (m.) 
a 6 


Figuke 5. Dependence of fluctuation ratio on depth below surface, with the meter suspended 

freely, a, short and 6, long-period fluctuations. O—O records 65 to 60; H-1- records 

61 to 66; X - - - X records 67 to 70. 


The third series of records (nos. 67 to 70) shows still larger fluctuations near the 
surface, decreasing with depth, but it does not seem possible to relate this to the 
state of the sea surface, which was intermediate between conditions for the first 
and second series. Record no. 69, at 3*7 m., was again different in character, showing 
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irregular fluctuations of large amplitude and mostly of shorter periods than usually 
occurred. In this respect it resembled records nos. 35 and 36 (near the bottom), 
which also showed large amplitude fluctuations of unusually short periods. Other 
records showed occasional bursts of such fluctuations which were not included in 
the mean values tabulated. These records have the common feature that they were 
all taken near times of high water, when there was considerable movement of ship¬ 
ping in the river. The times of passing of ships or tugs at distances of 50 to 300 yd. 
were noted on several occasions*, and on examining the records the unusually short- 
period fluctuations were in evidence at approximately the times noted, although it 
was not possible to find any sudden onset. 


5'4. Gorrelogram analysis 


The auto-correlation of the short-period fluctuations as a function of time was 
examined from selected records. Enlarged tracings of the records were made and 
the trace measured at intervals of approximately 0-6 sec., smoothing out the oscilla¬ 
tions of 1 sec. period which, as mentioned earlier, were due to the natural period of 
the galvanometer. It was also found necessary to eliminate the long-period fluctua¬ 
tions before computing the correlations, as otherwise the short-period variations 
were obscured. This elimination was done graphically. We have, in effect, selected 
fluctuations within a certain range of time scale, coiresponding to periods between 
about 1 and 15 sec. 

If denotes the deviation of the velocity at time t from the long-period trend and 
that at time ^-fr, the auto-correlation coefficient for time interval r is given by 




T-r 

S 


rr-T r-r 

S uf S uh, 
t^o J 


T being the total duration of the record analyzed. At first T was taken as 2 mm., 
but it was found that the correlograms of successive 2 min. lengths of the same record 
differed so considerably that 2 min, did not seem to be long enough to contain a 
representative sample of the fluctuations. A length of 10min., which appeared long 
enough to be free from this objection, was therefore adopted. t 

Figure 6 shows the correlograms of 10 min. lengths of four different records. 
Records nos. 32 and 33, the results of which are given in figure 6 a, were both taken 
with the meter in the stand at a height of 1-1 m. above the bottom in a depth of 
water of 21 m. The values of the mean current XJ were 38 and 56 cm./sec. respectively. 
The two curves are very similar, falling to zero at r = 3 sec. approximately and 
then becoming negative, reaching a minimum of nearly — 0-2 and then gradually 
increasing to attain small positive values after about 12 sec. Figure 66 shows the 
correlograms for two records, nos, 61 and 64, taken with the meter suspended freely 
at depths of 3-0 and 11-9 m. below the surface respectively. These curves each show 
oscillations whose amplitude decreases as r increases superimposed on a curve of the 
, type shown in figure 6 a. The periods of the oscillations are approximately 3-4 sec. 
for the record at 3*0m. depth and 4'6sec. for that at ll*9m. As surface waves of 


21-2 
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time interval r (sec.) 
a 



a h 

O -O record no. 32, U =; 38cm./sec. O-O record no. 61, 3-0 m. below surface, U = 

101 cm./sec. 

X-X record no. 33, U = 56cm./sec. x - x record no. 64, ll'9m. below surface, U = 

70 cm./sec. 

Figubb 6. Auto-correlation curves for the short-period fluctuations, a, records near the bottom; 
6, records near the surface and at mid-depth, in the presence of surface waves. 
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period about 3 sec. and maximum height 60 cm. were observed at the time, it seems 
reasonable to attribute these oscillations to the effects of wave currents. 

The general shape of the correlation curves in figure 6^]^ is reminiscent of those 
obtained for the turbulent fluctuations of air speed in wind-tunnel experiments, 
although the time scale in our case is of the order of 100 times as long. Since a graphical 
method has been used to eliminate both the very short and the long periods, it does 
not seem justifiable to attempt a more quantitative interpretation of the correlation 
curves. 

The results of the correlogram analysis received qualitative confirmation from 
spectra of the fluctuations very kindly obtained for us by the staff of the Oceano¬ 
graphic Section of the A.R.L., using the wave analyzer. Of several records examined, 
no. 61 (near the surface) showed predominant periods in the range 3 to 5 sec., while 
the records taken near the bottom indicated no predominant periods but a more or 
less uniform distribution of amplitudes throughout the spectral range covered by 
the analyzer. 

While the correlogram analysis has shown the difference in character between 
the wave currents and the short-period turbulent fluctuations, it has confirmed the 
similarity in the time scales of the two phenomena. Whether there is any significance 
in this correspondence, even when the direct effects of surface waves are negligible, 
remains a problem for further investigation. 

5*6. Turbulent character of the fluctuations 

The above discussion indicates the following reasons for believing that the short- 
period fluctuations found in the present series of observations are to be identified 
with the turbulent fluctuations associated with bottom friction: 

(1) The amplitude of the fluctuations is approximately proportional to the mean 
current. 

(2) The amplitude of the fluctuations near the bottom is too large to be due to 
wave currents. 

(3) Since the fluctuations were observed when the meter was in a stand on the 
bottom, rolling of the boat could have had no influence. 

(4) In a calm sea, the fluctuations are small near the surface and increase with 
depth. 

(5) The mean value of uJU, i.e. 0*117 at 1*1 m. above the bottom, is comparable 
with the estimated value of [u^]^IU, namely, 0*09, given in§ 1. For harmonic fluctua- 

u^ = ^2 [u^]^ and ^2 [u^'filU = ^2 x 0*09 = 0*127, 
but such close agreement is fortuitous. 

The scale of the disturbances is thus of an order of magnitude consistent with their 
being associated with bottom friction. For example, a period of 5 sec. in a mean 
current of 50 cm./sec. would correspond to the passage of eddies 2*5 m. in diameter. 

(6) The correlogram analysis has shown that, unlike the wave currents observed 
nearer the surface, the fluctuations near the bottom have no predominant periodicity, 
but resemble the random variations usually associated with turbulence. 
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6 . Discussioit of the long-peeiod fluctuations 

The mean amplitudes of the long-period fluctuations have been analyzed in 
a way similar to those of the short-period fluctuations. Figure 4 shows that 
increases with the mean current and that the ratio u^l U is approximately independent 
of U, while table 4 shows that there is no significant difference between the mean 
values ofu^jU at heights of 0 * 6 , 1-1 and 1*4 m. above the bottom. The observations 
with the meter suspended freely, plotted in figure 56, indicate that u^jU increases, 
with depth below the surface (except for the series of records nos*. 67 to 70, where 
the reason suggested for the increase of short-period fluctuations, i.e. disturbance 
due to shipping, may possibly account also for the increase in long-period fluctuations 
near the surface). 

Examination of the traces suggests that a wide range of periods were present. 
Frequently fluctuations of period 30 sec. to 1 min. were superimposed on fluctuations 
of period 4 to 5 min. Fluctuations of one period did not usually persist for more than 
a few oscillations, and different parts of the same 30 min. record often showed groups 
with different predominant periods, sometimes interspersed with intervals of 
negligible fluctuations. In this respect the ‘mean periods’ given in tables 1 , 2 and 3 
are misleading, since they were estimated by counting the number of peaks in a 
given time and thus depend mainly on the shorter periods present. A correlogram 
analysis was made of the long-period fluctuations on two selected records, nos. 43 
and 47. The former showed a significant period of 5|min. on which fluctuations of 
period about 1 min. were superimposed, while the latter also showed periods of the 
order of 1 min. but no significant indication of longer periods. 

These long-period fluctuations have periods in the same range as those found by 
Thorade, by Mosby, in the unpublished work in the Zephyr, referred to in § 1 , and 
by us at Queen’s Fort in Liverpool Bay. The present results confirm those found in 
the analysis of the Queen’s Fort observations (Bowden 1947 , § 4-3). 

The dependence of the amplitude on the mean current and the lack of persistence 
of individual periods are consistent with the fluctuations being turbulent in origin. 
Periods of 1 to 5 min. in a mean current of 60 cm./sec., however, would correspond to 
the passage of eddies of 30 to 150 m. in diameter which, in a depth of 20 m., seem too 
large to be associated with bottom friction and shear motion in the current. This 
does not exclude the possibility of horizontal eddies set up in some other way. 

An alternative explanation would be that they are due to internal waves. It is 
hoped to investigate at s6me future time the possible occurrence of internal waves 
in the Mersey, but it appears that internal waves with periods of several minutes 
might occur and that the horizontal velocities might be of the same order of magni¬ 
tude as the observed fluctuations. 

7. VeETICAL DISTBIBUTION of TIDAIi OUEEBNT 

From all records taken with the meter in the stand, the amplitude of the M 2 
constituent of the tidal current near the bottom was deduced to be 51*7 cm./sec. 
The number of records at other depths was insufficient to enable a study to be made 
of the variation of the current with depth, but the variation from the surface to 
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three-quarters of the total depth does not seem to have been large. Taking the 
average of aU records with the meter suspended freely, the amplitude of the 
constituent was 90*4cm./sec. Thus at Im. above the bottom the current was 0*57 
of the average current throughout the upper three-quarters of the depth. 

8 . Fxjethbe obseevations ’ 

We intend to continue the investigation of turbulence in a tidal current by making 
observations as follows: 

(1) Measurements of the current in two positions simultaneously, by using two 
current meters separated (a) in the same vertical line, (i) in the line of the mean 
current, (c) in a horizontal line transverse to the mean current, both recording on 
the same photographic paper. 

(2) More measurements of turbulent velocities at low values of the mean current, 
involving double anchoring of the boat to avoid the necessity for raising the stand 
every slack water. 

(3) Measurements of the vertical distribution of the mean current. 
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The ignition and flame reactions of ethylene oxide 
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SpontaaeoTis ignition pressure-temperature relationships of ethylene oxide-oxygen and -air 
mixtures have been studied, A low-temperature ignition system exists and cool flames can 
be initiated in air at atmospheric pressure and below. The propagation of cool flames through 
cold mixtures under this condition has not, however, been observed. Nevertheless, ethylene 
oxide itself propagates a decomposition flame and is inflammable at constant volume in 
admixture with air for aU percentages above 3*6. The products of decomposition are almost 
entirely accounted for by the two overall reactions; 

CaH 40 = CH 4+00 + 17-2 kcal., 

2 C 2 H 4 O = +200 -f 2Ha - 2 X 6*15 kcal. 

These reactions are also very significant in the non-luminous flames that have been found 
to be propagated through the richer mixtures of ethylene oxide with air. It is shown that 
the latter flames are initiated only at high temperatures, of the same order as for normal 
flames, and that they correspond with the non-luminous flames occurring near to the high- 
temperature spontaneous ignition limit of richer mixtures. 


Introbitotion 

In recent years ethylene oxide has assumed some commercial importance as an 
organic intermediate, but prior to this its chief use was as a fumigant for the control 
of insect pests in foodstuffs. It has undoubtedly a number of properties that recom¬ 
mend it for the latter purpose, but its inflammability is a serious disadvantage, and 
on several occasions ethylene oxide explosions have occurred during fumigations. 

Previous investigators have considered the question of reducing the inflam¬ 
mability of ethylene oxide in air. Early studies of its physiological properties had 
shown that its pesticidal effect is promoted by the presence of carbon dioxide, which 
increases the respiration rate of the insect. For this reason it has for some years been 
the custom to introduce 10 % of carbon dioxide into commercial ethylene oxide for 
use as a fumigant, a practice which also raises the vapour .pressure to a convenient 
level for discharge from the cylinder. It is not surprising therefore that carbon 
dioxide was early considered for the purpose of suppressing its inflammability. 

Jones & Kennedy ( 1930 ) completely determined the effect of carbon dioxide on the 
limits of mflammability of ethylene oxide in air, using the standard apparatus and 
technique adopted at the U.S. Bureau of Mines (Coward & Jones 1938 ). Their results 
were confirmed by R,M.Jones{i 933 ), andlater Peters & Ganter ( 1938 ), although using 
different experimental conditions, obtained a partly similar result. The three sets 
of observations are plotted together in figure 1 . 

On comparing the mflammability curves of Jones & Kennedy and of R. M. Jones 
in figure 1 with extinction limit curves of the normal type, one is immediately struck 
by the unusual ^ bulge’ on the rich-mixture side of the diagram. The seemingly most 

' [ 32a ] 
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obvious explanation of this peculiarity is that in this part of the field fiames of the 
‘cool’ type are involved—a suggestion that has already been advanced by Coward 
& Jones ( 1938 ) and which receives some support from the description given by the 
authors of the appearance of the rich-mixture flames. The analogy with the results 
of White ( 1927 ) and of Townend & Chamberlain ( 1937 ) on the effect of reduced 
pressure on the inflammability of diethyl ether is clear, and fairly recently a very 
similar composite dilution curve has been obtained by Jones & Scott ( 1947 ) for the 
system dimethyl ether-difluorodichloromethane-air. The only difliculty about this 
explanation arises from the fact that both Jones & Kennedy and R. M. Jones used 
a flame source throughout their tests for igniting the ethylene oxide mixtures. Where 
cool flames are involved one would hardly expect this source to be effective—a 
source of lower temperature would be needed. On the other hand, Peters & Ganter, 
who used an electric spark source, failed to obtain the bulge (figure 1 ). This result is 
consistent with the ‘cool-flame’ explanation. It is therefore quite uncertain what 
type of flame is really propagated in the rich mixtures. 



Figube 1. Results of determinations of the influence of carbon dioxide on the limits of inflam¬ 
mability of ethylene oxide in air.-G. W. Jones & Kennedy, x-x Peters & Ganter. 

-flame propagated •: failed O R. M. Jones.extrapolation after Coward & Jones. 

R. M. Jones’s points have been omitted on the lower limit side of the curve as they 
substantially coincide with it. 

The practical importance of the issue is of course that if ethylene oxide can pro¬ 
pagate cool flames in air at* atmospheric pressure, the minimum ignition tempera¬ 
tures are likely to be very low, perhaps as low as in the case of diethyl ether (C. 180° 0). 
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If this were so, hitherto unsuspected sources might be responsible for ethylene oxide 
explosions, for the cool flame of a rich mixture could lead to normal ignition if it 
travelled into a region where the mixture was more dilute. 

The investigation into the inflammability of ethylene oxide was therefore begun 
with two immediate objects in view: 

(1) To see whether ethylene oxide-air or -oxygen mixtures have a low-tem¬ 
perature ignition system, and if so, to ascertain the minimum temperature and 
pressure conditions for the initiation of cool flames. 

( 2 ) To investigate the character of the peculiar rich-mixture flames observed by 
earlier workers and the conditions for their initiation and propagation. 

Although the investigation arose from the practical considerations indicated, it 
led to results of interest with regard to combustion theory. 

Expeeimental 
Spontaneous ignition limits 

The first objective was sought using the ‘ hot-vessel ’ method to determine ignition 
pressure-temperature limits for ethylene oxide-air or -oxygen mixtures. Pre¬ 
liminary experiments were made with a 5 % ethylene oxide-air mixture in steel 
pressure apparatus similar to that of Townend & Mandlekar ( 1933 ). The results are 
given in figure 2 , in which the ignition limit is shown as a function of temperature 
and pressure. 



Fiotire 2 . Ignition temperature-pressure limits of 5 % ethylene 
oxide-air mixture in steel explosion vessel. 

A low-temperature ignition peninsula occurs in the range 280 to 310° C. At lower 
pressure, in the range 275 to 325° C, very mild pressure pulses were observed on 
admitting the mixture to the heated vessel. There was little doubt that these were 
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due to cool flames, but owing to the brevity of the lag before the flame and the 
feebleness of the pulse at lower pressures, the cool flame pressure-temperature limit 
could not be defined with any certainty. 


T 


m 


Figtoe 3. Low-pressure apparatus for determination of ignition limits. A, ethylene oxide 
storage bulb; B, to drying towers and O 2 storage; G, mixture storage bulb; D, reaction 
vessel; E, to vacuum pump; F, electric furnace; manometers; T, thermometer. 




FiGXJitB 4. Ignition temperature-pressure limits of equimolecular ethylene 
oxide-oxygen mixture in quartz explosion vessel. 

In consequence, the investigation was pursued using ethylene oxide-oxygen 
mixtures in a low-pressure apparatus, the details of which are shown in figure 3. 
The reaction vessel, which in this case was a quartz cylinder 5 cm. in diameter and 
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of about 660 ml. capacity, was heated to any desired temperature in an electric 
furnace. A stock of the, mixture for test was made up by pressure in the 21. globe. 
From this stock a part could be admitted rapidly to the thoroughly evacuated 
explosion vessel.to give some previously decided initial pressure. The occurrence of 
ignition or otherwise was observed with the aid of the mercury manometer. 


The ignition limits thus determined for an equimolecular ethylene oxide-oxygen 
mixture are shown in figure 7. At low temperatures, ignitions occurred at too high 
a pressure and with too great violence to allow the limit to be plotted in this apparatus. 
The ignition limit at bi gb temperatures and the cool-flame li m it could, however, be 
satisfactorily defined, although in the latter case some difficulty was at first experi¬ 
enced owing to the short lags and the feebleness of the cool-flame pulse near the 
limit. Nowhere in the cool-flame region was more than one pulse observed, in contrast 
with results for aldehydes (Newitt, Baxt & Kelkar 1939 ). Measurements of limits 
as in figure 4 were reproducible provided the explosion vessel was first ‘ standardized ’ 
with a few high-temperature ignitions after each cleaning. 



Figubi! 5. Effect of ethylene oxide-oxygen mixture composition on the cool flame pressure- 
temperature limit. Curves: 1, (CHs)a0-l-02; 2, (CH2)ij0-i-202; 3, 2(CH2)aO-fOa; 
4, 4(CH2)20-f-02. 

Figure 5 shows the results of measurements of the cool-flame pressure-temperature 
limit using mixtures containing ethylene oxide and oxygen in different proportions. 
While a reduction in the ethylene oxide: oxygen ratio from 1:1 to 1:2 had little 
effect, increasing the proportion of ethylene oxide lowered the Tnim*TYniTn pressure for 
cool-flame initiation quite markedly. The optimum temperature for cool flames was, 
however, much the same for all mixtures, and any lowering effect that there may have 
been on the cool flame-true ignition pressure limit was insufficient to allow it to be 
determined in the low-pressure apparatus. 

Figure 6 shows the effect of the presence of nitrogen on the cool flame temperature- 
pressure limit of a 2:1 ethylene oxide-oxygen mixture. Once more the optimum 
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temperature for the cool flames is not materially altered, but dilution lowers the 
minimum partial pressure of the reactants necessary for the initiation of cool 
flames. This conclusion suggests that some stage of the reactions leading to cool- 



Figuee 6. Effect of nitrogen dilution on the cool flame (partial) pressure-temperature limit for 
a 2:1 ethylene oxide-oxygen mixture. Curves: 1, 2(CHa)20-f-02; 2, 2(CH2)20 + 02-fiN2; 
3, 2(CH2)20 + 02 + 4N2. 



Figtjbe 7. Effect of the addition of small amounts of acetaldehyde on pressure-temperature 
limits for an equimolecular ethylene oxide-oxygen mixture. Curves: 1 , (CH 2 ) 2 O 4 - 02 ; 
2, (CH2)20 +02 + 0 - 1 % CH 3 CHO; 3, (CH2)20 + 02 + 1 % CH 3 CHO; 4, (CH2)20 + O 2 + 
2 % CHgCHO. 
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flame initiation (not necessarily the cool-flame reaction itself) is a chain reaction in 
which the active centres suffer deactivation at the vessel wall. 

The mixture referred to in figure 6 which contains 1 vol. of 2; 1 ethylene oxide- 
oxygen mixture with |^vol. of nitrogen is equivalent to a 28-6 % ethylene oxide-air 
mixture. The results show that it is possible to initiate a cool flame in ethylene 
oxide-air mixtures well below atmospheric pressure (at a minimum of 610 mm. in 
this particular case). Whether the flame can be propagated through such mixtures 
at atmospheric temperature and pressure is a question to which we shall presently 
revert. 

Mgure 7 shows the observed effects of small additions of acetaldehyde upon the 
pressure-temperature limits for high-temperature ignition and cool flames in an 
equimolecular ethylene oxide-oxygen mixture. The high-temperature ignition limit 
was quite definitely lowered in these circumstances, but the cool-flame pressure 
limit was more strikingly affected. The presence of 0*1, 1 and 2 % of acetaldehyde 
lowered the minimum pressure for cool-flame initiation by 20, 62 and 60 % respec¬ 
tively. At the same time, the optimum temperature for cool flames was not greatly 
altered. Enough observations were made to show that the cool flame-true ignition 
pressure limit was sufB.ciently lowered in the presence of these small amounts of 
acetaldehyde to bring much of it within the range of the apparatus, but unfortunately 
the ignitions obtained were so violent as to damage the explosion vessel and experi¬ 
ments were discontinued. 


Limits of inflammability 

Among other significant results, the work outlined in the preceding section showed 
that cool flames can be initiated in ethylene oxide-air mixtures at and below atmo¬ 
spheric pressure. The first of the two objects mentioned in the introduction was 
therefore attained with such a result as to leave the question implied in the second 
still open. It was clear that the minimum pressure for cool-flame propagation 
through a cold mixture must be greater than that for its initiation at high tem¬ 
perature, but by how much was uncertain. Moreover, in view of the observed 
lowering effect of diluent (nitrogen) on the cool-flame pressure limit it was just con¬ 
ceivable that the rich-mixture flame area in the presence of carbon dioxide as found 
by Jones & Kennedy and R. M. Jones (figure 1) might even yet refer to a cool flame. 
The question was therefore investigated directly^ at atmospheric and reduced 
pressures. 

For this purpose the apparatus illustrated in figure 8 was employed. It consisted 
of a 5 cm. diameter Pyrex glass tube about 130 cm. long supported in a light frame¬ 
work which allowed the tube to be swung about its central transverse axis and brought 
to rest at any required angle for a flame-propagation test. The ends of the tube were 
carefully squared and smoothed and were closed by oversized rubber corks pressed 
against them. One of these carried the igniting source and an admission tube for 
gases, and the other was adjustably spring-loaded to provide excess pressure relief. 

The mixture for test was made up in the tube by partial pressures and was mixed 
by rotating the tube and framework so that a light metal bobbin fell from end to end 
of the tube and back again during each complete rotation. It was found that twenty- 
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five complete journeys by the bobbin ensured adequate mixing. After this any slight 
adjustment (reduction) of the total pressure of the mixture was made, the tube set 
at the desired elevation, the bobbin supported magnetically at the end remote from 
the ignition source and the mixture fired with the room in darkness. 



Fightbb 8 . Apparatus for the measurement of limits of inflammability at atmospheric and 
reduced pressures. A , Pyrex tube; BB, threaded rods; C7G, plywood supports; DJD, plywood 
end-supports; EE, metal end-plates; FF, bracing .wires; Q, centre block and rotation 
bearing; H, spring-loaded rubber cork; J, mixing bobbin. 

At first, both magneto-spark and platinum-filament ignition were employed. At 
atmospheric pressure they gave very similar results, but at low pressure the platinum 
filament was more effective, and it was therefore employed for the systematic 
measurement of inflammability limits. The results shown in figure 9 refer to a vertical 
tube with the source at the lower end. They reveal a number of interesting features. 

At atmospheric pressure, flame was propagated throughout the range 3-6 to 100 % 
of ethylene o^dde. Up to about 68 % changes in the flames were normal, the non- 
luminous lower limit flame gradually giving place to the luminous upper Kmit flame. 
At this point, however, the luminous flame became changed, with increasing pro¬ 
portions of ethylene oxide, into a pale blue flame with a luminous tail, from which 
the luminosity had entirely disappeared at about 70 %. This type of flame persisted 
up to 100 %, and in pure ethylene oxide a still paler but more rapid decomposition 
flame was propagated. 
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Th.e effect of reduced pressure on the boundary compositions for these flames is 
showninflgure 9. Thelowerlimitof inflammability was very little affected by reduced 
pressure, but the upper (luminous flame) limit was rapidly reduced (broken line). 
Decomposition flames of pure ethylene oxide were propagated down to 633 mm., but 
thereafter an upper composition limit for the blue flames appeared which fell rapidly 
with HiTninisliiTig pressure. The normal and blue flame areas had individual pressure 
minima at 78 and 72 mm. (almost flat) respectively. 



Fiotjbe 9. Effect of pressure (reduced) on inflammability ranges of ethylene 
oxide in air (closed tube; propagation vertically upward). 



Figxjbe 10 . Relationship between ratio permanent pressme inerease/initial pressure ethylene 
oxide and mixture composition for flam© propagation at the pressure limit. 

At the same time that limit determinations were made, the pressure increases 
(after cooling) due to inflammation of the mixtures at the pressure limit were noted. 
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In figure 10 the ratio pressure increase: initial pressure of ethylene oxide {i^pjp) 
is plotted against mixture composition. Commencing with the lower limit mixture 
at atmospheric pressure, Ap/p rises steeply to a peak at 13 to 14 % ethylene oxide 
and then falls continuously to 80 %, apart j&om an inflexion between 20 and 30 % 
corresponding with the low maximum in the pressure-limit curve (figure 9). Above 
85 to 90 % measurements were not valid, since the pressure during the actual pro¬ 
pagation was sufficient to cause the excess pressure relief to operate. 

The determinations of pressure limits were repeated with downward propagation 
in the tube held vertically. In these circumstances the blue and decomposition flames 
were not propagated, and limits almost the same as those for the normal flame in 
figure 9 were obtained. 

Although, in its failure to propagate downwards, the blue flame (which evidently 
corresponds with that observed by Jones & Kennedy and E. M. Jones) partook of 
the character of a cool flame, its fight emission and flame speed appeared somewhat 
greater than experience with diethyl ether and acetaldehyde would have led us to 
expect. It seemed, moreover, that it could be propagated through cold mixtures at 
a much lower pressure than that at which the cool flame could be even initiated in 
a hot vessel. In order therefore to determine conclusively the nature of the blue 
flame, the temperature required for its initiation by a hot source was compared with 
that required to initiate the normal flames. For this purpose the platinum filament 
already in use could not be employed because ignition was always preceded by 
catalytic combustion on the filament which caused it to self-heat to an extent that 
was beyond control. After some preliminary experiments a ‘non-catalytic’ igniter 
was developed which consisted of about 5 cm. of 36 s.w.g. nichrome wire, with copper 
leads, completely sealed into a drawn-out Pyrex tube and formed into a helix about 
6 mm. in diameter. Although fragile this igniter was satisfactory, giving surface 
temperatures up to about 760° C. It was fitted into the end of the flame propagation 
tube in place of the platinum filament and connected in series with a variable resist¬ 
ance tod sensitive ammeter to the source of electrical supply. The igniter was calibrated 
for maximum temperature versus current by means of a very fine platinum-platinum/ 
rhodium thermocouple placed in contact with its hottest part, care being taken to 
have inert gas in the tube at the approximate pressure used for mixture tests during 
the calibration. 

When this igniter was used to ignite ethylene oxide-air mixtures there was no 
evidence of surface combustion. Using the current through the igniter to measure 
temperature, the relationship was obtained for typical ethylene oxide-air mixtures 
between pressure and the surface temperature of the igniter required to cause 
ignition. 

The results are shown in figure 11. The mixtures chosen were: 

(1) 16*7% (approximately equimolecular mixture ethylene oxide-oxygen), 
propagating a normal fiame. 

(2) 44*4% (ethylene oxide: oxygen = approximately 4:1), propagating a blue 
fiame at low pressure and a normal luminous flame at atmospheric pressure. 

(3) 75 % giving a blue flame at aU pressures up to atmospheric. 

In addition, the ignition of pure ethylene oxide was studied. 
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The TYimimnTn temperature of the igniter necessary to effect ignition always fell 
to a constant figure with increasing pressure and the pressure reached a constant 
value (representing the corresponding limit in figure 9) for high source temperatures. 
For pure ethylene oxide the bend in the curve was very abrupt. Limiting source 
temperatures observed were as follows: 


% mixture 

°c 

16*7 

640 

44.4 

’ 639 

75 

650 

100 

675 


Although a temperature gradient must exist between a local igniting source and 
the adjacent gas mixture and therefore the above figures are not in any sense actual 
ignition temperatures, it is perfectly clear from them that the blue and normal 
fiames, and, indeed, the decomposition flames too, are initiated at temperatures of 
similar orders. The blue flames therefore cannot possibly be cool flames. 



Figure 11 . Kelationship between pressure and source temperature for local ignition of ethylene 
oxide-air mixtures and pxire ethylene oxide. Percentages of (CH 2)20 in curves 1 = 16*7 %, 
2 = 44-4 o/o, 3 = 75 %, 4 = 100 %. 

Comparative study of normal, blue and decomposition flames 

It being established that the blue flame was of a high-temperature origin, we 
recalled observations made by one of us in connexion with the ignition of cyclo¬ 
hexane (Burgoyne, Tang & Newitt 1940), and by Newitt & Thornes ( 1937 ) on the 
ignition of propane. In these instances it had been noticed that at the high-tem- 
perature spontaneous ignition limit there was a zone of pressure within which blue 
flames were formed, accompanied by a relatively mild pressure pulse and some sub¬ 
sequent slow reaction. At higher pressure these gave place to yellow or orange 
ignitions in which reaction was complete in one stage and accompanied by normally 
vigorous pressure pulses. It was necessary therefore to ascertain whether the blue 
flames propagated through cold ethylene oxide-air mixtures were in fact related to 
phenomena occurring near to the spontaneous ignition limit at high temperatures. 

The spontaneous ignition apparatus (figure 3) was modified to enable the explosion 
vessel to be observed visually through a tube projecting up the furnace from below 
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and closed at the lower end by a prism which allowed the vessel to be viewed hori¬ 
zontally. Pressnre-temperatnre limits were then determined at high temperatures 
for a number of ethylene oxide-air mixtures and also for the decomposition of 
ethylene oxide itself. At the same time many visual observations of the ignitions 
were made. 



FiotiBE 12. Spontaneous ignition temperature-pressure relationships for ethylene oxide and 
some mixtures with air (high temperature range). Percentages of (CH2)20 in curves 
1 = 16-7 %, 2 = 30%, 3 = 44-4%, 4 = 75 %, 6 = 85%, 6 = 95% and 7 = 100%. 



Figtxre 13. Relationship between spontaneous ignition pressme and mixture composition 
for ethylene oxide-air mixtures at 500° 0 (curve 1) and 475° O (curve 2). 

As a result it was found, as had been thought possible, that over a certain pressure 
range above the ignition limit the ethylene oxide-air flames were blue, beco m i n g 
yellow above this pressure range. The width of the blue area was small at lower and 
greater at higher temperatures, and at a given temperature it increased with in¬ 
creasing proportion of ethylene oxide in the mixture. The decomposition flame of 
ethylene oxide was in aU cases very faint and only just visible in complete darkness. 

In view of these observations, the ignition pressure-temperature limit curves, 
shown in figure 12, were employed to derive the relationship between spontaneous 
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ignition, pressure and mixture composition at specified temperatures. The results 
for 500 and 475° Care given in figure 13. The similarity to figure 9 was at once apparent 
and suggested that it was probably correct to relate the behaviour on the high- 
temperature spontaneous ignition hmit with that in the fiame propagation tube. 
To obtain more conclusive evidence, however, comparative chemical analyses were 
made on the products formed in flame reactions under the two sets of conditions. 

For this purpose a simple sampling arrangement was constructed which could be 
inserted in the vacuum lead of either apparatus (i.e. figures 3 and 8). It consisted of 
a Pyrex spiral trap with a small bulb at the lower end and fitted with stopcocks to 
inlet and outlet. The outlet was coniiected via a T-piece and other stopcocks to a gas 
burette and the vacuum pump. In taking product samples, the trap was cooled in 
an alcohol-solid carbon dioxide mixture and evacuated. Some of the product was 
then drawn through the trap by operating the gas burette and the rest withdrawn 
by the vacuum pump, a sample of the uncondensed gas being retained in the burette. 

When examining the products in the flame-propagation tube, each experiment was 
done twice, one lot of condensed product being used to determine residual ethylene 
oxide and the other for aldehydes, etc. Analysis of the two gas samples provided 
a check on reproducibility. With the much smaller spontaneous ignition apparatus 
explosions were repeated several times under the same conditions to get sufficient 
material for examination. Methods of chemical analysis are detailed in the appendix. 
The condensable products collected were of course the total formed, but the gaseous 
products were related to reactants through the nitrogen content. 

Products were analyzed j&rom 16-7, 44-4 and 76 % ethylene oxide-air mixtures and 
from pure ethylene oxide, reacting in each case by spontaneous ignition at high tem¬ 
perature and by the passage of flame through the cold mixture. In every instance 
a pressure a little above the limit for the flame reaction was chosen. The detailed 
conditions and results are set out in tables 1 and 2. 

The principal products were gaseous, the condensable part from flame propagation 
reactions containing only unchanged ethylene oxide, small amounts of acetaldehyde, 
traces of formaldehyde, and water (not estimated directly). No acids of any kind 
were detected at any time. From the spontaneous ignition reactions there was 
neither residual ethylene oxide nor aldehyde of any kind, but a little tarry matter 
was formed from the spontaneous decomposition of ethylene oxide. In the flame- 
propagation reaction of ethylene oxide the pressure increase was such as to cause 
some unburnt mixture to blow off through the pressure relief. For this reason a true 
balance could not be obtained in this case. 

DiscTJSsioisr 

Explosive decomposition 

A superficial consideration of the experimental results described leads to the 
conclusion that the behaviour of ethylene oxide-air or -oxygen mixtures on inflam¬ 
mation must be markedly influenced by the decomposition reaction of ethylene 
oxide itself, especially where the richer mixtures are concerned. It will be shown, in 
fact, that the peculiar behaviour of the rich mixtures is largely accounted for by 
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the decomposition reaction. For this reason it is appropriate first to consider what 
has been learned about this reaction. 

The slow decomposition of ethylene oxide vapour has been studied in some detail 
by previous workers (Heckert & Mack 1929 ) Thompson & Meissner 193 ^! Seddon & 
Travers 1936 ), but the explosive reaction has received no attention, although it 
seems likely that Peytral ( 1926 ) did get ignitions when she passed the vapour through 
a platinum tube at high temperature. 

The products of the decomposition reactions shown in tables 1 and 2 may be most 
simply explained by assuming the occurrence of simultaneous reactions having the 
following overall effects: 

C 2 H 4 O = CH 4 + CO + 17-2kcal. (1) 

2 C 2 H 4 O = C 2 H 4 + 2 CO + 2 H 2-2 X 6-16kcal. ( 2 ) 

Thus for the spontaneous decomposition at 610° C (table 1 ) we have: 
dO-OCaH^O = 56-0CH4+66-0CO, 

43-4C2H40 = 21-7C2H4^ 43-400+ 43-4H2. 

Adding: = 56-0CH4+ 21 - 7 C 2 S 4 +99-4CO + 43 « 4 H 2 . 

Pound: IOOC 2 H 4 = 66 - 0 CH 4 + 21 - 7 C 2 H 44 - 99 - 8 CO + 60-5H2+0-7CO2. 

The discrepancy is: 

0-6C2H4O = 0-4CO4+17-1H2+0-7CO2. 

The large discrepancy for Hg corresponds with a discrepancy in the hydrogen 
balance and is thought to be due to an error on the estimation of free hydrogen in 
the gas sample. 

Again, for the spontaneous decomposition at 620° 0 (table 1 ): 

53-6C2H40 =• 53-6CH4+63-6CO, 

43-6C2H40 = 21-8C2H4+43-6CO-f 43-6H2. 

Total: 97-202H40 = 53 - 6 CH 4 -f 21 - 8 C 2 H 4 + 97-200 -f 43-6H2. 

Found: IOOC 2 H 4 O = 53 - 6 CH 4 + 21 - 8 C 2 H 4 + 101 - 8 CO + 40-0H2+1-1CO2. 

Discrepancy: ’ 2 - 8 C 2 H 4 O = 4-600—S-eHa-fl-lCOg. 

And for the fiame propagation through a cold mixture: 

50-2C2H4O = 6O-2OH4 + 50 - 200 , 

23-2C2H40 = II-6C2H4+23-2CO + 23 - 2 H 2 . 

Total: 73-402H40 = 6O-2CH4+II-6O2H4+ 73-400 -f 23-2H2. 

Pound: 76-6C2H4O = 5O-2CH4+11-6C2H4 + 72-800 + I9-8H2 

-H-5C02+2-7CH3CH0. 

Discrepancy: 3 - 2 C 2 H 40 = - 0-600 - 3 - 4 H 2 -f l-eCOg -t- 2 - 7 OH 3 CHO. 
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Allowing for the isomerization of ethylene oxide the discrepancy is 

= - 0*600 ~3-4H2+ 1-5002. 

The results could equally well be interpreted by replacing reaction ( 1 ) by similar 
ones involving larger paraffin molecules, e.g. 

2 O 2 H 4 O = O 2 H 6 + H 2 + 200, (3) 

but there is no evidence from our work of such reactions and they are certainly less 
probable than ( 1 ). 

With regard to reaction ( 2 ), on the other hand, our results do not seem to permit 
of any alternative interpretation, for to assume that the unsaturated product 
(measured by absorption) is an olefine higher than ethylene would imply an increase 
in the ratio of CO/unsaturateds over that actually found. 

Most workers on the slow decomposition of ethylene oxide have agreed that 
reaction ( 1 ) is prominently involved under their experimental conditions, and 
Seddon & Travers ( 1936 ) found evidence of ( 2 ) as a significant parallel reaction. 
Heckert & Mack ( 1929 ) and Thompson & Meissner ( 1936 ) suggested that (3) occurs 
to a small extent, but did not mention ( 2 ). 

It wdll be noticed that the overall reactions expressed by equations ( 1 ) and ( 2 ) are 
respectively exothermic (17*2kcal.) and endothermic (12*3kcal.). The occurrence 
of ignition must therefore depend on a preponderance of ( 1 ) over ( 2 ) as regards 
thermal effects. In table 3 are given the relative proportions of reactions ( 1 ) and ( 2 ) 
that occurred in the three cases already analyzed and hence the corresponding nett 
evolution of heat. 

Table 3. Nett heat evolution in the explosive 

DECOMPOSITION OE ETHYLENE OXIDE 





ratio of 

nett evolution 


temp. 

pressure 

reactions 

heat, kcal./mole 

conditions of reaction 

(‘"C) 

(mm.) 

( 1 ):( 2 ) 

C 3 H 4 O 

spontaneous ignition 

620 

34 

1*23 

7*0 

spontaneous ignition 

480 

360 

1*29 

6*7 

propagation 

18 

760 

2*19 

10*3* 


* Includes an allowance of 0*5 for C2H4O = CH3CHO + 23*1 kcal. 


An evolution of 9*7 kcal./g.mole from reactions ( 1 ) and ( 2 ) occurring in the ratio 
2*19:1 (propagation reaction, table 3) leads to a calculated flame temperature in¬ 
crease of about 500° 0 for the decomposition flame. Although this figure is low, it is 
well above the known temperatures of combustion ^cool flames" (maximum about 
400° 0). 

Attention has been drawn by the previous investigators (Heckert & Mack 1929 ; 
Thompson & Meissner 1936 ) to the fact that the kinetics of the slow decomposition 
are not uniform. Thus there is a change of the order of reaction from unimolecular 
at pressures above 400 mm. to bimolecular at lower pressures (Thompson & Meissner 
1936 ). At the same time the activation energy decreases slightly (Thompson & 
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Meissner 1936 ). Our observations upon the ignition limit are in conformity with 
these results. Thus in figure 14 is shown the relationship between log^^^p/T and l/T 
for the ignition limit of ethylene oxide (curve 7) derived from figure 12, curve 7, 
The relationship is not linear as it would be if the kinetics of the reaction underlying 
ignition were uniform with changing temperature or pressure, and the direction of 
curvature is such as to imply an increase of order and/or a decrease in activation 
energy with diyYii-niahing pressure or increasing temperature. 



1-30 1-35 1*40 

1/2" X 10® 


Figure 14. IjogpJT against l/T curves for the ignition limit of ethylene oxide and its mixtures 
with air. Curves 1 = 16-7 %, 2 = 30 %, 3 = 44-4 %, 4 = 75 %, 5 = 85 %, 6 = 95 % CjsH^O 
in air. Curve 7 = pure C 2 H 4 O. 

Thompson & Meissner interpret the change of order as an instance of quasi- 
unimolecular behaviour. They find, by equating the observed number of molecules 
reactmg at the pressure p where the unimolecular constant begins to fall off with the 
product^ of the collision number and the precise Maxwell energy distribution factor 
for n degrees of freedom, that n has the very reasonable value of 8 . 

It has been shown elsewhere (Burgoyne & Burden 1949 ) that the presence of 
nitrogen has no lowering effect upon the ignition pressure of ethylene oxide. This 
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supports the opiniou of Thompson & Meissner and others that the decomposition 
reactions are not of a chain character. 

It appears then that the decomposition of ethylene oxide proceeds by a quasi- 
unimolecular collision reaction having the total effect expressed by equations (1) 
and (2) taken in certain proportions. This result may be accounted for by supposing 
that a sufficiently energetic collision between two molecules of ethylene oxide results 
in the formation of a short-hved complex which may either revert to the original two 
molecules due to collision with a third molecule of ethylene oxide, or may decompose 
by either of two paths, yielding respectively the ultimate products according to 
equations (1) and (2). This scheme may be expressed thus: 

^y.2CH4+2CO 
2C2H4O ^(CaHiO)/ 

^•\C2H4+2C0+H2 

where Jli, and are velocity constants for the steps indicated (which in the 

last two cases will probably ]be composite). In these circumstances the intermediate 
(021140)2 wiU assume a stationary concentration (A) and we have 

X,(C,H,0)^-K,(A)(G,H,0) = (rX,+ (l-r)jr,) (A), 
where r (1 — r) is the ratio in which steps 3 and 4 occur. Hence 


■g.ccAO)^ 

“ X,(C,H,0)+r£:,+(l-r)£:f 

and the overall rate of reaction 


(r£:,+ (l-r)£:j(A) 






r£’3+(l-r)Z, 


(CaH^O + l 


which tends to —P--—- x (C^S^O) (unimolecular) when the pressure is 

hi gh^ and to Zi(C 2H40)2 (bimolecular) when the pressure is low. If and differ 
somewhat and r varies imder different conditions the kinetics will be complicated, 
but otherwise the occurrence of parallel reactions will not greatly affect the i^ue. 
The structure of the intermediate (C2H40)2 is somewhat speculative, but if, for 

CH,—OH, 

the purpose of illustration, we assume , three reasonable possibilities 

CH,—CHj 


present themselves regarding its fate: 


(1) Collision with another molecule may lead to the scission 



and the 


re-formation of ethylene oxide. 
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(2) A spontaneous scission of the same type leading to the exothermic formation 
of acetaldehyde (C2H4O = CH3CHO + 23-lkcal.) 

CHa-OHs 

i i -»■ (2—CHj—OHj—0—) -> 2CH,—OHO. 

I ■'1-.. 

CHa-C!Ha 

The observed activation energy of the ethylene oxide decomposition together with 
the exothermal effect of the isomerization would be sufficient to initiate the known 
endothermic decomposition of acetaldehyde to CH4 + CO. 

(3) A spontaneous scission -^.leading to the formation of 

(liHa—CHa 

C2H,+ 2HCH0 2C0 + 2H2. 

The thermal effects of these steps are:, 

2C2H4O = C2H4+2HCH0~2 X 3-85kcal., 

2HCH0 = 2H2 + 200-2x2-3 kcal. 

Combustion reaction at high temperatures 

It has already been suggested that the decomposition flame propagated through 
cold ethylene oxide corresponds rather closely with the flame initiated at the same 
pressure somewhat above the limiting ignition temperature, i.e. with less lag than 
at the limit. A similar comparison can be made for the high-temperature flames of 
ethylene oxide burning in air. It has been shown, however, that in the latter case 
there is a zone just within the spontaneous ignition limit in which pale blue flames 
are formed, and which becomes wider with (a) decreasing pressure (increasing tem¬ 
perature) and (b) increasing proportion of ethylene oxide in the mixture. Thus the 
likelihood that the flame propagated through a mixture wiU be a blue flame is 
increased with (a) decreasing pressure, or (b) increasing richness of the mixture. 
Qualitatively, this describes the form of the boundary in figure 9 between the 
luminous and blue flames. Further evidence of correspondence is provided by com¬ 
paring the shapes of pressure-composition limits for spontaneous ignition (figure 13) 
and for flame propagation (figure 9), and by comparing the products of reaction of 
similar mixtures under the two conditions (tables 1 and 2). 

Certain observations already recounted point to the existence of two rather 
distinct high-temperature flame reactions between ethylene oxide and air, one in 
rich mixtures and.one in those of around stoichiometric composition. These observa¬ 
tions can be enumerated briefly: 

(1) The change-over from luminous to pale blue flames in both spontaneous 
ignition and propagation experiments. 

(2) The inflexion in the pressure limit curves between 20 and 30 % ethylene oxide 
(figures 9 and 13). 

(3) The inflexion in the Apjp curve between 20 and 30 % ethylene oxide (figure 10), 
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To these should be added the evidence of figure 14 which shows the logp/T— IjT 
relationship at the spontaneous ignition limit for various ethylene oxide-air mixtures 
as weU as for ethylene Oxide itself. Those graphs relating to the 16-7, 30, 44-4 and 
75 % mixtures are essentially linear (the first two showing no curvature whatever), 
anfl adhere to the relationship logyfpJT = A/T+B. J£ the ignition limit were 
thermal in. origin the gradient of these lines (A) would be equal to Eji-SO x 2 x JJ. 
Thus values for JE, the activation energy, may be derived as in table 4. 

Table 4. Activation energies from spontaneous ignition 

LIMITS OF ETHYLENE OXIDE-AIR MIXTURES 


% C^H^O 

A 

J27 = 2*30x2x 1*98 xJL 
(kcaL/mole) 

16*7 

6*80 

61-9 

30 

6*73 

61*4 

44.4 

7-12 

64-8 

75 

7*67 

69-9 


The graphs for the 85 and 95 % mixtures show an increasing resemblance to the 
curve for pure ethylene oxide, already discussed, and undoubtedly reveal the 
iTir>.rpia.giTig part played by the decomposition reaction in the inflammation of the 
richer mixtures. The analytical results shed further light on this aspect. 

In tables 5 and 6 the results set out in tables 1 and 2 are farther analjrzed. Here are 
shown first of all the extent to which the products of the several reactions may be- 
directly attributed to the decomposition reactions (1) and (2) as judged respectively 
by the amounts of methane and ethylene surviving. The products found but not 
accounted for directly by the decomposition reactions are set out under the heading 
‘differences’. These products must be attributed to oxidation reactions either of 
ethylene oxide itself, of its isomer acetaldehyde which can be formed from it, or of 
the products of the decomposition reactions (1) and (2). The oxidation of the hydro¬ 
carbons from the decomposition reactions would leave corresponding amounts of 
carbon monoxide and hydrogen and this might account for part of the amounts of 
these products surviving. 

It is obvious from tables 5 and 6 that oxidation reactions play a much greater part' 
in the formation of the yellow flame with the 16-7 % mixtures than in any other 
case. Since the oxidation reactions are much more exothermic than the decom¬ 
positions, leads to a much higher flame temperature. Although the results are 
insufficient for plotting, it appears that the survival of the direct decomposition 
products is much greater with the 44-4 % mixtures than might be expected from 
a comparison of results for the 75 and 16-7 % mixtures. In this there is a further 
indication of the ‘inflexion’ in the characteristics of the reaction as the luminous 
flame gives place to the non-luminous. 

Combvstion reactions at low temperatures 

It has been shovra that cool flames are initiated in ethylene oxide-oxygen mixtures 
below atmospheric pressure and in the temperature range 270 to 380° C. This range 
is roughly that which is characteristic of the higher hydrocarbons. For acetaldehyde 
the temperature range is somewhat lower (Newitt, Haxt & Kelkar 1939 )' 
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The reactions leading to the formation of the cool flame of ethylene oxide are 
evidently accelerated by the presence of nitrogen, suggesting that chain reactions 
subject to wall deactivation are involved. Acetaldehyde in small quantities also 
exerts a promoting effect, suggesting that this material alone or in conjunction with 
oxygen is capable of providing the necessary chain carriers. Moreover, the presence 
of acetaldehyde lowers quite markedly the minimum temperature for the initiation 
of cool flames. Thus it seems that the chain carriers that initiate (at a lower tem¬ 
perature) the cool-flame process of acetaldehyde itself are the same that (at higher 
temperatures) initiate the ethylene oxide cool flame. This observation is consistent 
with the view (although it does not establish it) that ethylene oxide must first 
isomerize to acetaldehyde to give the chain carriers necessary to initiate the cool 
flame, and that it is this process which determines the minimum temperature for 
cool flames in this instance. It is difficult, however, to see how chain carriers could 
be such as to influence the isomerization of ethylene oxide, and hence it may well be 
that the process which leads to the initiation of cool flames with ethylene oxide does 
hot actually involve the isomerization reaction. 

The two-stage ignition has not been realized in the quartz apparatus owing to 
pressure limitations, but experiments in the high-pressure apparatus show that it 
can occur. A few indications were obtained with the quartz apparatus that the 
pressure limit for such ignitions is lowered in the presence of acetaldehyde, probably 
for just the same reason that the reactions leading to cool-flame initiation are 
promoted by the same additive. 


General conQlusions 

Experiments on spontaneous ignition have shown that cool flames qan be initiated 
in ethylene oxide-air mixtures at atmospheric pressure. Efforts to cause them to 
propagate through a cold mixtme at this pressure have, however, been unsuccessful, 
and under such conditions only high-temperature flames have been propagated. 
However, in a closed vessel all mixtures with air containing more than 3-6 % ethylene 
oxide, as well as ethylene oxide itself, have been found to be inflammable by a high- 
temperature source. Above about 70 % of ethylene oxide the flame is non-luminous 
and invisible in daylight. It is clear that the peculiar ^ bulge ’ in the extinction limit 
curves of previous workers is due not to cool flames but to the high-temperature 
‘blue’ flame which in turn is closely associated with the explosive decomposition of 
ethylene oxide itself. 

The influence of constant pressure conditions on the limits is among the matters 
of interest that it is proposed to elucidate in the extension of this work, and it may 
be that therein will be discovered the reason why Jones and others found an upper 
limit for ethylene oxide in air. In the composition curve for the flame-propaga¬ 

tion limit (figure 10) there is a slight indication of transition at 80 % which is the 
upper limit previously found, 

A further investigation into the kinetics of the slow-combustion and cool-flame 
reactions of ethylene oxide is now in hand. In view of this, detailed suggestions 
regarding the combustion mechanism have not been made in the present com¬ 
munication. 
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Appendix 

* Specification of materials 

Ethylene oxide was received in cylinders containing 10 % carbon dioxide which 
was entirely removed by drawing off the liquid and distilling under reduced pressure. 
Only the one-third of the distillate was retained for use. It contained a trace 

of acetaldehyde. 

Oxygen and nitrogen were derived firom commercial cylinders. 

Acetaldehyde was redistiQed from the ‘pure’ material purchased and the-fraction 
distilling at 21 ° C retained. 

Analytical methods 

Oases were analyzed in a Bone-Newitt apparatus using 10 % potash for COa, 
alkaliue pyrogallol for oxygen, mercuric sulphate for ethylene and ammoniacal 
cuprous chloride for CO. Hydrogen and hydrocarbons were determined by explosion 
in excess of oxygen and measurement of the contraction and COj formation. 
Eesidual oxygen was removed, followed by treatment with ammoniacal cuprous 
chloride, after which the remaining gas was assumed to be nitrogen. 

Products condensed at -78°C. Separate samples were taken from duplicate 
experiments for determination of (a) ethylene oxide, (b) other condensable products. 
For ethylene oxide, 26 ml. of 0-1 N-hydroohloric acid in saturated magnesium chloride 
solution was sucked into the trap and left for 30 min. The solution was then poured 
into a conical flask. Solution and washings were titrated separately against standard 
caustic soda using phenol red as iudioator and the total residual acid found. A blank 
determiaafion was carried out under similar conditions. 

For aldehydes, the contents of the trap were dissolved in water and made up to 
60 ml. If a qualitative test with Schiff’s reagent gave a positive result, total aldehydes 
were estimated in an aliquot part of the solution by Ripper’s bisulphite-iodine 
method. Formaldehyde was estimated colorimetrically by a method based on the 
qualitative test described by Steigmann ( 1942 ). A reagent consisting of 0*026 % 
rosaniline acetate, 2*6 % vol./vol. sulphuric acid and 0*06 % thioglycollic acid was 
added to an aliquot part of the solution, and the brownish purple colour compared 
with standards prepared from formaldehyde iu known concentrations. The difference 
between total aldehyde and formaldehyde was taken to be acetaldehyde, but its 
presence was demonstrated qualitatively by adding 1 ml. of 10 % alcoholic piperidine 
solution followed by a few drops of fireshly prepared 10 % sodium nitroprusside 
solution and observing development of the characteristic blue colour (or greenish, 
with traces). 

The need for this investigation was stressed in an unpublished report by one of us 
(J.H.B.) with Mr G. Williams-Leir, made to the Fire Research Division, Research and 
Fxperiments Department, Home Office, in 1946. Reference to this report is made 
with the permission of the Rt Hon. Viscount Fahnouth who was the Head of the 
Fire Research Division at that time. Some of the information referred to in the 
introduction to the present paper, especially that summarized in figure 1 , was 
collected by Mr WUliams-Leir. 
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A suggestion regarding the need for the investigation also came to us independently 
through Professor J. W. Munro, to whom we are indebted for help in the matter of 
apparatus and materials. 

The gas analyses were carried out for us by Mr J. Hooper to whom our thanks 
are due. 

Finally, one of us (F.A.B.) is indebted to the Gas Light and Coke Company Ltd. 
for their Fellowship, during the tenure of which the work was carried out. 
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The production of mesons by electrons 
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The cross-section of the production of mesons in collisions between electrons and nuclei is 
calculated. It is assumed that the electrons interact with the nucleons through the electro¬ 
magnetic field. The results are given for the case of pseudoscalar mesons. It is found that for 
electrons of energy 300 MeV the cross-section is 2 x 10“®® 6m.® per nucleon. 


1 . iNTEODtrOTION 

With the development of high-energy accelerators of the synchrotron type the 
production of mesons in the laboratory has become a practical po&sibility. Already 
mesons have been produced by the heavy particles accelerated in the Berkeley 
synchro-cyclotron ( 1948 ). The advanced state of the construction of several synchro¬ 
trons designed to accelerate electrons to energies in the 300 MeV region makes it 
desirable to consider theoretically the production of mesons in collisions between 
electrons and atomic nuclei. 

In the case of the synchrotron we are faced with the possibility of using either 
electrons or y-rays as primary particles. The production of mesons by y-rays has 
been considered recently by Morette & Peng ( 1947 ), who find for 300 MeV y-radiation 
a cross-section of the order of 10“®’ cm.® per nucleon. It should, however, be observed 
that this value is rather high as a result of the authors’ assumption of a rather low 
rest mass for the rr-meson. The experimental study of the production of mesons by 
means of y-rays produced in the target of a s3mchrotron suffers from the disadvantage 
that, instead of a mono-energetic source, a continuous spectrum of y-rays has to be 
employed. Because of the weU-known difficulties of y-ray spectroscopy in this 
energy region it is almost impossible to determine experimentally the variation with 
energy of the cross-section of the production of mesons by y-rays. In the case of 
y-rays this dependence on the energy is the most important prediction that can be 
made theoretically. 

On the other hand, if we use electrons as bombarding particles a certain dis¬ 
advantage arises from the fact that the interaction between electrons and nuclei is 
less, by a factor of the order of the fine-structure' constant, than that, between 
y-rays and nuclei. Indeed, as a consequence of the Weizs 5 cker-Williams method 
(1934) in which the electron is replaced by a spectrum of equivalent photons, we 
expect that every process arising from the interaction between y-rays and nuclei 
has its counterpart with electrons but, owing to the low intensity of the equivalent 
spectrum, the corresponding cross-section is lower. 

Certain advantages do, however, follow from the use of electrons. In the first 
place the beam of electrons from a s3mchrotron is approximately mono-energetic, 
which will permit an experimental test to be made to ascertain whether or not the 

[ 362 ] 
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dependence of the cross-section on the energy of the electron beam is in agreement 
with theoretical predictions. Secondly, since in the final state of the system there 
are three particles (the inelasticaUy scattered electron, the nucleus and the liberated 
meson), a continuous meson spectrum will result. From the theory we can calculate 
the distribution of energy of the mesons produced by electrons of a given energy. 
This calculation therefore yields a second relationship which is capable of being 
compared directly with experimental evidence. 

In this paper we shall consider the inelastic scattering of electrons in an energy 
range of 200 to 1000 MeV leading to the production of 7 r-mesons, i.e. those mesons 
which are thought to be responsible for nucleon-nucleon interactions. If we denote 
the charge of the target nucleus by Z we may write 

e-f-(Z)->e' + (2;Tl)-t-77-±, (1) 

for the process under consideration. The method used for the calculation of the 
cross-section for this process is based upon Bom’s approximation, but an estimate 
of the effect of the electrostatic field of the nucleus on the emitted meson is given. 
We consider, in particular, the pseudoscalar meson theory developed by Moller & 
Rosenfeld ( 1940 ), Chang ( 1942 ) and others. The upper limit of lOOOMeV to the 
validity of the results of this paper is set by the fact that we neglect the recoil of the 
nucleus during the collision process. This recoil is closely related to the retardation 
phenomena associated with the electromagnetic interaction between the electrons 
and the protons of the nucleus. The lower limit of 200 MeV (for a meson of rest 
energy 160 MeV, say) is set by the condition that the kinetic energy of the meson 
should be large in comparison with the binding energy of a nucleon in the nucleus. 
This has its origin in the fact that in the calculation we treat the various possible 
excited states of the nucleus as being energetically equivalent. 

Within these limits the dependence of the cross-section on the energy of the 
incident electron, the mass and charge of the nucleus and that of the emitted meson 
is given by the formula (24) below. The factor g{E), depending on the energy E of 
the incident electron, has the approximate forms (28) and (29) in the non-relativistic 
and extreme-relativistic regions respectively. For electrons of energy 300 MeV the 
cross-section varies roughly as A (the mass number of the target nucleus), ranging 
from 2 X lG-*° cm.® for a single nucleon to approximately 10~®® cm.® for the heaviest 
nuclei. 

The distributions of energies of positive and negative mesons emitted from a very 
heavy nucleus are shown in figure 1 for the case of 300 MeV electrons and a meson 
mass of 150 MeV. For any other energy in the range of validity of the formulae 
(200 to 1000 MeV roughly) the energy spectrum is given by equation ( 21 ) below. 

' 2. CAlOTJLATIOir OF THE DIFFEBBirTIAlj OROSS-SBOTION 

We wish to calculate the differential cross-section for the production of a pseudo¬ 
scalar meson with momentum q by an electron of momentum p and energy E 2 jp. 
This last relation is true in the system of units in which the imits of mass, velocity 
and action are respectively the electronic mass m, the velocity of light c and Planck’s 
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constant h. In this system of units e®—the square of the electronic charge—^is 
47r/137. 

The differential cross-section is determined by the following method. We first 
calculate the electromagnetic potentials (p'|.4,|p) corresponding to a transition 
of the electron from a state with momentum p to one with momentum p' = p -k. 
If the current corresponding to the transition of the nuclear system from a state 
with ‘bound’ or no mesons to a state with a free meson of momentum q is known to 
be {f\j„ 10), then the matrix element of the electromagnetic interaction energy H' 
corresponding to the production of a free meson by an electron is 

= ( 2 ) 
The four-potential corresponding to the transition of the electron is a solution of the 
inhomogeneous wave equation ^2 a 

where is the matrix element of the current density of this transition. It may 
readily be shown that the appropriate solution is 


A, = 


F-e® 


(3) 


In this equation k and e are respectively the momentum and energy to be trans¬ 
ferred from the electron to the system consisting of nucleons and mesons. If the 
nucleons are assximed to be of infinite mass, e will then be the energy transferred to 
the free meson, i.e. e® = /i® -|- g®, where /i is the rest energy of the meson. The quantity 
a„ occurring in the amplitude of this wave is the expectation value of the Dirac 
operator of the velocity (aj,, a^, i). It will be seen from equation (2) that there is 
a strong tendency for the electromagnetic field to be propagated in the direction of 
the incident electron (the ‘forward’ direction) provided that the energy in both the 
final and initial state of the electron is large in comparison with the rest energy of 
the electron, which is unity in this system of units. The matrix elements 3 ^ and 


satisfy the equations 


% 

dx„ 


= 0 , 


dx,, 


0 . 


(i) 


The first of these equations is the equation of contmuity and the second the Lorentz 
condition. Making use of these relations we may transform equation (2) to the form 


^' = A.j-i{A.k)(k.j) (6) 

by eli min ating the fourth components of A^ and 

Of the quantities involved in this equation, A is the only one which depends 
strongly on k. As a function of k, A shows a pronounced maximum when k is parallel 
to p, in which case h is approximately equal to e. Whenever k occurs in any quantity 
other than A we may therefore write k~ep/p. With this approximation, involving 
an error of the order 1/p', the right-hand side of equation (6) reduces to the transverse 
part of the interaction between the vector potential and the transition current. We 
may therefore replace equation (5) by 

^' = {Ax.U 


( 6 ) 
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where Fj. denotes the transverse part of a vector field F defined by the relation 

r.-F-p(t-F): 

The whole calciilation then reduces to the determination of the matrix element j 
corresponding to the production of a free meson. 

We calculate the matrix element j for the charged pseudoscalar meson theory, 
with the additional assumption that the nucleons are infinitely heavy (cf. Chang 
(1943) and others). We may therefore consider only the interaction of the meson 
field with the ‘big’ axial vector source function P of the nucleons. The Lagrangian 
function of the system of nucleons and mesons may then be written in the form 

S = - {(V<pt. v<p) - (pt(p + /(Vt + (P • V9^) + (P^ V9)}. (7) 

Here 9 and 9^ are the meson operators, 9^ corresponding to the production of a 
positive or the annihilation of a negative meson. To ensure gauge invariance it has 
to be assunxed that under a gauge transformation P transforms in exactly the same 
way as 9. The only non-vanishing matrix elements of P then represent transitions 
from a proton into a neutron state. The expression ( 7 ) is the Lagrangian function 
in the absence of an external field; in the presence of an electromagnetic field we 
replace the operators 8 / 0 i and V by djdt—ieA^ and V —icA when acting on 9 and by 
their complex conjugates when acting on 9'''. With the usual procedure w;e obtain 
for the current vector 

j = II = ie{(V9^) 9 - 9^(V9) + P^9 - ^9^}- (8) 

This expression for the current has an obvious physical interpretation. In a 
simplified physical model in which a proton is considered as a mixture of a bare 
proton state and a state consisting of a neutron and a bound positive meson the 
production of a free meson may arise in either of two ways: 

(i) The meson is produced spontaneously by the source, i.e. the bare proton is 
transmuted to a bare neutron and a free positive meson; or 

(ii) the meson bound to the neutron is liberated by the action of the electromagnetic 
field. 

Whereas the process (i) has no obvious counterpart in classical theory, (ii) bears 
a close resemblance to ionization. 

Por the nucleon-meson system the commutation relations for the quantities 9 
can be satisfied by putting ' 

9 = 9 rad. = Sy(^){a(q)?i,(r) + 6^(q)?6a*(r)}, ( 9 ) 

where ^,(r) are ‘ wave functions ’ with the asymptotic behaviour 

954 (r)~e^«-*). 

In the neighbourhood of the origin this simple form will be distorted as the result of 
the electrostatic interaction between the mesons and the nucleus. This gives rise 
to a ‘ Coulomb factor’ which, in the first instance, we shall assmne to be unity and 
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which we shall reintroduce at a later stage of the discussion. The operators a and h 
correspond to the annihilation of positive and negative mesons respectively, and 
for such transitions they have the value unity. Although they satisfy the com¬ 
mutation relations the expressions (9) do not, in the presence of sources, lead to 
a diagonal form for the Hamiltonian matrix. If we neglect the reaction of the meson 
field on the sources (i.e. if the source function P is assumed known) the general 
solution of the problem may be written in the form 

(p = <Po + ?rad.. (10) 

where <po is a solution of the static equation 

(V®-/t^)9o = -VP. (11) 


It is then easily verified that equation (10) gives a function which satisfies the 
necessary commutation relations and makes the Hamiltonian diagonal. 

To obtain a solution we must now specify the source function P of equation (11). 
In general we have , 


where o is the spin operator acting on the nucleons and the t’s are Pauli’s isotopic 
spin matrices. The constant / is the coupling parameter which, in our system of 
units, is of the order unity. We now have to determine the matrix element corre¬ 
sponding to a transition in which one of the nuclear protons is transformed into a 
neutron and a momentum \ is transferred to the nuclear system. We may then 
write - 

(13) 


in which 0 is the expectation value of the matrix element 4 o(ti— ira), that is. 

In this integral the quantities denote all the co-ordinates (including spin and 
isotopic spin) of the nuclear particles, and and denote the anti-symmetrical 
wave functions of the initial and final states respectively. The solution of equation 
(11) is elementary - 

<Po = (14) 

with e'* = + This method of building up solutions based on the static equation 

is justifiable only if the recoil energy of the nucleons can be treated as negligible. 

Substituting from equations (9), (10) and (14) into the expression (8) for the 
matrix element of the current we obtain 






i ie /f (q + |)(g. 0 ) 

^ V(2e)/tl 




(16) 


Prom equation (2) we have to combine this current with the matrix element of the 
vector potential corresponding to a transition in which the momentum k is trans- 
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ferred from the electron to the system of mesons and nucleons. IVom the conser¬ 
vation of momentum we obtain 


q-5 = k, 

so that for the transverse component of the current we obtain 

,• ^'e/ f 2q(g.q) \ 


(16) 


Here again the first term is the ‘ionization’ term, and we see that it gives rise to an 
anisotropic distribution of mesons of very high energy with a marked preference 
for the forward direction. The second term due to the direct conversion of a quantum 
into a meson gives an isotropic distribution of mesons. When added together the 
two terms tend to cancel each other in the forward direction. It will be seen later 
that the major contribution at all meson energies is given by the second term in 
equation (16). 

Inserting from equation (16) into ( 6 ) we obtain an expression for the matrix 
element H' which in Bom’s approximation is related to the differential cross-section, 

d<a, by the formula _ „ _ 

d<p^j^,.\H'\^p'^iedadn'. (17) 

In this equation | H' is the sum of | H' 1® over the spins of the electron in the initial 
and final states and 1 /( 2 J' 1 ) times the sum over the degenerate initial and final 

states of the nucleus. J' is the quantum number of total spin for the final state of 
the nucleus. dD. is the element of solid angle for the momentum vector q and dQ.' 
that for the electron. 

This formula has been derived without account being taken of the effects of 
radiation damping. In the energy region in which the approximations we have 
already made hold good (i.e. up to energies of the order 600 MeV) these effects are, 
however, negligible (cf. Heitler 1949 ). 

From equations ( 6 ), (16) and (17) we therefore obtain as a result of carrying out 
the summations over the nuclear states 


where the spin summation over the tensor aj.aj. has yet to be carried out. Here (Tg. 
denotes an arbitrary component of cr. It will be observed from this expression that 
the ‘ionization term’ tends to cancel the leading term for mesons in the forward 
direction. 

In the calculation of the total cross-section we first carry out the integration oyer 
the directions of the meson and obtain , 

the dot denoting a scalar product. In performing this integration it was assumed 
that in the meson terms k = e, with the same degree of approximation as is used in 
the derivation of equation ( 6 ). The first term in the curly bracket is due to the 
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process (i), -while the second comes from (ii) and the interference between the 
processes (i) and (ii). The second term is usually small; for non-relativistic mesons 
q4,ljb, and this term behaves like while in the relativistic region it is of the order 

times a slowly increasing logarithnaic factor. Even in the case e = 2/iitamounts 
to only 26 % of the leading term. It can easily be shown (Sneddon & Touschek 
1948 ) that 

EE'ia^.ct^) = + (19) 

where E and E' = E-eare the energies of the electron in the initial and final states 
respectively. The in-tegrations over the directions of the electron are now elementary 
and yield ^ ^ _ ^^ 2^2 


r r = . 

JciJa' ‘ 


iS(e}de, 


( 20 ) 


'7r(2J' + l)(137/t)2 

in which S{e)de, the spectral distribution function of the mesons, is given by 
qde(E^+E'^\(, 2EE' 2^^' ) (, 2^V, e+q 2 \) 

from which the total cross-section is obtained by integrating over e. 


3. NumEEIOAL EBSTJETS AND DISOTTSSION 

In the derivation of equation ( 21 ) the effect of the electrostatic field of the nucleus 
has been neglected. We can correct this by multiplying 8 {e) by —a ‘Gamow 
factor’ for the meson wave. This factor is defined by = | ^i(O) |®/| ^( 00 ) [*, where 
■ ^(r) is a regular solution of the meson wave equation in the electrostatic field of the 
nucleus. The nearly isotropic distribution of the mesons in the final state suggests 
that there is no appreciable error involved in taking s-waves for the meson functions. 
Eor light nuclei {Z < 20), for both positive and negative mesons W® can be taken to 
be unity. Eor large values of Z we can make use of the W.B.K. method to obtain 
an estimate of the function ^{r) and hence of N^. In the case of negative mesons it 


is easily shown that 


N^ = Nt^ ^fVq, 


( 22 ) 


where ^ denotes the momentum of the meson at the surface of the nucleus, so that 

2<±> = {(€ + c22?/i2)2-/t2}i. 

When the meson has positive charge we must distinguish between two cases. In 
the first instance the energy of the meson may be less than the Coulomb barrier 


e—/i<- 


efZ 
R ’ 


in which case is very small, so that in first approximation we may put — 0 , 
since the short wave-length of the meson -vdll make the potential barrier practically 
impenetrable. For higher energies e^ZjR) we may take 


(23) 
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with defined as above. The spectral distributions for positive and negative mesons 
8 ^{e) = N%8{e), obtained by multiplying (21) by the factors (22) and (23) re¬ 
spectively, are shown graphically in figure 1, for the case in which e^ZJBc^tZO (i.e. 
for a very heavy nucleus) and a maximum energy of 600. The meson mass is assumed 
to be 300 throughout. If we denote by and respectively the total number of 
positive and negative mesons produced under these conditions we find by a numerical 
integration that 

— = 1-74, — = 1-27, ^ = 0-73, 

Tbj^ TIq TIq 

Uq being proportional to the area under the dotted curve. The dotted curve gives the 
spectral distribution 8 (e) defined by equation (21). Even in the case of this extremely 
heavy nucleus, the error involved in taking = 1 is less than 30 % for this energy. 
For higher energies the error is less; for lower energies it is greater. 



€ (MeV) 


Figure 1. The distribution of energy of the mesons emitted horn a very heavy nucleus when 
the energy of the incident electrons is 300 MeV. Arbitrary units are used for /S{e)f the 
curve S^(e) applying when the liberated electrons have negative charge and the curve 
S^{e) when they have positive charge. The dotted curve S(e) corresponds to the case 
= 1 (equation (21)), in which the electrostatic forces between meson and nucleus are 
neglected. 


With this assumption we now proceed to estimate the total cross-section. For this 
total cross-section we find from equations (20) and (21) » , 

4 )=<I>og'(^)^( 2 J' + l)-i, - ( 24 ) 

where 

g(E) = r^(e)(Ze. 

J II 


and 


(26) 
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With fi = 300 and foL 1 we find that (I>o = M x 10 "®° cm.®. If the energy of both 
electron and meson in the final state is large compared to some average nuclear 
excitation energy (of the order of 10 MeV), we may consider the possible final states 
of the nucleus to be energetically equivalent. Then, making use of the completeness 
relation for the nuclear eigenfunctions, the sum over the possible final states of the 
nucleus becomes 

V positive mesons, 

— for negative mesons, ' ' 

The integral g{E) can be estimated in the non-relativistic and extreme-relativistic 
approximations. From what has been said previously we may neglect the con¬ 
tribution to this integral made by the ‘ionization term’. Replacing the logarithmic 
term m the integrand by a suitably chosen mean value {E' — \{E —/{)) we find 



g(^E)r.^{^^\og{E-p,) (N.R.) 

(28) 

and 

g{E)~%\o^{2E) (E.R.). 

(29) 


As a result of a numerical integration of the exact spectral distribution function ( 21 ) 
we find that S'(600) = 1-9. This is a factor four less than the value given by either 
(28) or (29), but we would not expect agreement in this case, since the energy 
considered is outside the range of both approximations. In deriving these approxi¬ 
mations we have neglected terms which would tend to decrease the total cross- 
section, so that (28) and (29) should be considered as defining upper limits. 

It follows from these considerations that the cross-section is proportional to the 
number of nucleons in the target nucleus, a result which is immediately evident by 
considering the small wave-lengths of all particles occurring in the process. The 
absolute value of the cross-section is very small; at 300 MeV it is approximately 
2 X 10“®“ cm.® per nucleon. From (29) it is seen that the cross-section increases 
slowly with energy, but the result is unreliable in the high-energy region because we 
have neglected to take into account the effects of nuclear recoil and radiation damp¬ 
ing. However, it follows from recent calculations reviewed by Heitler ( 1949 ) that up 
to energies of 600 MeV the influence of radiation damping is not large in the case 
of pseudoscalar mesons. 

The cross-section for this process is only about one-hundredth part of the cross- 
section for the production of mesons by y-rays, as calculated by Chang (without 
radiation damping, 1942 ) and Peng (Morette & Peng 1947 ). It should be observed, 
however, that the values given by Peng are rather high owing to the small meson 
mass assumed in the calculation. In order to observe the production of mesons by 
electrons it appears therefore that very thin targets (of the order of one hundredth 
of a radiation length) must be used. In the case of lead this is of the order of 0'06 mm. 

The shape of the meson spectrum produced by electrons is roughly the same as 
that produced by a thin target ‘Brems-spectrum’ of y-rays. The reason for this is 
that the nucleus radiates its mesons under the influence of the Maxwell field of an 
electron transition. The spectrum of tliis equivalent MaxweE field is approximately 
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the same as the spectrum derived from thin-target radiation. Even quantitatively 
we should expect the resemblance to be close, considering the equivalence of electrons 
and photons revealed in the Weizsacker-WiUiams method. 
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Statistical mechanics and the partition of numbers 
I. The transition of liquid helium 

By H. N. V. Tbmpbelby, King's College, University of Cambridge 

{Communicated by D. B. Hartree, F.B.8.—Received 18 February 1949— 

Revised 7 May 1949) 

The existing theory of ‘Bose-Einstein condensation’ is compared with some results obtained 
from the theory of partition of numbers. Two models are examined, one in which the energy 
levels are all equally spaced, the other being the perfect gas model. It is concluded that 
orthodox theory can be relied upon at very high and at very low temperatures, also that 
the condensation phenomenon is a real one, but that it is not correctly described by orthodox 
theory, the position of the transition temperature and the form of the specific heat anomaly 
both being given wrongly, 

1. lUTEODTJOTIOlT 

It has long been recognized that the central problem of statistical mechanics, the 
determination of the number of ways in which a given amount of energy can be 
shared out among the different possible states of an assembly, is essentially a problem 
of the same t 37 pe as that of the determination of the number of partitions of a number 
into integral parts under certain restrictions. The application by Fowler and Darwin, 
in the former writer’s great book Stodistical mechanics, of the powerful methods of 
complex variable theory that had already proved so successful in anal 3 d;ic number 
theory, served to underline this afSnity, which has been explicitly mentioned by 
a number of writers, for example, Auluck & Kothari ( 1946 ). In the present paper, 
some of the methods of partition theory will be applied to a st^dy of the ‘Bose- 
Einstein condensation’ of a perfect gas. This problem has been chosen for study 
because a recent paper by Schubert ( 1946 ) has thrown doubt on the validity of ortho¬ 
dox theory. The difficulty arises when one attempts to use the Fowler-Darwin, 
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method, of steepest descents to determine the coefficient of in the generating 
function JI (1 - where Ef is the energy of the rth state. In the Fowler-Darwin 

r 

method, this is done by means of a contoim integration with respect to the variable 
X, the contour being a circle of radius A encircHng the origin, A being chosen so that 
the circle passes through the saddle-point of the integrand on the real axis. The 
results of orthodox theory now follow if it can be shown that the main contribution 
to the contour integral comes from a small region of the circle in the neighbourhood 
of the real axis. If so, it then follows that the occupation number of the rth state, 

of weight zz7y, is given by the well-known expression ^ 

may be assumed, the detailed theory of the Bose-Einstein condensation can be 
rigorously proved as was done by London (1938), and Eowler & Jones (1938). 

The contour used by Fowler and Darwin is the circle » = A e^“, and their procedure 
is to expand the integrand in the form exp (S > where .dj vanishes because 

r 

a: = A is a saddle-point of the integrand. In general is large and negative, and it is 
possible to find a small value of a such that A^otl has become numerically very 
large, while the ter m s involving .d.3, J.4,... are stiU negligibly small, on account of 
the fact that they involve higher powers of a. The results of orthodox theory now 
foUow if it can be shown that: 

(a) The remainder of the circle Tr^jaj^Xg contributes to the integral an amount 
that is negligibly small compared with the contribution of the region of the circle 
la|<ao. 

(b) The expansion of the integrand as the exponential of a power series in a is 
convergent in the region | a | < «(,. 

Assumption (a) does not seem to have been pritically examined, but Schrodinger 
{Statistical thermodynamics) has examined at length the analogous case of integra¬ 
tion over the z-variable in classical statistics, and has proved that here the analogous 
assumption introduces no physically significant error. Assumption (6) has been 
examiued by Schubert (1946) and by Fraser (unpublished) for the perfect gas model, 
who find that, for temperatures in the region of the alleged transition temperature, 
the expansion of the integrand used by Fowler arid Darwin fads to converge in part 
of the range of | a ] < ao- The reason for this is that the integrand has a singularity 
at A T= 1, so that when the saddle-point approaches the unit circle, as it does in this 
temperature region, the circle of convergence of the expansion of the integrand 
becomes insufficient to include the whole of the range of [ a ] and the Fowler- 
Darwin method breaks down. It is, however, still possible that the orthodox formula 

Nf = ^ TufiversaHy true, and it is the purpose of this paper to examine 

this question by methods which do not involve contour integration over the vari¬ 
able X. 

A recent attempt by Leibfried (1947) to show that the orthodox formula for is 
always valid for the perfect gas model must be rejected as completely fallacious, the 
fallacy being that one cann,ot differentiate an asymptotic expansion without a 
careful examination of the remainder term, still less may one differentiate the 
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leading term after rejecting all the others, as Leibfried attempts to do. Because each 
term is negligible compared with the one before it, it does not follow that the same 
is true of their derivatives. 

The investigation now to be described seems to show conclusively that the orthodox 
expression for the occupation number is not universally valid and that the true 
distribution law is more complicated. The orthodox law appears to be valid at very 
high and at very low temperatures, but for the two distributions of energy level 
examined there is a region of intermediate temperatures where it fails. It is not yet 
possible to say whether this failure always occurs in Bose-Einstein statistics, or 
whether it is confined to models which would, on orthodox theory, show a con¬ 
densation phenomenon. 

The two models studied are, first, one in which the energy-levels are equally 
spaced. The consequences of this model are examined, first, if the orthodox expression 
for the occupation number is assumed, secondly, making no such assumption but 
using the analytic theory of the partition of numbers. It is concluded that the 
orthodox expression gives incorrect results in the transition region (in particular 
that there is no' sharp ’ specific heat anomaly). The second model studied is the more 
complicated one of the perfect gas, which cannot yet be solved so completely by 
partition methods, but again the orthodox expression is shown to be invalid for 
a certain range of temperatures. 

2. A MODEL WITH EQUALLY SPACED LEVELS 

This model has already been considered by Auluck & Kothari ( 1946 ) in connexion 
with their work on the partition of numbers, the problem they consider being the 
‘radiation problem’, that is, the sharing of a fixed amount of energy between N 
harmonic oscillators of equal frequency. We shall consider the rather different 
problem of N particles obeying Bose-Einstein statistics distributed among infinitely 
many energy-levels 0,e, 2e, 3e,... of uniform spacing e, in such a way that the total 
energy is eJE. Auluck & Kothari find expressions for '•'h-® number of ways of 

dividing an integer E into N or less integral parts, from the statistical mechanics of 
harmonic oscillators, and obtain results agreeing with those obtained for by 

purely mathematical methods, so that for the radiation problem the use of the 
method of steepest descents for the evaluation of their integrals seems justified. In 
our problem, we shall obtain results differing widely Jfrom those given by orthodox 
theory. 

The generating function for pjf{E) is 

= 1/(1—a:)(l —a:z)(l—a:z*)(l—a»®).... (1) 

N E 

In our problem, if is the mean occupation munber of the state with energy re 
referred to the lowest state as zero, the generating function for NfP-^{E) is easily 
seen to be 

irzf __1_ 

1—a: 2 f (1—x)(l—«z) (1—a;z^)..." 


(2) 
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According to orthodox theory we now apply the method of contour integration with 
steepest descents to pick out the appropriate powers of x and z in these two expres¬ 
sions, and obtain for the ratio the expression 




Ad"* 

1-Ad«’ 


(3) 


where A and d* are the values of x and z respectively at the saddle-point. 

In this particular model, the ooef&oient of can be picked out exactly, so that 
the contour integration with respect to x is not really necessary. We shall first assume 
the accuracy of equation (3), and that the spacing of the levels e is independent 
of A'. In these circumstances we obtain a discontinuity in the specific heat at the 
transition temperature. (If we wanted to discuss the ‘ two-dimensional Bose-Einstein 
gas’, which can be approximated to'by a spacing of energy-levels at equal intervals, 
we should have to allow e to tend to zero like 1 /A, where A is the area within which 
the molecules are confined. For a constant surface density of particles JV/A, this 
would make e tend to zero like 1 fN as the assembly became very large, and, in these 
circumstances it is well known that no discontinuity appears.) 

We shall then compare these results with those obtamed by a method that does 
not assume the validity of equation (3), and does not necessitate the use of a contour 
integral to determine the coeflficient of In Schubert’s { 1946 ) discussion of a 
perfect gas, it was the corresponding contour integration that was found to be 
impossible by the method of steepest descents, and we shall find evidence of a similar 
failure here, which may be traced to the fact that, if W is large compared with 
the function Pt}{E) varies so slowly with N that it is not surprising that the method 
of steepest descents fails. On the other hand, Pi^{E) always increases very rapidly 
with E, and the contour iutegration with respect to z, to determine the coefficient 
of z^, seems to be always possible by the method of steepest descents. A corresponding 
result is implioitly assumed by Schubert ( 1946 ) for the perfect gas. 

The result of the amended treatment of the equally spaced model is that there is 
certainly a range of temperatures just above absolute zero for which the occupation 
numbers of all states but the lowest are independent of N, and that there is a transi¬ 
tion temperature above which the fact that N is finite begins to affect the occupation 
numbers, but that this effect certainly cannot be described by a single parameter 
A in the manner of equation (3). Furthermore, this transition temperature is much 
lower than that predicted by orthodox theory based on equation ( 3 ). It seems 
probable that the transition is of an unfamiliar type, in that it is not associated with 
a discontinuity of any finite derivative of the partition function, but our present 
knowledge of the behaviour of the function is not sufficient to enable us to 
be quite certain of this. 

Finally, some results are obtained for the perfect gas model. It is first shown that, 
in the ‘ classical ’ linaiting case of high temperatures, the consequences of equation (3) 
are practically equivalent to some well-known results on the representation of large 
numbers as sums of integral squares. Secondly, it is shown that equation (3) is co rrect 
at sufficiently low temperatures, but that the transition temperature again lies much 
lower than it would according to orthodox theory, so that the transition temperature 
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for a perfect gas of particles of mass equal to that of a helium atom would lie well 
below 1® K. If, however, the assumption of a perfect gas were replaced by the more 
reahstic assumption that a typical helium atom is confined within a ' cage ’ of dimen¬ 
sions of the order of magnitude of the atomic distances in liquid helium, then this 
model would be expected to have a transition temperature of the order of 1 to 2° K. 


3. A MODEL WITH EQUALLY SPACED EITEBaY-LEVELS. ObTHODOX TBEATMENT 

We consider an assembly containing infinitely many energy-levels spaced at equal 
intervals e above the lowest one, each being capable of being occupied any number 
of times. We let the total number of particles be N and the total energy eE, It is 
not claimed that this model represents any actual physical situation, but it does 
exhibit in what way the orthodox and exact treatments fail to agree. According 
to the orthodox theory we have 






U-A^‘ 


(4) 


If we keep e finite, it is never possible to represent these sums as tending to integrals, 
but they can be summed without much difficulty by Poisson’s formula, which enables 
one to sum a series if one can sum the series formed by applying the Fourier transform 
to each term. We apply this process to the series for N after removing the first term, 
and to the series for E. We obtain, putting A = IjA, 6 = e~V*^, 


N- 


1 


A-\ 2u4e«/*2'-l 


+ 00 

= s 

Z-- 0 C 


J, 


MU 


5 j.e«a+«)/fc!r_i 


dt 


00 + 00 /• OC 

= s s 

^=1 Zmi^ooJ 0 


0 ~a(W)«/fcT 


«o +00 

~ i-?oo (se/kT) + 2 itU 


sA'~* 


kT " 2e “ “ 


= --log(l 

The corresponding equation for E is 


Q-elkT\ g 


+ 


*T(l-l/.4e*/*2’)a 


0(1). (5) 


2 ^e*/*^ 


I _-g r 


j 1 


dt 


S-11-.-00 Jo 


00 

= S 
8 > 


+ 00 

S 


J[-« 0 -a<r/fcT 


^^—5 Q—se/kT 


00 +00 

iJ^co (.seIkT) + 27rU ^3% i-?co [{sejkT) + 


kT " _ 

e s 


2 e * “ sA-’e-^P^^ 

^kT^iSiis6lkTY-¥AnH^ 


2 00 a Q-seikT 


a«*l « 
00 00 

+2 S s 

Stas 1 Zsss 1 


A-3 er^IkT UsejkTf - ArtH^ 
{{sejkTf^AnH^^ 


(6) 



366 H. N. V. Temperley 


We know that A may never be less than unity because this would make the occupa¬ 
tion number of the lowest state infinite. Equation ( 6 ) shows that, to make JE a large 
number, we must have ejkT = 0(1). The third and fourth terms in equation ( 6 ) 
(right-hand side) are then at most 0{kTje), as is the term ^{A I)"’-, while the 


first term on the right-hand side is 0 



and the second term is 0 



On the right-hand side of equation ( 6 ), the second term can only become large if A 
is nearly unity, in which case it is of order kTje, but the first term is then of order 
kT [kT\ 0(1) 

—log I—I. If, for example, we have A equal to 1 + , then, in the limiting case 


of a very large assembly, the second and third terms on the left-hand side are negli¬ 
gible compared with N, and we shall have 



If now A takes the slightly smaller value 1 -|—^, the expression for E is practically 

unaffected, but the term IjiA — l) in equation (5) now contributes effectively to N. 
Thus, we have a situation very similar to that in the orthodox theory of the perfect 
gas, the energy at a given temperature, being no longer affected by N when this 

number rises above the value ^ E^log E, any further increase merely affecting A, 

but, as the change in is only of the order of 1 /JV, the only term in equations ( 6 ) 
and (7) to be significantly affected is the term 1/(J.-1), which determines the 
occupation number of the very lowest level. 

The nature of the anomaly that occurs can be found by differentiating the expres¬ 
sion (4) for E with respect to temperature, and summing the resulting series for dEjdT, 
by means of Poisson’s formula. This gives an expression for the specific heat in terms 
of BAJdT, and the latter quantity can be evaluated by differentiating the series ( 4 ) for 
N with respect to temperature, using the fact that N is constant, so that the series 
for dNjdT must vanish. Both these series can be summed by the same process as that 
used for equations (5) and ( 6 ), that of picking out the dominant terms in the trans¬ 
formed series. Below the transition temperature the quantity dA/dT is negligibly 
small, while just above the transition temperature it is, in the h'Tm'ting case of very 
large N and E, given by the simple expression I/Tq, where Tq is the transition tem¬ 
perature as determined by equation (7). The discontinuity in dA/dT leads to a 
negative discontinuity in the specific heat, which drops discontinuously from the 

value y — just below the transition temperature to the value (y - 1 ) “ j^ist above 

this temperature. The analysis is rather lengthy on account of the fact that both the 
transformed series contain a great many terms whose orders of magnitude all 

have to be examined, so it is omitted, as it contains no features of any special 
interest. 

Th^ model thus gives a discontinuity in the specific heat itself, in contrast with 
the discontinuity in the derivative of the specific heat found for the perfect gas. The 
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slightly more drastic nature of the discontinuity is due to the fact that we are sup¬ 
posing the separation of the energy-levels to remain finite, while in the perfect gas, 
the spacing of the levels becomes zero for a very large assembly. 


4. A MOKE EXACT TBEATMEXT OF THE MODEL WITH EQUALLY 
SPACED EHEROY-LEVELS 

In this treatment we abandon equation (3) and return to the exact equations ( 1 ) 
and ( 2 ). For this simple model, one of the integrations by the method of steepest 
descents can be avoided by algebraic means. In equation ( 1 ), putting xz for x 
we obtain 


N E N E ^ 

Equating coefficients of x^, we find 
'Z!Pn-x{E)z^ = 

E E . 

so that ( 9 ) 

E 

Expanding the first factor in expression ( 2 ) in powers of x, and remembering that 
expression ( 2 ) may also be written as obtain 

N E 




One can prove formally the applicability of the saddle-point method to determine 
the ratio of the coefficients of z^ in (9) and ( 10 ). An outline of this proof is as follows: 
r 

mi I • 1 1 X 1 1 • ' j » 1 1 *1 • 1 1 


I* 

The contour integral () 


2'®(1 —Z) (1 —Z®) ... 


has been intensiTely studied, e.g. by 


Hardy’s Ramanujan ( 1940 , chap, vin), using the following method of evaluating such 
integrals. A given radius iJ (< 1 ) of the contour is chosen, and the contour is divided 
into arcs each of which arcs is associated with one of the rational fractions in the 


Earey series of order n, this Farey series consisting of those rational fractions whose 
denominators are not greater than n. Each rational fraction p is associated with 
a point on the unit circle whose polar angle is 27rp, which point is a singularity of 

f{z). The function/(z) = ^— is transformed by the formulae of elliptic 

fimction theory, and it is shown that, in each arc of the contour, it is sufficiently 
accurate to replace/(z) by its asymptotic form in the neighbourhood of the point on 
the unit circle associated with this arc, a different transformation formula holding 
for each arc, according to the particular polar angle 27Tp. The investigation shows 
that the main contribution to the contour integral is always given by the arc in the 
neighbourhood of the real axis associated with the singularity z = 1 of/(z), in other 
words that, to use Hardy’s language, this singularity of f(z) is by far the ‘heaviest’ 
one. The contributions to the contour integral associated with the other rational 
singularities of /(z) are together negligible compared with this one (however large 
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n may be). For any given value of n, it can further be shown that the error in the 
evaluation of the contour integral can even be made less than unity if ?!> is made 
sufficiently large and aU the corresponding singularities are considered. 

Thus, for the contour integral containing/( 3 ), we can show quite rigorously, first 
that the only contribution of physical importance for a very large assembly comes 
from the immediate neighbourhood of the real axis, secondly that/( 2 ) can always be 
expressed in a fo:im that converges on the whole of the arc ooxresponding to 2 = 1 , 
so that both our conditions (a) and ( 6 ) above (p. 362) would be satisfied if the in¬ 
tegrand contained/( 2 ). This situation is not changed by replacing/( 2 ) by the function 


r;—r-TT—sr— 7 ;-r?r wMch Only means that the essential singularities of/( 2 ) on 

(1 — 2 ) ( 1 — 2 ®)... (1 — 2 ") 

the unit circle are replaced by pffies of order N, \N, \N, etc., nor does multiplication 
of the integrand by the function 2’‘(1 - 2 ^)+ 2 ^(l — 2 ^) (1 +... (which has at 

most a simple pole at 2 = 1 ) affect the position of the saddle-point, because the 
integrand itself has a pole of order NsAz = l and is therefore varying with extreme 
rapidity in this neighbourhood. 

We thus obtain the following expression for 


+ (r>l), ( 11 ) 

t 

where is the value of 2 at the saddle-point. This argument fails for the very lowest 
state, r = 0 , but, as a matter of fact, expression ( 11 ) is valid in this case also. To prove 
this, we have 




r*»l 


d‘(i-d^*) 

i-d* 


1 -e^ 


(using equation ( 11 ) for and summing from r = 1 to infinity), which gives 
Fo (1 - d^«) +{i-eNS!)(i^ ^cw-w®)+,., 

by setting p = d* in the identity 

This identity may be proved as follows; Let stand for the expression 


Then 


kjf 


l-pN (l_yy)(l_yW-l) 

1 —p 1 —p® 


^N~^N—X~P^ ^-f-p^ *(1 —p^—^)-l-p-^ ®(1—p^~^) (1 — P'^”*)-f-... 

+ (l-p^-l)(l-p^- 2 )...(l-p) 

Now identically unity, therefore so are h^—h^, k^—h^, etc., and since k^ is 

unity it follows that kj, is identically equal to N and therefore that equation ( 11 ) 
is also true for r = 0 . 

For N>E, the terms in expression ( 10 ) that involve 2 ^ and higher powers of 2 can 
contribute nothing to the coefficient of 2 ®, while, until N drops to a value com- 



369 


Statistical mechanics and the partition of numbers, I 

parable with JS?*, they give a contribution to expression (11) that vanishes in com¬ 
parison with the main terms. Tor N less than E, the expression for therefore 
takes the form 

Nr7>id^+e^+d^+... = ( 12 ) 


which agrees with the very low temperature expression for according to orthodox 

theory provided that we make the customary identification 6 = For T very 

large, expression (11) agrees wdth the ‘classical’ expression d^l{l + d^ + 9^+...) 
for Nr, provided that we can neglect in comparison with unity. The customary 
relation between 6 and T therefore gives us results that agree with orthodox theory 
both for very high temperatures and for a finite range of energies above absolute 
zero, thus justifying this identification of 
We now examine whether expression (11) can be made to agree with orthodox 
theory in the region of the transition temperature predicted by the orthodox theory. 
We notice first of all the following relation between the values of Nf for two con¬ 
secutive values of N, which follows easily from expression (11), 

Nr{N) = {l+Nri^- !))• ( 13 ) 


If orthodox theory were correct in the transition region, then it would be possible 
to express the occupation numbers in the form 


NriN) = 




(14) 


where may be written 1 — S^ rt "v^^here Sjf^r 1® small quantity which may depend 

on N, but whose leading term must be independent of r. Substituting expression (14) 
into equation (13), expressing the A’s in terms of the S’s, and neglecting products 
of the ^’s, 

^N.r = ^^*(1 - ^) + d^SN-l,r+ (16) 


which impHes that the leading terms in , must take the following form: 


S; 




Nd^^(l-d^) 


(r>2) 
(r = 1). 


(16) 


Equation (16) shows clearly that is not independent of r, a different degeneracy 
parameter appearing for each energy level, and it must be concluded that 
orthodox theory is not correct, at least not in the supposed transition region where 
Xj^^r should be nearly unity. 

Orthodox theory therefore cannot be used in the transition region, where we can 
point to two other discrepancies with the treatment we have just given. In the first 
place, the onset of the transition is not located correctly. Orthodox theory (equation 
(7)) predicts that the transition should take place when N is proportional to E* log E, 
while the exact theory shows that the transition must set in, in the sense of the 
occupation numbers of the state other than the lowest becoming functions of N as 
well as of E, when N becomes less than E. In the second place, orthodox theory pre- 
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diets a jump ia the specific heat, while the exact theory certainly predicts an anomaly, 
but not one corresponding to a phase-transition of any finite order. The following 
is the asymptotic expression for which can be obtained from equation (9) 

by using an asymptotic expression for the function 1/(1 —2:)(1 —(l-ie^) in 
the neighbourhood of the singularity 2; = 1, as in the classical work on the partition 
of numbers of Hardy & Ramanujan (1918). It can also be obtained, as was done by 
Auluck & Kothari (1946), from the accepted statistical mechanical formulae for the 
distribution of energy among simple harmonic oscillators. Auluck, Chowla & Gupta 
(1942) have obtained a similar result by methods which do not use a contour integral 

By the Boltzmann formula the entropy 8 is given by the expression 8 = klogpjf{E), 
which reduces to klogp{E) when N^E. The quantity ifclog 

defect in entropy caused by the fact that N is finite, which will leeid to a specific 
heat anomaly as E passes through the value N. (The temperature is determined by 
the usual relation T = d 8 jdE.) The form of equation (17) suggests that none of the 
derivatives of 8 with respect to E ox T are discontinuous as E passes through the 
value N, so that no discontinuity of co-operative tjrpe is to be expected. This result 
is not yet formally proved, on account of the difficulties of differentiating asymptotic 
expressions, but an elementary argument can be used to establish it. The numbers 
Ps{E) and Ps-i{E) only differ by unity, namely by the one partition in which E is 
divided into E parts, all of them unity. There is therefore, for E large, no significant 
discontinuity in the first derivative of logPjv(j&). A sinailar argument can be applied 
to the second, third and higher derivatives by counting up the number of partitions 
that we lose in going from Ps-iiE) to Ps-aiE), Pe-^(E), etc. It is therefore extremely 
likely that there is no actual discontinuity in any finite derivative of 8 . This situation 
seems to be rather like what one would observe supposing that one had a transition 
temperature 2J,, with no anomaly in the entropy below T^, but an extra term pro¬ 
portional to exp , where B is a constant, above Tg. Such an extra term would 

not give any discontinuity in the specific heat or in any of its derivatives, and, from 
an experimental point of view, would be indistinguishable from a ‘smooth’ specific 
heat anomaly. 

Equation (17) is of interest from another point of view, in indicating a possible 
reason for the failure of the saddle-point method’when applied to the variable x in 
equations (1) and (2), namely, that in the transition region the value of pj^{E) is 
changing extremely slowly with N. This, combined with the fact that the saddle- 
point value of 05 is nearly unity means that, for a fixed E, expression (1) contains 
a very large number of terms ^ 'which are of the same order of magni- 

N 

tude, so that one cannot necessarily replace the logarithm of this series by the 
logarithm of a single term with sufficient approximation. Since p^iE) always varies 
extremely rapidly with the variable E, no such effect occurs to spoil the validity of 
the a-integration. 
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We have still to examine the behaviour of Nq according to the exact theory, as 
equation (11) gives no direct information on this point. Equation (10), however, is 
vaM, giving us 


+ 

) (l-2)(l_a2)(l_28)...(l_gV)- 

Let/y stand for the series 

(1 - !SW) + (1 - 2^) (1 - zM +... . 

Then we have the following relation 

h = il-z^){l+f^.^). 

Now set /y = N—gjf and equation ( 19 ) becomes 

Py = W2^+(1-Z^)gry_l. 

If we now set 

= Ay(l-z) (l-z2)... (1-2^ 

we obtain from equation (20) 


Nz^ 


(1-Z)(1-Z2)...(1-Z^)’ 
which gives us the following expression for Ay: 

Nz^ _ , (W-l)z^-i 


Ay = 


^ (1 - Z) (1 -Z2) ... (1 - Z^) (1 - Z) ... (1 - Z^-1) 

Equation ( 18 ) may now be written 

N 


+ ... + 


l-z‘ 


( 18 ) 


(19) 

( 20 ) 

( 21 ) 

( 22 ) 


'ENoPMz^ = (l_g)(l_g2) ... S(-2V-iV'o)Py(A/)2!® = Ay, 


(23) 


since, from equation ( 9 ), py(jS) is the coefficient of z-® in 1/(1 —z) ( 1 —z*)... (1 —z®^).' 
We already know that Py( JS) becomes independenit oiN iiN'^E, and equation (22) 
shows that the coefficient of z® in Ay becomes independent of N when N'^E. Thus, 
we have shown that the quantity N—W^, that is to say, the total number of systenos 
in states other than the lowest one is independent of N for N greater than E, but 
begins to depend on W as socm as N passes through this value. Thus, we have suc¬ 
ceeded in confirming, by a purely algebraic method, the result proved above by 
contour integration, namely, that the anomaly sets in at W equals E. 

It thus seems to be definitely established that orthodox theory cannot be relied 
on for any correct results in the transition region, the occupation numbers, the nature 
of the specific heat anomaly, and the energy content at which the transition sets in 
all being incorrect. One further remark about this model noay be of interest. Let us 
make the usually correct, but not self-evident, assumption that the statistical mean 
state (obtained by averaging over aU accessible states) is identical with the most 
probable state. Let us fits W,, the occupation number of the lowest state. Then the 
remaining states can be occupied in Pjn-^fE) ways, where Ph^E) is the number of 
ways of partitioning E into exactly Jc non-zero parts. The behaviour of ilus futocrfeion 

24-2 
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has been studied by Auluck et al. (1942). It is clearly an increasing function of h 
when h is small, and a decreasing function of k when h is becoming comparable with E. 
Thus, if is below the value that makes ^ maximum, we shall get the greatest 
number of arrangements if we make zero, whereas if AT is greater than this 
value, we shall get the largest number of arrangements if we choose A’o so that 
En-nS^) takes the maximum value. The precise behaviour of the function Pii.{E) is 
not known, but Auluck et al. present theoretical and numerical evidence in support 


of the view that there is a smgle maximum in the region ^ ~ ~ ^(^) 

conjecture proves correct, it will mean that the condensation sets in (according to 
the assumption that the mean state is identical with the most probable state) for 
a value of iV differing by a factor of 2 from that predicted by the saddle-point method, 
and widely different from that predicted by the exact theory. It therefore seems 
that it is possible to construct models for which the most probable state is not 
identical with the mean state. 


6. Some preliminaey results eor the ‘pbreect Bosb-Einstbin gas’ model 

There seems to be a very general relation between N the number of particles and 
the total energy for which a condensation sets in. In any model, let be the energy- 
separation between the state of lowest energy and the first excited state, either or 
both of which may be multiple. Let Ee^ be the total energy. If E is less than N, there 
is clearly no possible arrangement of the particles for which the ground state does 
not contain at least one particle. If we add more particles, keeping the energy 
constant, we do not introduce any new possible ways in which the excited states can 
be occupied, the new arrangements are simply reproductions of the old ones, 
differing only from them by having more particles in the ground state. If the ground 
state is single, an exact one-to-one correspondence can be set up between the new and 
the old arrangements, but the correspondence is no longer exact if the ground state 
is multiple, as the occupation of different sub-states of the ground state does produce 
a iew more arrangements. If the ground state is single, then the average number 
of particles in the excited states is quite unaffected by adding more particles, provided 
N'>E, while the average increase in the number in the ground state is just the number 
of particles added. It is interesting to work out the energy at which degeneracy sets 
in in the perfect Bose-Einstein gas according to this argument. (In this model, the 
ground state is single.) The separation between the ground state and the first excited 
state, if the gas is in a cubical box of side d, is given by the expression ZJfijBmd^, so 
that we have the following relation between N and E for degeneracy to set in. It 
is not possible to calculate the transition temperature, because we have no know¬ 
ledge of the behaviour in this region of the function corresponding to Pif(E) in the 
simple model. 

mfl. (24) 

f 

We can, however, make a comparison with the position of the transition region as 
given by the orthodox theory by writing down the expressions for critical number of 
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atoms per unit volume as a function of temperature, and for energy content as a 
function of temperature and eliminating T between these two equations. These two 
equations are well known, see, for example Mayer & Mayer (1940, chap. 16): 

= (26) 

(26) 

Eliminating T between them, we find the following relation between N and E: 

N* = 0-17^^. (27) 


This differs from relation (24) by a factor of the order of N*, so that an exact theory 
would give a transition beginning at a temperature far below 1° K. This investigation 
suggests, however, that the ‘cell’ model of a liquid, or some similar conception, 
rather than the perfect gas assumption, would, if investigated properly, be found to 
lead to a relationship between N and E very similar to equation (27), and may 
therefore be expected to lead also to a transition temperature in the right region. 
For suppose that each atom is supposed to be confined by the interactions with its 
neighbours in a volume of order of magmtude Z® or (P/N which is one atom’s share of 
the total volume, then the spacing of the first excited state above the ground state 
is now of the order of magnitude 3A®/8mZ® which differs from the perfect gas model 
by a factor d®/Z® or iV*, which is just the order of magnitude of the discrepancy 
between equations (24) and (27), so that the cell model, worked out properly, should 
give a transition temperature in the proper region. 

The perfect gas model is mathematically equivalent to a certain problem in the 
partition of numbers into sums of squares, a subject that has been much studied by 
mathematicians. Unfortunately, the results hitherto available only seem to be 
apphcable to the high temperature region, and we shall state the mathematical 
problem involved, in the hope that it may stimulate further work by mathematicians. 
Finally, we shall show the equivalence of existing theory of a perfect gas at high 
temperatures with certain well-known results on the representation of numbers as 
sums of squares. A ‘representation’ differs from a partition in two important 
respects, namely that the order of arrangement of the squares is considered, each 
possible order being regarded as a different representation, also the squares of 
negative numbers are reckoned to be different from those of positive numbers. 

The mathematical problem is as follows: The energy-levels available to particles 


inside a cubical box of side d are given by the expression (r® -|--|- Z®) 5—™, which we 
jP vmrui 

write ^^ K{r,s,t) for brevity. Each of these levels may be occupied an integral 


number of times, or not at all. We require to know the asymptotic form for the 
number of distinct partitions of an integer E, representing the ratio of the total 
energy to the lowest possible energy-separation P/Snid^, into a sum of the numbers 
A(f, s, t), where the order in which the A’s are arranged is ignored, but, on the other 
hand, K’s hke A(l, 2,3), K{ 2 , 1,3) are distinct from one another, and such K’a have 
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to be reckoned as ‘different’, in spite of the fact that they are numerically equal. 
In all cases, the r,s, t axe positive integers (not zero). 

The foUowng result is well known, being taken from Hardy ( 1940 ), 

( 28 ) 


giving the number of representations of the number E as the sum of 3.^^ squares. 
Since some of these squares may be zero, we must replace tliis expression, which is 
really the sum of the number of representations of E as ZN , 3N — 1 , 3N *“ 2 ,..., etc., 
non-zero squares by the expression 


ZN-r 




ZN-r 


-1 


which may also be written 




(29) 


(30) 


and the correction is thus negligible as long as E^N, 

Having removed the representations involving zero squares, the next task is 
to remove those involving the squares of negative integers, which since the zero 
squares have been allowed for, simply involves dividing expression (28) by 2 ®^. 
TinaUy, we have to allow for the fact, that, in expression (28), the same partition 
into squares written in a different order is counted as different. In our problem, 
the ZN squares have to be divided into N groups of three each. A permutation 
within a group of three, or an exchange of one or two squares between two groups 
of three leads, in general, to a new physical state, but a reshuflaing of the order in 
which the groups of three are taken does not lead to a new physical state. Thus, 
the number of physically different partitions is obtained by dividing expression 
(28) by a further factor N ! giving us finally 


The last step would be invalidated if too many of the groups of three in a typical 
partition were identical. I have not succeeded in making even an, ‘order of 
magnitude’ estimate of the error due to this, but it seems certain on physical 
grounds that it becomes rapidly less important as E increases. 

Prom expression (31), we can calculate the number of partitions which contain 
a state of energy e^K(x,8,t), where is the ‘energy step’ h^jZmd^. Clearly it is 
the number of partitions of E—K{r, s, t) into N—1 groups of three squares, so that 
the probability of finding the state (r, s, f) in a typical partition is obtained by 
replacing N by N—l and E by E—K{r,s,t) in expression (31), and then dividing 
this by the expression (31) as it stands, which is the total number of partitions 
without restriction, we obtain 






-ZV(W 8 K{r,s,t)\*^-* 

Ei Trt^ E I ' 


( 32 ) 
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This is to be compared with the ‘classical’ expression 

(33) 

0 

and it can,be seen that these two expressions agree in the Kmiting case of large T, 
provided that Ee-^'^^NhT^ which is the classical relation between temperature 
and energy content in a perfect gas. 

We may thus conclude that the behaviour of the perfect gas model is qualitatively 
similar to that of the model with equally spaced levels, in that orthodox theory 
describes the situation correctly at very high temperatures but breaks down in the 
supposed transition region. A. R. Fraser (unpublished) has proved a rather stronger 
result than the one we have just obtained, namely that orthodox theory gives 
correct results at least down to a temperature not greater than 1-6 times the supposed 
transition temperature. R. B. Dingle (unpublished) has further shown that, for any 
model, there is a finite region of temperature starting jfrom absolute zero, within 
which orthodox theory is correct. 

6. CoNOLirsiOK 

The two models studied show the same general type of behaviour, namely the 
existence of an intermediate temperature region within which the results of orthodox 
theory are unreliable, the orthodox expression for the occupation numbers of the 
energy levels being only an approximation in this range. The investigation has 
confirmed the existence of the phenomenon of ‘ condensation into the lowest energy- 
lever, though the perfect gas model worked out properly, would give a transition 
temperature far below 1° K for a perfect gas of helium atoms. On the other hand, we 
have seen that the ' oeir model of a liquid may well have such a transition at a tem¬ 
perature agreeing with the transition temperature for liquid helium, so the investiga¬ 
tion gives us no reason to doubt either the reality of the condensation phenomenon 
or its relevance to the liquid helium problem. 

I wish to thank Mr Dingle and Mr Fraser for helpful discussions, and for showing 
me their results before publication. I also wish to thank the Royal Society for 
awarding me the Smithson Research Fellowship during the tenure of which this 
work was carried out. 
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An elastic theory of dislocations 

By Euzabeth H. Maott, Cavendish Laboratory, University of Cambridge 

{Communicated by Sir Lawrence Bragg, F.RB.—Received 22 March 1949) 

A theory is presented with the intention of describing the internal stresses set up by slip 
processes in crystalline materials. It is based on the concept of dislocations as they occur in 
the mathematical theory of elasticity, and follows on the work of Volterra. The present 
theory starts from the assumption that only the three stress components which act across 
a surface in an elastic body need be continuous at that surface. This less restrictive con¬ 
dition on the stresses makes possible a more general type of dislocation, one with arbitrary 
elastic discontinuities of displacement. 

The theory is stated in cylindrical polar co-ordinates, and general formulae are derived 
for calculating the stresses corresponding to given dislocations. Four examples are solved 
completely involving plane and screw dislocations in circular cylinders. The relations between 
the mathematical dislocations and some simple types of slip in crystals are described, and 
certain equivalent systems of dislocations explained. 

It is shown that if the slip bands in a deformed crystal are replaced by the appropriate 
dislocations, the stresses in the remaining elastic region may be calculated by meatxs of this 
theory. 

1. iN-TEODtrOTIOIir 

In recent years the theory of dislocations in an elastic solid has been used to explain 
many phenomena in crystalline materials. The fundamental notion is that slip or 
glide in a crystal takes place by the movement of dislocations across glide planes, 
the dislocation causing elastic stresses in the surrounding material. Taylor ( 1934 ) 
was the first to estimate these elastic stresses from Volterra’s theory of dislocations, 
and apply the results to the work-hardening of metals. Since then dislocations have 
also been used in theories of the yield stress, reorystallization and thermal hardening. 

It is believed that a great many dislocations may exist in a crystal after plastic 
deformation, and that the stresses due to them may cause considerable stored 
energy. If the distances between dislocations are large compared with their length, 
it is possible to calculate the effect of a simple two-dimensional array of dislocations 
by applying Volterra’s theory to each and summing the results. But in many cases 
the dislocations appear to be crowded in narrow slip bands of high plastic deforma¬ 
tion, separated by regions subject only to elastic stresses. Then the mathematics 
becomes very difficult and a new theory is required to calculate the effect of closely 
adjacent dislocations. 

The theory to be presented in this paper may be used to calculate the stresses set 
up in the surrounding crystal by any system of dislocations in a slip band. These 
stresses are the same as if a cut were made along a glide plane, the two sides of the 
cut distorted elastically by different amounts and then rejoined. There is, in fact, 
a discontiauity of displacement across a slip band such as could be set up in this 
manner. 

These discontiuuities are more general than those described by Volterra’s theory, 
since some of the stress components are discontinuous, as well as the displacements. 
This theory mcludes Volterra’s results as particular cases. 

Elastic theory caimot be applied at the centre of a Volterra dislocation, but gives 
the correct stresses at a short distance if the centre is excluded by an imaginary 

[ 376 ] 



377 


An elastic theory of dislocations 

stress-free boundary. In a similar manner the more general dislocations cause stresses 
in the surrounding material which can be calculated by the present theory if the 
actual points of discontinuity are excluded. 

An outline of Volterra’s theory is given in the next section, and then the new 
theory is described in §§3 to 6 . For simplicity the theory is expressed in cylindrical 
polar co-ordinates, and examples of dislocations in cylinders are solved. The solutions 
could be adjusted to apply to other forms of boundary. The general screw dislocation 
is considered in § 7, and two examples in § 8 . Finally, it is shown that one of these 
dislocations is equivalent to some distribution of Volterra dislocations, 

2. VOLTEERA DISLOCATIONS 

A Volterra ( 1907 ) dislocation is a discontinuity of displacement in an elastic body. 
It may be formed in any doubly-connected body, such as a closed ring, by making 
a cut through the ring and then displacing the two surfaces of the cut with respect 
to one another before rejoining them. If the surfaces of a straight cut are displaced 
in their own plane they can be rejoined with perfect fit, but in general a small quantity 
of the material must be added or removed at this stage. The relative displacement is 
of the ‘ rigid-body ’ type, so each side of the cut is displaced or rotated as a rigid whole. 

After rejoining the sides of the cut the body is in a self-straining state, stresses 
existing in it even when no load is applied. To calculate such stresses for known 
dislocations the usual stress-strain relations and equations of equilibrium are used, 
but with many-valued functions for the components of displacement. By taking 
only onfe sheet of the Riemann surfaces of these functions the displacements are made 
discontinuous at the cut but the stresses and strains continuous. 

The mathematical theory of Volterra is based on the assumption that all com¬ 
ponents of stress are continuous at the cut, and can therefore be represented by single¬ 
valued functions in th 6 closed ring of elastic material. This assumption imposes 
a restriction on the displacements, since these are related to the stresses by the 
equations of elasticity. The components of displacement may be represented by 
many-valued functions, but the cyclic constants of these functions must be of a 
certain form. It is proved that for single-valued stresses the most general possible 
increment in the displacements on crossing the cut is the ‘rigid body ^ displacement, 

^ a-\-qz—ry, ^b^^-rx—pz, w^^c+py—qx, 

where v\ w' are the increments or discontinuities in the Cartesian displacements 
u, V, w, and a, 6 , c, p, y, r are constants. 

3. General dislocations 

A less restrictive assumption concerning the stresses is made here. It is assumed 
that only the stress components which act across the surface of the cut need be 
continuous there; the others can be discontinuous, and all may be represented by 
many-valued functions. 

The general dislocation is formed by making a cut and distorting the two sides of 
the cut elastically by applying forces to them. The sides of the cut are then rejoined 
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and the external forces reraoved, leaving an arbitrary elastic discontinuity of 
displacement. 

A simple example is the system obtained by a uniform compression of one side of 
the cut, which may be rejoined to the unstrained side to give discontinuities in both 
displacement and direct stress components parallel to the out. The material adjusts 
slightly when released, so the final state is one of uniform extension on one side and 
uniform compression on the other, the discontinuity remaining the same. 

The displacements may be made discontmuous iu any desired maimer, only 
restricted by the equations of equilibrium and the boundary conditions. 

There are new boundary conditions to be satisfied along the edges of the cut. 
While the cut is open the body is simply-connected, and in accordance with estab¬ 
lished theory the tractions or displacements may be prescribed at all points of the 
boundary surface, including the faces of the cut. If (t = 1,2,3) is the component 
in the direction {x^ = x,y,z) of the force actmg across unit area with normal v, 
these boundary conditions are either 

, PH=/i or % = (1) 

whereand gi are given fimctions of position on the surface. But when the cut is 
closed and set free of external forces, the following conditions must be satisfied, 

!p'vi = 0, ttj = (2) 

where v is the normal at any point to the surface of the out, p^, the iuorements in 

Pp^, Ui respectively on crossing the out, and the are given functions. 

There is no iuorease in the number of boundary conditions to be satisfied, since 
these six equations replace a set of three equations on each side of the out. It may 
readily be proved that the boundary conditions (2) with prescribed tractions or 
displacements over the remainder of the boundary surface are sufficient to determine 
uniquely the stress and strain in a doubly-connected region. The proof is similar to 
that of an analogous result iu hydrodynamics given by Lamb (1924) under the title 
‘ Kelvin’s extension of Green’s theorem ’, 


4. Dislocations in oviiiNDBKS 

The dislocations in this paper are described in cylindrical polar co-ordinates 
(r, d, z), related to Cartesian co-ordinates {x,y, z) by the equations 

x = rGO80, y = rmi6, z = z. 

The components of displacement are Ug, w, the stresses fd, etc., and the strains 
The equations of equilibrium are 


3 fr 101^ 0?2 rf—SB 

•5—I —1 -- 0 , 

or r da az r 


drB _ 

0 r W 


1 dSB Wz . 


'brz 1 Wz 


(3) 
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and the stress-strain relations of the form 

fr = {X+2ii)e„+X{eQg-\-e^),\ 

^ = ,2;te^g, / 

with two more pairs of similar equations, where 

du. 


«n- - ^ . 




1 duQ ^ 
r dd^ r 
dw 


26e 


~ r 3z ’ 


= 


dw 


dz 

dUi 




^^^dr r'^rdd'} 


(4) 


(5) 


If Ur, u'e, w' represent the discontinuities in the displacements at the cut, the 
values of these are sujBficient to specify the dislocations. If the cut is made in the 
half-plane 0 = ± 7 t, the quantities ug, w' are given functions of r and z. The simplest 
cases are those involving functions of r only, giving plane or ‘screw’ dislocations. 

(i) Uf a given function of r. The particular case in which the function is a constant 
is that of the dislocation shown in figure 1. The case of a Hnear function of r is solved 
as an example in § 6 and shown diagrammaticaUy in figure 7. 

(ii) u'g a given function of r. The function is a constant for the dislocation shown 
in figure 2 , and a linear function of r for that in figure 3. 

(iii) w' a given function of r. The case shown in figure 4 is the Volterra ‘screw’ 
dislocation. Figure 8 shows the dislocation corresponding to a linear function, which 
is considered in detail in § 8 . 

The general solutions of these three problems can be obtained by the use of 
harmonic and biharmonic functions, (i) and (ii) being cases of plane strain. Such 
solutions apply to cylinders of length large compared with the diameter, and in 
general under longitudinal forces. 

From the well-known relations between plane strain and generalized plane stress 
these solutions can also be applied to problems of thin plates. If a radial cut is made 
in an annular plate and one side of the cut bent to follow a given curve before re¬ 
joining, a dislocation, such as shown in figure 9, may be set up, with discontinuities 

The case of a linear function f{r) is shown in figure 6 for a short cylinder. A dis¬ 
continuity Ug linear in z gives the dislocation of figure 6 . The solutions of these 
problems are of the form given by Love (1927 a) and are closely related to thosO of 
the plane dislocations. 
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Fiotraias 1 to 9 


, 6. The gbnebal plane dislocation 

Tor plane problems, with w = 0 at all points, the equations of equilibrium (3) 
may be solved by the use of a stress function x, satisfying the biharmonio equation 


/ 02 02 \2 

11 

\dr^'^ r dd^J \ 


( 6 ) 


at all points in the body, and related to the stress components by 

r dr r^dd^' 

m 




0r\r0(9j’ 

dz = 0, 

7i = 0, 

^ = (r(fr+^). 


(7) 
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The displacements are given by 

= 




where ^ is a harmonic function satisfjdng the equation 


( 8 ) 

(9) 


Stresses and displacements may be calculated from any biharmonic function x 
by equations (7), (8) and (9), and will then automatically satisfy equations (3), (4) 
and (6). To solve a particular problem x must also be such as to satisfy the boundary 
conditions. 

A set of solutions of equation (6) may be found by separating the variables, that 
is, assuming a solution of the form 

X = i2(r)©(d) (10) 

and trying various simple forms of 0 such as sin cos nd. The differential equations 

so obtained for B{r) are readily solved to give a solution of the form 
X = A^r^ + B^logr+C^rnogr+D^ 

+ (Ar^ + B log r + Cr^ log r+X>) d 

+ 1 r+^ + r®+Dj r log rj sin 0 + + Wr log r) 0 sin 0 

+ +^ + +D^rlog r j cos 6 + {E'r+Wr log r) 6 cos 6 

+ i: (d;r»+§+o;r«+2+^) 008 7.(9. (ii) 

w*«2 \ • ^ 1 


Part of this solution was given by Michell (1899). terms with coefficients Oq, Z>i, 
D'x, E and E' correspond to Volterra dislocations, those with coefficients d, B,. Q, F 
and F' to more general dislocations with discontinuous stresses. 

Many of the solutions used in this paper do not satisfy the condition (10) so cannot 
be found by this method. It is more convenient to use the complex variable 

z = z+iy — re‘^, 

and the conjugate complex z = z—iy = re~^. 


and write (6) as 


-^ = 0 
dz^d^ 


The general real solution of this equation is 

X = ^l{z^i,{z)+<^^{z)}, 

where 311 denotes ‘ the real part of’. By choosing and 562 to contain log z multiplied 

by some power of z the following solutions are obtained: 

Xm — ^ md — dsin m 6 ) + Qmi^og r sin md + 6 cos md) 


+i?„,(logroosTO—2d —dsinm—2d)+£(,j(logrsinm—2d + dcosm—2d)}, (12) 
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for integral values of m, and arbitrary constants P„, Q^, and 8 ^. It is seen that 
these do not in general satisfy (10) except certain terms in the oases wi = 0,1,2 
which appeared in (11). 

The terms with coefficients P^, harmonic, and those in jB„„ are of the form 

r^, 

where ^ is harmonic. Only the latter terms make any contribution to in (9), 
which gives 

ilr = 4ij^dd 

r . ,-r . „ -sinm-201 

. J 

o, r , -cosm —2(91) 

+<SJ -logrcosTO-2^ + 5smm-2^-|— 

when m+2, and ^ = 4B2^1ogr + 2)Sfa(5®—(logr)®), (13) 

when m — 2. The displacements corresponding to (12) are given by 
2/i«, = —[m log r 4-1) cos md +sin rnff] 

Q„,[—(m log r +1) sin cos m^] 

■®ot[( ~ log ~ 1) cos ~ 2 0 + (m—4+40") 0 sin m—2 0] 

'S^m[(~(«*'~'^+4o’)logr— l)smm —20 —(to— 4+4<r)0cosm—20]}, 

2fme = r’"~^{i}„[(TO log r+1) sin to0+to0 cos to0] 

Qot[ “ (wi log r +1) cos TO0 +mJd sin m0] 

i^[( (m+2—4cr) log r +1) sin TO - 2 0+■ (to+ 2 - 4(r) 0 cos TO—2 0] 
'S'ni[(~(«^+2-4(r)logr—l)coSOT —204-(»«'+2-4<r)0sinTO —20]}. , 

The stress components corresponding to in (12) are 
^ —»w(to — 1) log r—2 to+ 1) cos TO0 +to(to — 1) 0 sin TO0] 

^m[(~™(™“l)logr—2 to+ l)sinTO0 —to(to— 1)0costo0] 

1)(w*— 4)logr—2 to+6) costo—20+(to—1) (to —4)0sinTO —20] 
4n[( —(wi—l)(w—4)logr-2TO4-6)sinTO-20 —(to—1)(to—4)0costo-20]}, 


^ = r’»-®{P„[(TO(TO-l)logr+2TO-1) cos TO0 —to(to — 1) 0 sin TO0] 

^m[(»*'(w^ — 1) log V + 2 to — 1) sin TO0 + to(to — 1) 0 cos TO0] 

■®m[(^(W'~l)log^ + 2TO—1)C0STO —20 —to(to— l)0sinTO —20] 

^„[(to(to -1) logr+2 to -1) sinTO-2 0 +to(to -1)0 costo-2 0]}, 

^ _ r™~*{i]jj[(m(TO—l)logr+2TO— l)sinTO0 + TO(TO— 1) 0 co8TO0] 

QnS.{ ~ ni(w — 1) log r— 2to +1) cos to0+to(to — 1) 0 sin to0] 

•®)n[((^~2) (to— l)logr+2TO—3)smTO —20 + (to—2) (to — 1)0 costo—20] 

- (»» - 2) (to -1) log r - 2 to+ 3) cos to-2 0 +(to- 2) (to- 1)0 8inTO-2 0]}. 
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The problem is to find the stresses in a cylinder due to the general dislocation of 

and of t 3 rpe (ii) Ug — g{r). 


Stress functions such as (11) and (12) may be used to satisfy the equations of equili¬ 
brium in6<r<a, —n^d^TT and the arbitrary constants are to be chosen so that 

fr = 0 — td 

onr = a, r — b, besides satisfying conditions (2) at the cut. 

From (14) the discontinuities in and Ug are given by 

2/t«' = 27r( - l)™-i -I- (m - 4 4cr) S!„), 

2/mg ='27r(- l)»r”*-i(mP^H-(«i-f 2-4cr)iJJ. 

If/(r) and g{r) are represented by series of powers of r 

with satisfactory convergence in b^r4a, the required discontinuities can be set 
up by.ohoosing 

27r( -1 )”*-’• (mQ„+(m-4-f 4(7) 

2w(-l)w(mP^+(m+2-4cr)PJ = 2/{6„_i.j 


Two more equations are required to determine completely the constants Q^, 
and Sfn, and these are provided by the other condition (2), 

= 0 = r^' 

at d = ± 7 r. From (16) 

= 27r(-!)"•»—^m(m-1) ((3„+<^J = 0,1 
id' = 27r(-l)’">-’“-2(m(m-l)i^ + (m-l)(m—2)P„) = O.J 

The constants and appear in and $d' only, and and in Ug and id'. 

The equations are sufficient to determine the coefficients in the part of the stress 

function of the form (12). Further terms must be added to satisfy the other boundary 

conditions ^ ^ 

rr =i v ^ rtf 


on r = a and r = b, and this can be done with single-valued terms from (11) 

X = .4or®-t-^J.ir-H^ + C'ir®jsind-t-^.4ir-t-^-f-(7ir®jcosd 

+J^(^>--^^+(7;r»+2+^joos7id. (18) 
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These terms give the stresses 
?T = + ^ —^^+2(7irjsin0 + ^ —^i+2C/irjcos0 

i 

- + {n+ l)0^r-+(n+2) {n-\)^ Binnd 

- (n{n - 1 ) +(« - 2 ) (»+ 1 ) 0 ' r"+(»+ 2 ) (% - 1 ) j cos nd, 

~ — 2 Cir j cos 6 — — 2C[r^ sin 6 

^ + (« + l)<7„r»-fc^)cosn«9 

) sinn^, 


— S % 

71*2 




.. in+l)B^ 

y7l+2 


+ 


^5 »^((» -1) +(71+1) j pi 


where r = aoxb. The series cancel the boundary stresses of the form (16) if A^, B^, 
C„, I)„, A'^, B'n, O'n and are suitably chosen. The right-hand sides of equations 
(19) are made equal and opposite to the Fourier expansions of fr and rd from (16) in 
—7r<6<iT. The corresponding process for one boundary only is described in detail 
by Bickley ( 1928 ). The more general case of two boundaries is solved in a similar 
manner, the equations proving sufficient to determine all the constants, as demon¬ 
strated by the following examples. 


6. Examples oe plane dislocations 

(a) ug — a (figure 2 ) 

This is a Volterra dislocation since each side of the out is displaced as a rigid whole. 
The required discontinuity is provided by a stress function of the form ( 12 ), in which 

m = 1, Q^ = 0 = iS„. 

Then by (16) -27 t(Pi-i-(3-4(7-)Bi) = 2 ;ta, 

and 7 ^ and (55 are continuous across the out because (17) has (rn — 1) as a factor. 
The stress function has the form 

X = (Pi+i?i)rlogr COS0 —(Pi—jBj^)r0sin0 + ^^+oos5, 

with surface stresses 

(-7+^-^+2(?i/-)cos5, 

r'5 = (':S+^_?^4.2Cfir)sin(9. 

\r r ^ ) 

These are zero when r takes the values a and b if 



/la 

47r{l—cr) 


— Pi, 
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The solution of the problem is therefore given by the stress function 

A® To 1 "1 /I 

j-jj|_2rlogr+^-^- -^Joos9. 
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{b) u'r = ar (figure 7) 
Let 


Pm — 0 — 


in (12) for all m, and Qm = ^ = Sm (W+2). 

Equations (16) and (17) give 


^2 = - 


[KX, 


^ 477(1 —O') 

The stress function is of the form 




X = — log ^ oos 20— r^d) + + Cir®j sin 0 


+ E U«’'"+^+0„7-»‘+H 


- E (. 

71=2 \ 




and the surface stresses are 


fr = [(2 log r + 3) sin 26 + 2g(l + cos 26)] ^ 2 - C^r j sin g 

- {n{n -l)A^r”^^+n{n+l)-^^+{n-2){n+l) C^r'^ 

+ {n + 2){n-l)^emnd, 

rb = — [(2 log r+3) cos 20—1 — 20 sin 20] + ~ Cj,/j cos0 

- l)A^r-^-{n+1 )(ri+1 ) O^r^-[n-oosnd, 
in which r takes the values a or 6. To make these equal to zero, the functions 


--- ,4^ —r0(cos20 + l) and -■ —r0sin20 

277(1-0-) ' ' 277(1-or) 

are expressed as series of sines and cosines respectively in the range — 77 < 0 < 77: 


where 

and 

where 


0(cos20+l)= a^sinnd, 

n=l 

= 4( — !)”+’■ {n^—2)jn{n^ — 4) (n. 4 = 2), 

a2 = -i 

00 

0sin20 = i0o+ E 0„cos7i0, 


6„ = 4(-1)~/(7i 2-4) (n+2), 

h = -i- 


Vol. 199, A. 
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In partictilar 6 o = - 1 , wMch. cancels the constant term of fB. The surface stresses 
vanish if, on substituting these series in rr and fB, the coefficient of each Gosnd or 
sinnd vanishes at /• = a and r = 6 . This gives the following equations: 


a? 


— 20ia 


2/m 

Snil-a-y 




47r(l —O') 


2A,-^+60,a^-?^ = ^_^^(2loga+B, 


n{n - l)Ana”^^+n{n+ 1 ) ^ +{n-2){n+l)C^a^ 

+ {n + 2){n-l)^ 

n^{n-l)A^a^^-{n+l)-^^ + {n+l)0^a^-in- 


2 /(g(-l)”+i(«, 2 - 2 ) 

~ 7r(l—o')«.(7i® —4) ’ 

^ 2 /tg(-l)”+i 

) 7T(l—a){n^—4:)’ 


and the same equations with a replaced by b. From these equations all the arbitrary 
constants may be determined for any values of a and b. 

The particular case 6 = 0 is that shown in figure 7; the displacements are zero at 
the axis of the cylinder but the stress components are singular there. The coefficients 
jB„ and Z)„ are all zero in this case, and the other constants have the values 


Cl = —/ia/377(l—<r)a, 

Az = /M{loga+ i)/47r(l -cr), 

<72 ==/ta/87r(l—cr)a®, 

= — /6a( — 1 )”/7r( 1—cr) {n^ — 4) a”~*. 
On = jMa( —l)"’/7r(l—cr)«(»+2)a”. 


The final stress components are then 


rr = 


JM 


47 r(l—cr) 

+ 4 S 

»-3 L 


St* / T 5\ 

— sin d+ 2 d(l+■ cos 20 ) +12 log-+ 21 sin 20 


'n{n—l) (rY'~^ {n—2){n+l)(r 
.n(n+2) 


-4 \a 


los 0 — 1 — 20 sin 20 +12 log ^+2 ~ ^^ 




Sr 


47 r(l—(r) \Sa 


+ 


n + 2\a) 

giving a logarithmic singularity at the s-axis, and a discontinuity in rr at the cut. 
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The displacements are given by 

2;{«, = j^j|^^^^[20(l-2cr+cos20) + (21ogr+l)sin20+S...], 

2/mg = —4(1—(r)logr —1 —2^sin2g + (21ogf+l)cos2^+S...], 

where S... indicates single-valued terms involving only positive powers of r. The 
displacements are therefore zero or constant at the a-axis, and may be made zero 
by a rigid displacement of the whole body. 


7. The general screw dislocation 


A screw dislocation is here defined as any discontinuity of w which 
of r only, independent of z. 

Consider equations (3), (4) and (5) for w independent of z. The only 
affected by w are 


^ rdd’ 


^ dw 


is a function 
stresses then 


and the equations of equilibrium are satisfied if 


dfz 1 ddz f? . 

dr r OP r 


i.e. if Vho = 0. 

It is therefore possible to satisfy the equations of equihbrium by a displacement 
w alone, provided to is a plane harmonic function. If w were not harmonic, but bi¬ 
harmonic, certain displacements and Ug would be required to maintain equili¬ 
brium. For the dislocations of this section harmonic forms of w are sufficient. 

Let the required discontinuity of w have the form 

w'=f{r) 

= (in 

Consider only w' = and later sum the solutions if desired. As shown in §6-a 
discontinuity of order m may come from the real or imaginary part of 

z™logz {z = x+iy), 

either of which is a plane harmonic function. To give a discontinuity at 6 = ±7 t take 
the imaginary part 

= Kr”^{logr sm.m6+dcosm6), 
which has the discontinuity O^r^ if 

K = CJ^-ir/2m. 

Further harmonic terms may be added in the form of sine or cosine series. The sine 
series is sufficient here since v> is odd in d: 

00 

w = r sin md+6 cos m6) -f S 4- B^r^) sin«0. (20) 

" 71=1 


35-2 
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This w satisfies the equations of equilibrium and causes the following stresses 
fr = O = 0B = zz = td, 

00 

71=1 

00 

^ = yB-fr““^[(mlogr+l)cosmd—TO0sinm^]+/f S TO(-4„r”'“^+5^r~^^)cosn0. 


The surface stress f^ onr = a, r = b may be removed by suitable choice of the 
coefiGicients and Their values are determined by expressing mdoosmd as 
a sine series 

00 

9ooamd= S a„sin»^, 

n=l 

where the are Fourier coefficients 


= ( — l)’"+”+^2TO/(n,2—m®) {ndpm), 
®m = - 

Then fz is zero at r = a, r = 6 if 

= Ka”^{ - 1 )>»+™ 2 m/(# - 
Anb”'—Bj^b-^ = —l)’'*+”2m/(»2—m*)J 

A^a'^—B^a-^ = —Za®(mloga+J)/m, 

= -Z 6 ™(OTlog 6 +i)/m, 

giving the values 


(%+m), 


= 2 Z(-l)®+“ 
= 2 F:(-!)’"+» 

ri, 



m 


[n^ 

—m®) 

{a^'^—b^) 


m 

^Qm+nf^2n __ 

(»2 

—m^) 

(a2™-62»i) J 


(w+m), 


^/(a^mioga—6®’"log6) 1 \ 

(a 2 m_J 2 ».) +^j> 

D _ ^(loga—log6)a2”^62m 
(a 2 m_ 52 m) * 

With, these values of jB^ it is found that the tractions acting across any plane 
z = constant reduce to a couple. For the force resultants vanish leaving only a 
couple of moment M 


Jf = 


dzr^dOdr 


= --liKm I I dsmmdr'^’^^dddr 
Jl J -7T 


If, therefore, the ends of the cylinder remain undisplaced, a torsional couple must 
be applied to them by the surrounding medium. If this couple is not applied the ends 
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rotate, so that the cut no longer lies along a generator of the cylinder, hut curves 

slightly about the axis, as shown in figures 4 and 8 . 

Mathematically the couple is removed by adding a simple torsion solution of the 

form ^ 

Uq = —rrz^ - 2 ^,. = 0 = 

The stresses from this are zero except 

dz = 

giving a resultant couple of moment M'l 

M' = /ir27rjr^dr 

= 6^). 

The moments M and ikf' are equal and opposite if 

The remaining surface stresses consist of shears B and dz on the ends of the cylinder 
such that the resultant forces and moments on each end are zero. Love { 19276 ) has 
shown that the stresses due to such sheam may be expressed in terms of Bessel 
functions, and that they decrease exponentially with increasing distance from the 
ends. If the length of the cylinder is large compared with its diameter the stresses 
over most of the body are accurately obtained by neglecting the local perturbations 
at the ends. The solution is then given by 

Uq — 4c{ — l)m+i _ 5m+2j rzl{m + 2) [a^—b% 

00 

w = Ki^Q-og r + 6 cos mB) + S + B^r-^) sm« 0 , 

where A^, have the values given above. 


8, Examples 

(a) w' = constant = a (figure 4) 

This is the simple or Volterra screw dislocation, which does not involve a dis¬ 
continuity of stress. 

Let m == 0 in (20) so that the required form is 

ad °° 

The stress B is given by 

00 

n—\ 


which vanishes on r = a, r = 6 if all and are zero. 
The other stress component is 

2m 

with resultant couple on the ends z = constant of moment 

27rr^dzdr = 6 ^). 


J, 
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If the ends are free, this couple is removed by adding an equal and opposite one 
by means of the solution ^ 

^ Uq-’-ttz, ^2: = —/^rr, 

which causes a resultant couple with moment 

^27Tr^{—[iTr)dr = — •|/67rr(a^—6^), 

on the ends of the cylinder. This cancels the first couple if 

a 

^ *” 7 T{a^+h^y 

The remaioing stresses at the ends are 

which have only a local effect on a long cylinder, and the elastic state due to the screw 
dislocation is given by 


^,. = 0 , -arzj7r{a^-hb^), w = ocdl27r. 

(6) w' = ar (figure 8) • 

Let m = 1 in (20), so that w has the form 

OLT 

w = ——(Iogrsin 54 - 0 cos^)+ S {A^r‘^+B^r~^)sm.nd. 

-uTT ' 

The stress fz from this w is discontinuous at the cut, 


rz 


= -^^(logr+l)sm 0 +^cos( 9 )+/i ^n{A^r”'-^-B^r-^^)^ne, 


and is to be made zero on r = a, r = 6 by suitable choice of A^, B^. The function 
6 cos d may be represented by a Tourier series in the range —7T<6<7r 

CO 

6cosd= 2 a^sinwd, 

71=1 

'"^tere a„ = (- !)’»2»/(»2 -1) (?i > 1), 

«i = -i 

Then fz vanishes at r == a, r = 6 if 


a (— 1 —6^+1) ^1 

7 T [a?'^ — 

a( ~ 1 (g2^6^-t-i - a^+i 62 u) 

7T{n^ — 1 ) — b^'^) 


{n > 1), 


, a /a^loga-ftaiQg;^ \ 

1 277 \ (a 2 _& 2 ) +^j’ 

p _ a a* 62 (ioga—log 6 ) 

277 (a^-b^) 
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The other shear stress dz has the value 

^25 = —^((logr"{-l)cos0 —^sin^)+/^ S 

n=l 

with a resultant couple on the 2;-plane of moment 
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dzr^dddr =^{a^—b^) [dBmddd 




li(x{a^—b^) 

' 3 ■ 


with resultant couple 


To free the ends of the cylinder a simple torsion solution is added as before: 

Uq = -TTZ, 

M = —\[mr(a^—b^). 

Therefore r is chosen to have the value 

2 (x{a?—b^) 


r = 


37 r(a^—6^)' 


The boundary surfaces are then free except for shear stresses on the ends which 
have zero resultant forces and moment. Their effect is negligible at a distance from 
the ends and the following solution is vaM: 




- 


2oc{a^ — b^)rz 
~Z 7 T{a^-b^) ’ 


ar 


w = ——{logrsmd-{-6cosd)+ S iAj^r^+By^r-^)smn6, 

91=1 

where - 4 ^, B^ have the values given above. 

If 6-^0, the displacements remain jSnite to the z-axis but the stresses have a 
logarithmic singularity there. The coefficients A^ and B^ approach limiting values, 

•4i-^^(l+21oga), 






t>l), 


and the corresponding solution is 


2arz 
37 ra ^ 


w 
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9. EQTJIVAIiEKT BISLOCATIONS 

In crystal physics a dislocation usually means a disturbed region in the crystal 
lattice, forming a boimdary between areas of a slip plane in which slip has and has not 
taken place. The disturbed state of the lattice is represented diagrammatically in 
figure 10 a, the slip plane being normal to the paper. It may be supposed that glide 
has taken place on the right of the encircled area, and not on the left, or vice versa. 
The lattice on either side has rejoined perfectly, so that only by examiniag the 
boundary of the crystal can it be decided whether the deformation is as in figure 106 
or 10c. 



a he 

Figueb 10 


The stresses around such a region are those of the first Volterra dislocation 
= a of figure 1, which is known as a 'line’ dislocation. 

The same singularity in the lattice could have been set up by removing one vertical 
row of atoms from the centre of the upper half plane in figure 10 a, without disturbing 
the lattice on either side. The centre would then be in tension above and compression 
below the slip plane just as before. This corresponds to the Volterra 'angle’ dis¬ 
location = a oi figure 2, which is equivalent to the line dislocation turned through 
a right angle. 

Figure 1 represents the condition of a crystal after slip has occurred in the {x,z) 
plane in the x direction, but only where x is negative, and figure 2 that of slip in the 
z) plane in the y direction, where y is negative. 

The screw dislocation of figure 4 corresponds to slip in the z direction in the {x, z) 
plane, again only where x is negative. Therefore if slip occurs in a limited region of 
a slip plane, the screw dislocation can form a boundary of the region parallel to the 
direction of slip, and a line (or angle) dislocation can form a boundary perpendicular 
to the direction of slip. A curved boundary to the region may be made up of short 
straight intervals of line and screw dislocations. 

In three dimensions suppose a finite rectangular block in the material is moved by 
one atomic distance in a direction parallel to one of its sides, as in figure 11. Axes 
(g, y, 1) are taken parallel to its edges as shown, and there are then line dislocations 
about £-axes, and line dislocations about ^-axes. A curved boundary surface of a 
displaced region may be composed of short intervals of such dislocations. 

__ Miiiiiniiir}^p-^ 

"■ t 


riGTJBE 11 
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Instead of being simply displaced relative to the snxromiding crystal, a certain 
region may suffer a uniform shear, as for example in the martensitic transformation. 
Figure 12 represents a rectangular block which has been sheared across (^, Q planes 
in the ^ direction, so that its upper surface ABCD slopes down out of the (g, Tj) plane. 



If there is only a finite number of slip planes evenly distributed between 14 and D, 
the line AD must be replaced by short steps with edges parallel to the ri- and ^-axes, 
and each step corresponds to a displacement as in figure 11. 

As the number of slip planes increases the steps Become smaller until the line AD 
is continuous as shown. But in the limit the linear distribution of Volterra screw 
dislocations may be replaced by one dislocation of the more general type = ar 
(figure 8). This was solved as an example in § 8 and leads to a discontinuity of the 
stress ^ across the (^, Q plane. An example of this occurred recently in some experi¬ 
ments by Nye. 

The limit of the line dislocations about the 9/-axis is the linear distribution = ocz. 
This is similar to that shown in figure 5 , but is not quite thg same since there w' also 
exists to give a pure rotation. The pure shear == az, w' = 0, could be readily 
obtained by superposing the solutions corresponding to figures 5 and 8. 

The limit of the line (or angle) dislocations about ^-axes evenly distributed along 
AD is a single angle dislocation about the axis AB of the type — ocr (figure 3 ). 

Thus in each case the limit of a linear distribution of dislocations involving a con¬ 
stant discontinuity is a single dislocation with a linear discontinuity. As further 
examples figure 6 represents the limit of a linear distribution along the 2;-axis of the 
dislocations of figure 2 , and figure 7 a hnear distribution along the negative a?-axis of 
those of figure 1. 

Mathematically this is only to be expected, and has the obvious coroUary that the 
limit of a Imear distribution (along a co-ordinate fine) of dislocations involving 
discontinuities proportional to the mth power of that co-ordinate is a single dis¬ 
location with discontinuity proportional to the (m-f l)th power. 

10. CONCJLUSIOH 

It has been observed that plastic flow in single crystals occurs in narrow bands of 
high deformation separated by regions subject only to elastic stresses. These elastic 
stress can now be calculated by replacing the slip bands by the apprc^iiate dis- 
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locations, as indicated in this paper. It therefore becomes possible to estimate the 
energy stored in the material by such stresses if the amount of dislocation in the 
slip band is known, or, conversely, if the stresses are measured experimentally, to 
determine the dislocations in a slip band- 

^ The theory given here by no means exhausts the field, but endeavours to show that 
quite general discontinuities in an elastic material, including those caused by plastic 
ghding, may be investigated by this elastic theory of dislocations. 

I wish to thank Mr W. R. Dean for continual helpful suggestions and advice during 
the course of this work, and the Department of Scientific and Industrial Research 
for a grant. 
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The pyrolysis of methane, ethane and w-butane on a 
platinum filament 

By a. j. B. Robertson, The Davy Faraday Research Laboratory 
of The Royal Institution 

{Cornmunicated by E, K, Rideal, F,R,S,—Received 4 May 1949 ) 


A mass spectrometer of high sensitivity and low resolving power was constructed and used to 
examine the nature of the reactions of methane, ethane and n-butane on an incandescent 
platinum filament at pressures of the order of 10”® mm. Free radicals evolved from the 
filament could be directly detected by ionizing them with low-energy electrons. 

The primary dissociation of methane on platinum at about 1000° C gave methyl radicals, 
but no methylene radicals could be detected. About 1 in 300 of the collisions of the methane 
on the platinum led to reaction. Further reactions of radical recombination and hydrogen 
transfer gave ethane, propane and butane, and part of the ethane was dehydrogenated on 
the platinum to ethylene. The extent of this dehydrogenation was the same as that observed 
with pure ethane. No free methyl or ethyl radicals could be detected in the dehydrogenation 
of ethane to ethylene at 950° C. Higher hydrocarbons and methane were not formed. The 
presence of methyl radicals from methane in the ethane did not bring about any further 
dehydrogenation of ethane. This reaction was concluded to be a molecular dehydrogenation. 
Ethyl radicals were detected from the p 3 ^olysis of n-butane at 1050° 0. The main products 
were ethane and ethylene and traces of unidentified higher hydrocarbons. No C 3 hydro¬ 
carbons and only a trace of methane were observed. Thus the butane -underwent a selective 
fission at the central carbon-carbon bond. CJonsideration of bond dissociation energies in 
butane shows that this selective fission very probably arises from the influence of the platinum 
catalyst and not from a property of the butane molecule itself. 



Pyrolysis of hydrocarhons 

iNTBODTTCTIOlSr 


395 


The interpretation of the results of both homogeneous and heterogeneous pyrolysis 
of hydrocarbons in terms of the elementary chemical reactions involved is not yet 
clear. The products arising from the initial reaction are frequently less stable than 
the parent hydrocarbon, and may undergo extensive decomposition or reaction, 
thus obscuring the initial process. Even when detailed analyses are made at suc¬ 
cessive stages of decomposition, and extrapolation to zero decomposition is used to 
determine the products of the primary reaction (Schneider & Frohlich 1931; Neuhaus 
& Marek 1932) uncertainties may arise in deducing the initial mode of breakdown 
of the hydrocarbon. Thus, in the case of methane, the initial production of methylene 
radicals in the homogeneous pyrolysis has been postulated by Kassel (1932), and 
Belchetz & Rideal (1935) obtained methylene iodide by interaction of the products 
of the heterogeneous pyrolysis of methane on platinum and carbon with an iodine 
mirror distant about a mean free path from the origin of the products, which seemed 
to be direct evidence for methylene radicals. Rice & Dooley (1934) and Rice (1939), 
however, obtained with tellurium mirrors evidence only for methyl radicals, from 
both the homogeneous reaction and that on platinum. Again, Eltenton (1947), 
using a mass spectrometer for detecting free radicals, observed methyl, but no 
methylene radicals, from the decomposition of methane in a quartz vessel or on a 
carbon filament. 

With ethane it is not certain whether the homogeneous decomposition to ethylene 
and hydrogen proceeds by a primary fission of the molecule to two methyl radicals^ 
followed by the reactions 

CH3 + C,Hs = CH^ + CA, (1) 

C3H3 = C2H,+H, (2) 

H 4 -C 2 H 3 = C2H5+H2, ( 3 ) 

as postulated by Rice (1931), or whether a direct molecular dehydrogenation occurs, 
or, indeed, whether both processes of decomposition occur simultaneously (Staveley 
1937). With a dehydrogenating catalyst, such as chromic oxide gel, it seems im¬ 
probable that the dehydrogenation proceeds by fission to methyl mdicals which 
escape into the gas phase, and a subsequent chain reaction. Collision of ethane 
molecules with a tungsten filament at high temperature, however, gives, according 
to Eltenton (1947), methyl radicals in the gas phase; whereas Belchetz & Rideal 
(1935), using a carbon filament, could find no evidence of free radical formation and 
concluded that the primary reaction was a molecular dehydrogenation. 

The homogeneous decomposition of ?^-butane and the higher saturated hydro¬ 
carbons is generally considered to proceed largely by carbon-carbon bond fission 
reactions, and the extent of direct dehydrogenation to the corresponding olefines is 
usually small. Earlier workers represented these reactions by a series of equations 
for rupture of the carbon chain at any point with formation of a paraffin and olefine 
(Thorpe & Young 1873; Gault & Sigwalt 1927; Hague & Wheeler 1929). For 9^-butane 
the relative probabilities for the fission of the different bonds can be computed 
from the ratio (CgH^ 4- C2H4)/(0H4 4 * CgBEg) only if chain reactions are not involved, 



396 


A, J. B. Robertson 


for, as Rice (1931) has observed, the most probable mechanism for a chain reaction 
is the interaction of any primarily produced free radical with butane to give either 

CH3CH2CH2CH2— or CH3CH2CHCH3, which, at the temperatures used in homo¬ 
geneous pyrolysis, decompose respectively, for the most part, into ethylene and an 
ethyl radical and propylene and a methyl radical (Frey & Hepp 1933). Interaction 
of these radicals with butane continues the chain, and if this is of appreciable length 
the products are almost entirely determined by the relative proportion of the two 
different butyl radicals formed and not by the point of primary rupture of the butane 
molecule. In fact, Frey (1934) has initiated a chain reaction in butane with methyl 
radicals, and observed the normal pyrolysis products. 

The earlier view that the action of cracking catalysts (e.g. alumina-silica) on the 
higher hydrocarbons was primarily that of a source of heat (e.g. Howes 193®) bas 
not been confirmed by detailed analytical comparison of thermal and catalytic 
cracking (Egloff, Morrell, Thomas & Bloch 1939; Greensfelder & Voge 19455 Ha^nsel 
& Sterba 1948). The higher hydrocarbons when catalytically cracked tend to give 
molecules containing three or more carbon atoms. The proportion of methane and 
C2 hydrocarbons is smaller in the products of catalytic cracking than in those of 
thermal cracking. If the mechanism at temperatures of 500 to 600 ° 0 involves 
acceptance of protons or hydrogen atoms by the catalyst, followed by carbon-carbon 
bond fission and donation of a proton or hydrogen atom to the ion or radical, in 
agreement with observations on deuterium exchange (Hansford 1947; Parravano, 
Hammel & Taylor 1948), then the catalyst must have a selective effect on carbon- 
carbon bond fission, since with this mechanism the distribution of products indicates 
the relative probabilities of fission of different bqnds. The first and second bonds are 
relatively inert. The correlation of this selective action with the nature of the 
catalyst, together with the further problem of the basis of the difference between 
cracking and dehydrogenation catalysts, is by no means clear. 

It therefore seemed of interest to examine the pyrolysis of methane, ethane and 
7^-butane on a platinum filament with particular reference to the direct detection of 
free radicals with a mass spectrometer, under conditions such that the primary 
products of pyrolysis could be observed. The possibility of directly detecting free 
radicals with a mass spectrometer has been shown by Hippie & Stevenson (1943), 
and particularly by Eltenton (1942,1947), who has also discussed the validity of the 
underlying assumptions of the method. 

I 

ExPESmEOTAL IVEETHOD 

The gas under examination at a pressure of 10”^ to mm. was passed over a 
heated platinum spiral placed in the ionization chamber of a mass spectrometer. 
The products of pyrolysis and excess unchanged gas passed directly into an electron 
beam, where positive ions were formed. These were subjected to a mass resolution 
with electric and magnetic fields, and the positive-ion current for different masses 
was determined. When detecting free radicals, the energy of the ionizing electrons 
was maintained above the ionization potential of the radical, but below the critical 
potential (appearance potential) for the formation of the charged radical by electronic 
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dissociation of the parent molecule or a decomposition product. Both this method 
and a study of the mass spectra obtained with electrons of suflScient energy to produce 
extensive fragmentation of the hydrocarbons were used to investigate the formation 
of more stable products. 

Data on ionization and appearance potentials show that in studying the formation 
of methyl and ethyl radicals, a mass spectrometer of high sensitivity, rather than 
high resolving power, is required. The pyrolysis of methane on platinum forms, as 
shown later, ethane, propane, butane and ethylene. Reference to data on the 
ionization of the methyl radical (Hippie & Stevenson 1943) and the electronic dis¬ 
sociation of methane (Hippie & Stevenson 1943; Smith 1937), ethane (Hippie 1938), 
propane (Stevenson & Hippie 1942a) and butane (Stevenson & Hippie 19426) shows 
that in detecting free methyl radicals formed by the pyrolysis of methane, electrons 
of energy between 10 and 14 eV must be used for bringing about ionization. At these 
potentials the data of these authorities do not show any formation of CH^ from the 
aliphatic hydrocarbons or ethylene, and the only contribution to the GH^ ion is 
from methane itself, ionized at 13 eV (Honig 1948). Again, ethyl radicals must be 
detected below the ionization potential of ethylene (10-6 eV) to avoid interference 
from heavy ethylene, ^^CHg^^OHg. At this potential ethane is not ionized. Thus the 
study of free methyl and ethyl radicals by mass spectra depends on the observation 
of very small positive-ion peaks with neighbouring peaks which either vanish or are 
themselves small. The situation is different from that in work with isotopes, where 
a small peak must be accurately measured in relation to a much larger neighbouring 
peak. 

The maas apectrometer 

Figure 1 shows two sections of the general arrangement. The hydrocarbon flowed 
into tube T through a fine capillary tube, and passed over the heated platmum 
spiral B of geometrical surface area about 0-3 cm.^. The products of p3rrolysis passed 
through a grid covering a large hole in the electrode O, and thence into the electron 
beam jB, emitted from the oxide-coated nickel filament F and controlled by the 



Figuhe 1. The mass spectrometer, 
positive ion path. ^=70® approx. 
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electrodes D, and 0 ^. To avoid interference from products formed on F, it was 
enclosed in the copper box D, containing a slit 8^ for the electron beam, and D was 
connected directly to a pumping lead. The positive ions were drawn out of the 
electron beam by a potential between G and an electrode containing a slit and 
accelerated through into an earthed semicircular copper tube between the poles 
P-i of a permanent magnet producing a field of 2100 oersteds. Ions with the proper 
mass/charge ratio were deflected through 180 ° and emerged through a slit 8^ (not 
shown in the figure). All the electrodes, including the whole semicircular copper tube, 
were enclosed in an envelope of W. 1 sealing glass. All the electrodes were of copper, 
except the grids, which were of brass. The entire magnetic analyzer with slits 8-^, 8^ 
and 82 was constructed outside the glass envelope and introduced when alined into 
the glass tube. A small auxiliary electromagnet was used to straighten the lines 
of force in the region of the electron beam. 

In examining mass spectra the initial drawing-out field between 0 and 81 was kept 
at a constant fraction of the final accelerating field between 8^ and 8^, so that ions of 
different mass would foUow the same path in the source region (Jordan & Coggeshall 
1942). The positive-ion current for various masses was passed through a resistance of 
5 X 10 ^® £ 2 , and the potential produced measured with an electrometer tetrode valve 
and galvanometers of sensitivity 450 and 4000 mm.//^A operating in the circuit of 
DuBridge & Brown (1933)* Mercury cut-offs and cold traps were employed m the 
pumping and inlet leads to keep tap grease out of the mass spectrometer. The 
pressure in it was measured with a McLeod gauge with a compression ratio of 
10®: 1. The slit sizes were: 81 = 8^ = —lx ll mm., 8^== 2 x 9 mm. These large 

slits gave adequate sensitivity, but low resolving power. 

Gonditions for detection of free radicals 

For radicals with a molecular velocity corresponding to the temperature of the 
platinum filament at 1000° C, the necessary lifetime to reach the electron beam is 
7 /isec. for methyl and 10 /tsec. for ethyl. For CHJ in an initial field of 65 V/om., 81 
is reached in 0*86 /^sec., and ^2 in a further 3-9 x lO^® sec., the ion finally emerging 
through 82 into a Faraday cylinder after a farther 2-3 /^sec. The ion takes 

approximately twice as long. Thus for detection the radicals and their positive ions 
must be stable for several million molecular vibrations. The dissociation of the 
CgHJ ion to CgHf and Hg in this time is slight (Hippie, Fox & Condon 1946). 


Mateeials 

Methane was prepared by reduction of methyl iodide with a copper-zinc couple, 
washed with fuming sulphuric acid and potash and dried over phosphorus pentoxide. 

Ethane was prepared by hydrogenation of cylinder ethylene on a reduced nickel 
catalyst supported on pumice. It was washed with f umin g sulphuric acid and potash, 
dned over phosphorus pentoxide, condensed at hquid-air temperatures and excess 
hydrogen pumped off. 

Butane from a cylinder was dried over phosphorus pentoxide. 
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Pyrolysis of methane 

With the platinum filament at temperatures from 920 to 1050° 0 (estimated with 
a disappearing filament pyrometer) the formation of methyl radicals was obserred. 
No methylene radicals could be detected. In some experiments the methane was 
passed over the hot filament for some time and a steady state reached; in others the 
effect of turning the filament-heating current on and off was examined. For both 
methods a long preliminary heating of the filament in vacuo was required for quan¬ 
titative observations, since it and its leads evolved gases, particularly carbon 
monoxide, on first heating. A temperature of 1100° C was used for this. Without 
the preliminary heating the gas evolution from the filament could lead to scattering 
of the positive-ion beam. Heating the fiOiament in methane also led to the appearance 
of higher hydrocarbons, ethane, propane, butane and ethylene being detected. 
Acetylene was not detected. An accumulation of positive charge on the electrodes, 
was also observed on pyrolysis of methane. AH the positive-ion peaks moved slowly 
to a lower value of the accelerating voltage, and the electron energy between 0 ^ 
and increased, as could be seen by an apparent decrease of all the appearance 
potentials. This charge contamination effect was sometimes as great as 8 V. Thus it 
was important to check aU contact potentials when observing free radicals, by 
reference to the ionization efficiency curve of some gas present, keeping the ion source 
conditions constant. 

The charge contamination was only observed throughout the investigations when 
higher hydrocarbons were formed; it was therefore thought to be due to rather large 
hydrocarbon positive ions adhering, without being immediately discharged, to 0 ^, 
(?3 and the electrode containing and thus shghtly increasing the potential of the 
region from which the ions were drawn out, with respect to the filament F and the 
earthed copper tube. When the platinum filament was cooled the peak positions 
drifted back to their normal values in a few minutes. The CH^ current due to free 
radicals disappeared at once on cooling this filament. 

The platinum filament gradually lost its catalytic activity with use. It could be 
again activated by heating at 1100° 0 in oxygen at a few mm. pressure for 12 hr. 
This poisoniog seemed to be due to deposition of carbon, in agreement with the 
findings of Kubokawa (1937). The residual carbon dioxide in the mass spectrometer 
was muc^ greater immediately after the activation than before it, m agreement with 
this view. The activity of the filament was somewhat greater in the first experiments 
on methyl radicals from methane, carried out before the wire had been given the 
activation treatment, than it ever became later after several activations had been 
carried out. Some unknown factor of the surface state of the platinum seems to be 
involved. The rate of catalytic combination of hydrogen and oxygen on platinum 
at room temperature depends on the previous treatment of the platmum (Chapman 
& Eeynolds 1936), but with the platinum at 700 to 1900° K its previous treatment 
does not seem of importance, provided it is not exposed to specific poisons (Lang¬ 
muir 1921). Even the exceptionally strong poisoning effect of hexamethyldisiloxane 
on platinum is removed by heating to 1440° K in vacuo (Savage 1948). Thus our 
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preliminary lieatmg of the platinum at 1100° 0 followed by its long exposure at 
1000° C to the methane should not leave sufficient foreign materials on the surface 
to alter the nature of the ifeactions, which were observed to remain qualitatively the 
same over a period of nearly a year, and when the platinum was heated with no 
preliminary outgassing. It seems unlikely, however, from electron-emission studies 
(Oatley 1939; Whitney 1936), that this treatment gave a truly clean platinum 
surface. 

The steady-state partial pressures of the ethane, propane and butane formed in 
the mass spectrometer ionization chamber by flowing methane at a partial pressure 
of 2*9 X 10"“^ mm, over the freshly activated platinum fllament at 1020° 0 were 
determined. The positive-ion current for the ion was measured to obtain the 
ethane pressure. A peak in the CJELfo region, identical in shape with one given by 
pure butane in the apparatus, was measured to obtain the butane pressure. The 
CjHf ion was chosen for propane to avoid residual carbon dioxide. The apparatus 
was calibrated with ethane and butane. Table 1 gives some figures obtained. 


Table 1, Peodtjots oe pyeolysis oe metbake 
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— 
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14,100 

50 
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3 X 10-5 

3 

1,860 

— 

— 
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The positive-ion current from any gas is proportional to its pressure in the mass 
spectrometer and to the electron beam current. Taking the whole of the observed 
currents for and CgH^, when methane is pyrolyzed, as arising from butane 
and ethane respectively, the cahbrations give the partial pressures as 1*4 x lO-'^ and 
1*6 X 10”® mm. with an error estimated as ± 40 %. The contribution of the butane 
formed from methane to the OsH^ current is readily calculated from the C4Hi5i 
current to beT7*6 x 10”^® amp. (Stevenson & Hippie 19426). Thus the contribution 
from propane is 66*4 x 10”^® amp. Prom the relative ionization efficiency data of 
Roberts & Johnson (1948), this can be converted to a pressure of propane from the 
calibration figure of butane. The partial pressure of propane is then 7-3 x 10“^ mm. 
(± 80 %). The error here is greater since the calculation is not based on a direct 
calibration. Assuming the gases to be pumped away at a rate inversely proportional 
to the square root of their molecular weights, the molar ratio in which ethane, pro¬ 
pane and butane were formed is 16 : 6 :1. Ethylene was also formed, as mentioned 
below. The rate of flow of methane through the apparatus, at the same pressure of 
methane, was determined in a separate experiment. It was 9 x 10^® mol./sec. This 
with the analytical data enables the absolute reaction rate to be computed. 

The conditions for the detection of methylene radicals are favourable, although 
they were not found as products of the pyrolysis. The ionization potential of the 
radical is about 11*9 eV (Langer & Hippie 1946), whereas the appearance potential 
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of CHf is 19 eV from ethylene (Kusch, Hustrulid & Tate 1937), 20 eV from methane 
(Koffel & Lad 1948), and 16 eV from ethane (Hippie 1938). Our findings on platinum 
are in agreement with those of Eltenton (1947), but do not confirm the conclusions 
of Belchetz & Rideal (1935)* Their conclusions depend on the formation of methylene 
iodide on an iodine mirror. At the pressure they w'orked at (0-1 mm.) the reaction 

CHg + CHs^CH^+CHa (4) . 

(Bawn& Tipper 1947) might occur in the heated gas between the filament and iodine 
mirror. A further possible complicating factor is the reaction 

OH3 + OH3I = CH4 -f CH3I, ( 5 ) 

postulated by several workers (Bawn 1939; West & Schlessinger 1938) followed by 

CH3l+I = CH3l2 (6) 

in presence of the excess of iodine. Emschwiller (19S2), indeed, has obtained 
methylene iodide by irradiation of methyl iodide. Thus the experimental detection 
of methylene iodide by Belchetz & Rideal is not inconsistent with the primary 
formation of methyl radicals. 

Pyrolysis of ethane 

The pyrolysis was examined at pressures of 1 to 7 x 10~^ mm. with temperatures 
of the platinum fiOlament up to 950° C. The relative positive-ion currents due to 
C2H^, C2H^ and CgH+as compared with C2H^ were examined, using electrons 

of energy 50 eV. Even at the higher pressures these ions were separated sufficiently 
for ethylene to be determined in the presence of ethane, as may be seen from figure 2, 
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showing a mass spectrum of ethane at 5 x 10 ® mm. pressure. The separation of 

jfrom CgH^" was very poor, and no quantitative conclusions were drawn from 
measurement of the CgH^ current. Comparison of data obtained with the platinum 
filament cold and at 950° C showed that ethane present at these pressures was 
dehydrogenated on the hot filament to ethylene to the extent of about 20 %. It was 
not necessary to activate the filament to bring this about. The formation of methane 
and hydrocarbons of greater mass than ethane was not observed, although the 
reaction of 0-2 % of the ethane to give these products should have been observable. 
No acetylene was observed, but the sensitivity here was less. The charge contamina¬ 
tion effect observed on pyrolyzing methane was not observed with ethane. A direct 
search for methyl and ethyl radicals with low-energy electrons failed to reveal any 
with the platinum filament at 950° 0. Thus the observed effect of the platinum 
filament on ethane was to bring about a molecular rearrangement to ethylene 
and hydrogen- Any dissociation to methyl or ethyl radicals, which could appear in 
the gas phase, if it occurred at aU, must have been to a very hmited extent. 

Comparison of ethylene formation from ethane and methxine 

Using the same electrical conditions and filament temperature, a comparison was 
made of the relative formation of ethylene from ethane and methane. With the 
filament freshly activated and at temperatures up to 960° 0 the ratio of the ion 
currents due to CJEL^ and CgH^ was observed, with 50 eV electrons. These ions 
were used to avoid interference by residual carbon monoxide. Within the limits of 
error, this ratio was the same when ethane and methane were p3rrolyzed. Thus the 
bulk of the ethylene formed from methane could be accounted for as a secondary 
product formed by dehydrogenation of ethane. In these experiments no calibration 
was required, and thus errors were minimized. It was estimated that not more tKan 
20 % of the ethylene formed from methane was formed in some other way.. 

' Pyrolysis of u-hutane 

Here the possible primary reactions are dehydrogenation and fission of the central 
or end carbon-carbon bonds. At a pressure of 3 x 10"^ mm. and with a filament 
temperature of 1050° C about 16 % of the butane decomposed, according to the 
diminution of the positive-ion current in the and regions, on heating 
the previously outgassed filament. Ethane and ethylene were the only two major 
products observed in the mass range covering C4 to hydrocarbons. Measurement 
of the CgH^ and CgH^ currents, and correction for the contributions of butane and 
ethane to this latter, gave the molar ratio in which ethane and ethylene were present 
as 1: 1-5 (+ 50 %). Thus when allowance is made for the secondary dehydrogenation 
of the ethane, these products were formed in roughly equimolar amounts. The 
sensitivity for C3 products was not very great, since the butane contributed greatly 
to the various C3 ion currents. No clear evidence for the formation of propane or 
propylene could be obtained. The formation of a trace of methane was observed by 
study of mass 16. The conclusion reached was that decomposition to ethane and 
ethylene was at least five times more probable than decomposition to methane and 
propylene, and the ratio was probably greater. 
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The extent of dehydrogenation of the butane to butene or butadiene was in¬ 
vestigated by examining the shape of the positive-ion curve in the O4 region with the 
platinum filament hot and cold. The ordinary method of analysis could not be used 
because of the limited resolving power of the apparatus. Figure 3 shows a curve 
obtained with the filament at the temperature of the mass spectrometer (50° 0), and 
figure 4 a curve with the filament at 1050° C. The two curves are practically identical 
in shape. The position of the maximum is displaced by 5 V wdth the filament at 
1050° C by the charge contamination effect, which was again observed on pyrolysis 
of butane. Formation of butenes would be revealed by a bulge on the side of the 
curve at a voltage corresponding to mass 56. Such a bulge is visible (because of the 
electronic dissociation), but it is not increased by pyrolyzing the butane. To make a 
more sensitive test for butenes, electrons of very low energy were used so that the 
peak was 3 ust observable. Since the ionization potential of the various butenes 
is 1 eV or more below that of butane, any appreciable dehydrogenation of the 
butane on the platinum and evaporation of butenes should then have produced a 
considerable change in the shape of the positive-ion ourve^ Neither the butenes 
nor butadiene were detected. Thus the decomposition involved carbon-carbon bond 
fission, as is also the case for the homogeneous pyrolysis. This bond fission on 
platinum seems to be rather selective, and if carbon-hydrogen bonds are broken and 
butene molecules formed, these do not evaporate before undergoing further reaction. 



Ftgxjke 3. Positive ion curve from, butane. Figtieb 4. Positive-ion curve from 

50 eV electrons. pyroly^ed butane. 

Higher hydrocarbons were searched for in the mass range 60 to 100. The resolving 
power in this region was small, but two distiaot peaks appeared on pyrolyzing 
butane. Figure 5 shows an ion curve obtained with 35 eV electrons (to dimmish the 
Hg++ peak) with butane at 1 x 10“® mm. pressure passing over the platinum filament 
at 1050° C. The outrents due to higher hydrocarbons are very small compared with 
that of the 04Hio ion. There are two distinct maxima in the current curve, corre¬ 
sponding within 3 mass units, to singly chaiged ioi^ of inass 84—86 and 70—71, the 
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ratio of currents being 1; 0*8. Peaks at these masses are prominent in the mass 
spectra of several of the CgHi4 and CgH^g hydrocarbons. With the limited resolving 
power an identification of any Og or Cg hydrocarbons present could not be made, but 
it is clear that at least one higher hydrocarbon must be formed. 

A direct search for free ethyl radicals was made. The and CgH^ currents 
were sufficiently separated in the mass spectrum of pyrolyzed butane to enable them 
to be compared, as may be seen from figure 6. The currents were compared at 
diminishing electron energies until the current vanished. On increasing the 
butane pressure in the ionization chamber to almost 10^ mm., a small current due 
to OgH^ was detected at a potential nearly 0*5 eV lower than the ionization potential 
of ethylene. A current of nearly 1 x 10“^® amp., which must have been due to ethyl 
radicals, was obtained with a filament temperature of 1050° C. Therefore the 
heterogeneous pjrolysis formed free ethyl radicals which could escape into the gas 
phase. 

Discussion 

The very low pressure of the reactant and the short distance between the in¬ 
candescent filament bringing about the reaction and the electron beam and its 
associated electrodes are favourable for the study of the nature of the primary step 
in the pyrolysis of the hydrocarbons, but they are not favourable for the exact study 
of the various secondary reactions which may be brought about by free radicals 
liberated from the filament. In general, any such radicals will collide with a surface 
in the mass spectrometer more frequently than with a molecule in the gas phase, 
since thpir mean free path is considerably greater than the dimensions of the 
apparatus. The secondary reactions, such as radical recombination, probably occur 
very largely as surface reactions (Paneth & Lautsch 1931). The conditions are some¬ 
what arbitrary for any detailed study of these reactions, since'many different kinds 
of surface are present in the spectrometer and their state is uncertain. Thus the 
results of studies of the homogeneous gas-phase reactions of free radicals are not 
directly comparable with those given here. 

Direct detection of free radicals shows that methane on an active platinum fila-’ 
ment at about 1000° C is dissociated to methyl radicals and no methylene radicals 
can be detected. The formation of propane and butane from methane shows that 
some ethyl radicals are probably present in the system, and radical recombination 
of methyl and ethyl gives ethane, propane and butane. A probable mechanism for 
the formation of ethyl radicals is reaction (1). The ethane itself does not give observ¬ 
able ethyl radicals on reacting on the platinum, but forms ethylene. It is con¬ 
ceivable that a further source of ethyl radicals in the methane system is the reaction 
of this ethylene on the platinum wire with hydrogen atoms from methane, followed 
by evaporation of an ethyl radical. Further reactions of the type of (1), e.g. 

CHg + C4H10 != CH4+C4B[g, ( 7 ) 

followed by C4Hg-f C4Hg == OgHig, (8) 

probably account for the charge contamination of the electrodes which is observed 
when methane is pyrolyzed. This effect was not observed when butane was present 
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in the mass spectrometer with the platinum wire cold, and still larger hydrocarbons 
are probably formed from methane. 

Bimolecular recombination reactions such as (8) in the gas phase have low- 
activation energies and very small steric factors (Bawn i93S)* Hydrogen transfer 
reactions such as (1), (3) and (7) also have low activation energies (Rice & Teller 
1938; Smith & Taylor 1939). Thus our experimental conditions favour such reactions 
as compared with radical decomposition reactions such as (2) requiring appreciable 
activation energies. Some of the methyl radicals formed from methane probably 
react mth ethylene ^ ^ ^ 

the propyl radical giving propane by reaction with methane, and combining with 
methyl radicals to form butane. Eltenton (1947), however, has shown that methyl 
radicals disappear more rapidly in ethane than in ethylene. Since more ethane than 
ethylene is present when methane is pyrolyzed, (1) should be more frequent than 
(9). Thus the yield of propane is considerably greater than that of butane. The 
absence of butane when ethane is pyrolyzed shows that it is not formed by com¬ 
bination of ethane and ethylene on the hot platinum. 

The absolute rate of the dissociation of methane can be calculated from the 
experimental results. The flow of gas away from the mass spectrometer ionization 
chamber is molecular streaming through a tube; therefore, a gas of molecular weight 
Jf at a partial pressure p is pumped away at a rate proportional to By 

experiment, methane at a pressure of 2-9 x 10“^ mm. is pumped away at a rate of 
9 X 10^® moL/sec. Therefore ethane, at its observed pressure, when methane is 
pyrolyzed, of 1-6 x 10”® mm. is pumped away at a rate of 3-6 x 10^^ moL/sec. Since 
a steady state is reached, the rate of transformation of methane to ethane is 
7-2 X 10^^ mol./sec. With 20 % of the ethane formed dehydrogenated to ethylene, 
the rate of transformation of methane to ethane plus ethylene is 9 x 10^^ mol./sec. 
By a similar calculation for propane and butane, the total rate of removal of methane 
is 1-4 x 10^ mol,/sec. The number of collisions of methane with the platinum is 
4-3 X 10^® mol./sec. Thus 1 collision in 310 brings about reaction, assu ming the true 
area of the platinum to equal its geometrical area. This figure is subject to uncertainty 
by a factor of 2 or 3. The absolute rate of reaction, however, is clearly very great. 
The mechanism cannot involve thermal activation of the methane molecules on the 
platinum, followed by a monomolecular decomposition m the gas phase. In such 
a case the molecules would have to decompose in about 10 /^sec,, before they were 
deactivated by collision with a cold surface. The fraction able to decompose in this 
time should be of the order of 10”® x 10^® exp (—102 kcal./l? T), since the C-H bond 
dissociation energy in methane is 102 kcal./g. mol. at 20® C (Kistiakowsky & Van 
Artsdalen 1944)- At 1000® 0 this fraction is 10”®*®. The platinum clearly exerts a 
most powerful catalytic effect on the decomposition of the methane. Some experi¬ 
ments of Beeck (1935, 1948) also reveal a great catalytic effect of platinum on some 
hydrocarbon reactions at low pressure, and he states that the presence of water 
vapour facilitates this effect. In all our experiments, water vapour could be detected 
in the mass spectrometer, and this may be significant m considering our high 
absolute reaction rate. 
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The ethylene formed when methane is pyrolyzed can, within the limits of experi¬ 
mental error, be entirely ascribed to the secondary reaction of the dehydrogenation 
of ethane formed by the combination of the primarily generated methyl radicals, if 
it is assumed that the efficiency of the ethane dehydrogenation is the same in the 
presence of excess methane as in the ethane-ethylene-hydrogen system. The efficiency 
may be slightly less, because when methane is present some hydrogenation of 
ethylene by atomic hydrogen could occur. This effect, however, is probably counter¬ 
balanced by small contributions to the formation of ethylene m the methane system 
from decomposition of propane and butane. The contribution to the formation of 
ethylene in the methane system by other mechanisms than that of the dehydro¬ 
genation of ethane cannot be great. The extent of dehydrogenation of the ethane is 
much less than that corresponding to the ethane-ethylene-hydrogen equilibrium, 
which at these very low pressures is almost whoUy in favour of ethylene and hydrogen. 
Thus it must be determined by the reaction rate of ethylene formation. The con¬ 
tribution to this from decomposition of propane and butane and from disproportiona¬ 
tion of ethyl radicals cannot be great. In fact, the experimental data show that the 
dehydrogenation of ethane at 950° C occurs to a greater extent than the decom¬ 
position of 71-butane at 1050° 0. No quantitative estimate of the relative importance 
of combination and disproportionation of ethyl radicals can be made from the data, 
since the yield of butane is smaller than that of ethylene, and butane is probably 
formed both from propyl and methyl radicals and from ethyl radicals. The dis¬ 
proportionation of methyl radicals to methane and methylene radicals, followed by 
dimerization of methylene to ethylene, cannot be an important source of ethylene. 
This is also true for the homogeneous gas phase reactions of methyl radicals (Bawn & 
Tipper 1947). Again, the methyl radicals formed from methane do not react to any 
significant extent according to 

CH3+CH3=C2H4 + H2. (10) 

The decomposition of ethyl radicals according to (2) must occur to only a slight 
extent compared with the radical association reactions of ethyl with itself and 
methyl. 

When methane is p^olyzed, methyl radicals are present, and the existence of 
ethyl radicals may be inferred, but pyrolysis of ethane alone gives insufficient of 
either radical for detection. The ethane formed from methane also imdergoes 
pyrolysis on the filament, but in this case methyl radicals are present frcmi methane. 
Since the ethane/ethylene ratio is the same when pure ethane and methane are 
pyrolyzed, the introduction of methyl radicals into ethane at the very low pressures 
used does not bring about much, if any, frorther dehydrogenation of the ethane to 
ethylene. Thus, since the platinum filament brings about dehydrogenation of ethane, 
the primary reaction of the ethane on the platinum cannot be a fission to methyl 
radicals which evaporate into the gas phase. Thus in this case the scheme of Rice, 
whereby the dehydrogenation proceeds by a primary rupture to two methyl radicals, 
is by no means supported. Further, of the secondary reactions (1), (2) and (3) of 
Bice, the experimental evidence is against the occurrence of (2) to any significant 
extent when ethyl is present, and since methane is not formed appreciably, (1) does 
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not occur when ethane is pyrolj^ed. All the results with methane lead to the con¬ 
clusion that a primary scission of ethane to methyl radicals would be followed by (1) 
and association reactions giving propane and butane, and higher hydrocarbons by 
reactions such as (7) and (8). This was not observed. Again, no charge accumulates 
on the electrodes when ethane is pyrolyzed, which seems to indicate that very large 
hydrocarbons are not formed. Thus one may conclude that the heterogeneous 
reaction of the formation of ethylene from ethane on platinum at about 950° C 
proceeds very largely as a direct molecular dehydrogenation on the catalyst, and 
free radicals are not evolved from the catalyst. This conclusion is in agreement with 
that reached by Belchetz & Rideal (1935) from their investigation of the pyrolysis on 
carbon at 1450 to 1800° 0, and with the reverse molecular addition of hydrogen to 
ethylene in catalytic hydrogenation postulated by Twigg & Rideal (iq- 2 q) and 
Rarkas & Parkas (1937). 

Steacie (1946), reviewing the homogeneous pyrolysis of methane and ethane, con¬ 
cludes that the primary step for methane is the formation of methyl radicals, whereas 
for ethane molecular dehydrogenation occurs more frequently than the formation 
of two methyl radicals. Thus the catalytic reactions on platinum show no specific 
features. With w-butane on platinum, however, the main products are ethane and 
ethylene, and ethyl radicals can be detected. Only a trace of methane is observed, 
and methyl radicals are therefore probably not formed to a significant extent. These 
results clearly point to the fission ef the butane molecule at the central C-0 bond, 
to give two ethyl radicals, or ethane and ethylene. The ethyl radicals may react with 
themselv^ to give butane again, or by disproportionation 


The reactions 


C2H5-hC 2H^ = CaHj-^C^H^. 
^235+0411^0 = C2H0 + C4H0, 


( 11 ) 

( 12 ) 


+ = C0Hi4, ( 13) 

mth reaction (8), could give hexane and octane, and similar reactions probably give 
gher hydrocarbons, thus accounting for the charging of the electrodes. %-Butane 
^ting by (12) should form mainly OH3OH2CHCH3, which decomposes thermaUy 
to propylene and a methyl radical. These are not detected, and thus this decom¬ 
position cannot be a significant reaction in our experiments. Thus again with butane 
the experiments show the predominance of radical association reactions and 
hydrogen transfer reactions over radical decomposition reactions at the very low 
pressures used. 


It is not possible to say whether a dissociation to ethyl radicals which then 
eva^rate is the only primary step in the butane decomposition without knowledge 
01 the relative probabilities of the occurrence of (11) and (12). (11) would have to be 
rathOT more probable than (12) to account for the approximately equimolar for- 
^tK>n o^thane and ethylene, and the small yield of hydrocarbons higher than 
butoe. Fmm the experiments with methane and ethane this does not seem very 

likely, and some ethylene is probably formed on the filament when butane is 
pyrolyzed. 


It IS not entiMy certain that a specific catalytic effect must be invoked for the 
u ne pyrolysis. The fact that the catalytic pyrolysis results largely in C-C bond 
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fission rather than dehydrogenation shows an analogy with the homogeneous 
pyrolysis (Steacie & Paddington 1938; Eehols & Pease 1939). Hinshelwood (1948) 
calculates from the analytical results of Steacie & Folkins {1940) on the nitric oxide 
inhibited decomposition of 9^-butane that the probabilities of fission according to 
(14) and (15) are about equal: 

(14) 

C,Hio = C3H7+CH3. ( 15) 

Steacie & Folkins, however, consider that the nitric oxide merely diminishes the chain 
length in the reaction without actually suppressing the chain. In this case the 
primary rupture cannot be deduced with any certainty from the ratio 

(CH,+ C3He)/(C3He + C3H,), 

Thus from the experimental viewpoint it is not clear how the primary rupture of 
a butane molecule in the gas phase occurs. If the radical recombinations of (14) 
and (15) are assumed to have no activation energy, the bond dissociation energies 
give the activation energies of the two decompositions. If in the homogeneous 
decomposition of butane at 1000° C the ratio of fission according to (14) and (15) 
is exp (— AEjRT)^ where AE is the activation energy difference, AE requires to be 
6 kcal. for the central bond fission to be 10 times more probable than the end bond 
fission. This seems, in the light of the bond energy considerations of Roberts & 
gkinner (1949), an unlikely value for AE^ and thus the observed selective fission 
probably arises from some influence exerted by the catalyst and not from a property 
of the butane molecule itself. 

One possibility is that the butane may lose one hydrogen atom from each methyl 
group on adsorption, and the reaction 

CH2CH2CH3CH3 = 2C2H4 (16) 

wiU then clearly be favoured over other bond fission reactions. Bawn & Milsted 
(1939) estimate from energy surfaces an activation energy of only 15 kcal. for the 
homogeneous reaction (16). On platinum, adsorption of ethylene might make this 
even lower. The ethylene could evaporate as such, or be hydrogenate by the 
neighbourii^ atomic hydrogen on the surface to give ethyl and ethane, which also 
evaporate. This scheme, although speculative, is in conformity with the views on 
catalytic cracking advanced by Parravano etal,[i 948). Platinum has a face-centre 
cubic lattice, the length of the side of the elementary cube being 3*93 A (Hull 1921). 
For 7i-butane fully extended in a plane, the distance between the two end carbon 
atoms is 3*9 A. A possible configuration of the 7i-butane skeleton in relation to a 
platinum surface is shown in figure 7. It is clear from this that a small rotation 
about the middle C-C bond would permit of interaction between the two platinum 
atoms A and G and C-H bonds in each methyl group of the butane. Even if this 
mteraction does not lead to breakage of a C-H bond^ it seems possible that inter¬ 
action of the two CHg groups vrith the platinum atoms B and D could lead to 
sufSicient strain on the central C-C bond to bring about a direct fission of the molecule 
to ethyl radicals. 
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Figure 7, A possible configuration of tbe butane carbon skeleton on platinum* 
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Electromagnetic induction in a rotating sphere 

By E. C. BuiiiAED, F.R.S., University of Toronto 
{Received 10 May 1949) 


An account is given of the induction of electric currents in a rotating conducting sphere 
surrounded by a stationary conducting shell. Both induction by a constant field and the 
fireely decaying modes are treated. The associated mechanical couples are discussed. The 
results of most interest are those concerning the toroidal magnetic fields. These fields are 
entirely confined to the interior of the conductor and may play an important part in ter¬ 
restrial magnetism. Induction in an oscillating sphere is briefly discussed. 


1. Intboduction 

Electromagnetic induction in a stationary sphere has been discussed by several 
authors. The results are summarized by Chapman & Bartels (1940, vol. 2, pp. 732- 
749). A rotating sphere surrounded by an insulator has been treated by Hertz, 
Thomson (1893) and others. More recently, Elsasser (1946(2,6, 1947) has considered 
the problem of induction for any type of motion possible in a liquid sphere. He is 
mainly concerned with the symmetry shown by the solutions, and does not give a 
detailed discussion of particular motions. 

The results produced by induction in moving media are so varied and interesting 
and have such important applications, that a detailed discussion of simple cases 
by exact methods is desirable. This paper treats induction in a rotating sphere. The 
work differs from that of the earKer workers by supposing the sphere to be surrounded 
by a conducting shell. This system has solutions that do not occur when the rotating 
sphere is surroimded by an insulator. The primary reason for making these calcula¬ 
tions was to apply the results to problems in terrestrial magnetism (Bullard (1948), 
which is referred to hereafter as I, and Bullard (1949), which is referred to as II). 
The choice of numerical examples has been largely dictated by this interest, but the 
analytical discussion covers a wider field. 

The most important practical results are the expressions (25) for the toroidal 
field and (29) for the mechanical couple produced by induction with a field parallel 
to the axis of rotation. 


2. The equations fob a sphebb 

The system for which a solution is required consists of a sphere of radius b and 
uniform electrical conductivity /c, rotating with angular velocity u) about an axis 
through its centre. The sphere is surrounded by a concentric spherical shell of the 
same conductivity and with an outer radius a. The sphere and the shell are supposed 
in perfect electrical contact over their common surface. As particular cases, the shell 
may be absent (6 = a), or may fill the whole of the space not occupied by the sphere 
(a—>-oo). 

The solutions of the electrom^netic equations for such a system are of two kinds. 
There are oscillations having a period comparable with the time taken for light to 
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cross the sphere, and there are fields that are stationary or decay exponentially over 
much longer times. Bor the problems considered in II the periods of the oscillations 
are of the order of 0*05 sec., whilst the times of relaxation of the decaying fields are 
of the order of 10^ yr. The oscillations are not essentially affected by rotations that 
are slow compared with the velocity of light. They have been widely discussed in 
radio and optical applications, and will not be considered further here. The stationary 
and slowly varying fields are profoundly affected by quite slow rotations and are 
the subject of this paper. For them the displacement current plays no essential part 
and can be omitted from the equations. With this simplification Maxwell’s equations 
for a moving medium become (Tohnan 1934, pp. 105-109) 


curlJ? = 4:7rl = 4:7 tk{E+vaH), 

(1) 

cutIjE? = —H, 

(2) 

divH = 0, 

(3) 

div E = 4:7rpc^l6y 

(4) 


where H is the magnetic field, E the electric field, I the current density, k the-elec- 
trical conductivity and p the charge density, all in electromagnetic units, v is the 
velocity of the medium at any pomt, e its dielectric constant, and c is the velocity of 
light. In these equations relativistic terms of order and terms in pv, corre¬ 
sponding to the convection of charge, have been omitted. It has also been assumed 
that the material has unit permeability; this assumption simplifies the subsequent 
calculations somewhat, and is allowable in the applications of II. 

Eliminating E from (1) and (2) gives 

— curP H = 4 :7 tk{E [—curl {v a H)}, (5) 

If all distances are measured in terms of the radius of the rotating sphere and all 
times in units of 47r/c62, this equation becomes 

— curPfi" — H—cvLd(v^AH), 

where % = 47r/c6v is the velocity in the same units. Thus two similar systems differing 
only in size will have equal fields if the motions are proportioned so that Kbv is the 
same at corresponding points in the two systems. The ratio of the fields at any two 
points in a system with a prescribed type of motion and prescribed boundary con¬ 
ditions at i n finit y will be a function of KbvQ only, where Vq is any velocity characteristic 
of the motion, such as the mean velocity, or the maximum velocity. These theorems 
are quite general and apply to any motion in a body of any shape. If the body is not 
spherical, b can be taken as any dimension defining its size. 

If the motion is one of rotation with angular velocity (o, 

v=^(£>Ar; 

substituting this in (5) and using spherical polar co-ordinates where o) lies 

along the axis of the co-ordinates, gives 

— curP H = 4 :7 tk{(o BE /3<6 +A), (6) 

When an H has been found satisfying (3) and (6), E can be obtained from (1) or (2) 
and p from (4). 
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The equation (6) is not changed if the system of co-ordinates rotates uniformly 
about its axis. If, therefore, the shell is considered as stationary this only implies 
that a; in (6) is measured relative to the shell. In the applications of II the co-ordinate 
system rotates with the outer part of the earth’s core and o) represents the difference 
in the angular velocities of the interior and exterior parts of the core; it is not the 
whole angular velocity of rotation of the earth. 

3. Solutions os’ (6) 

Let e-^, (7) 

where function of r and d only, m is an integer and cr a constant which may be 

complex or real; (6) then becomes 

— curPjET = 4 :7rK{io)m—(r)E 

or ( —curP+P)^? = 0, (8) 

where P = 47r/c((r—iom). (9) 

Ic may be regarded as an adjustable constant which can be chosen to make a zero 
iu a problem of induction by a given constant field. In a problem of a freely decaying 
field h may be chosen to fit the boundary conditions; cr will then be fixed by (9). 

It has been shown by Lamb (i88i) that the solutions of (8) that also satisfy (3) are 



= —rA(Vr/r) 

(10) 

and 

jSg = ir^oxalEj,, 

(11) 

where 



or 




From (8) and (11) Eqr and E^ are also related by 

jSp = curl E^. (12) 

In Elsasser’s notationf (10) is the toroidal field and (11) is the poloidal field 
These solutions are in general complex; real ones (Elsasser’s and S^) 

can be obtained by adding a pair of conjugate solutions. For a given n and m there 
are in all eight real solutions, four of which are toroidal and four poloidal. Each set 
of four has two with a singularity at the origin and two without. For real k each of 
these pairs has one solution in cos7?^^ and a term in sinm^, but if i is complex such 
a division is only possible if the zero for ^ is correctly chosen. 

• Equation (11) shows that the current corr^ponding to a magnetic field E^ is 
kE^l4:7r; that is, a toroidal field is accompanied by a poloidal current. (12) shows 
that the converse is also true. 

It is desirable to have a notation for the field and current vectors that will not only 
distinguish between (10) and (11), but will also indicate the components of the 
various quantities. We ui^ r^Tnm ^ indicate the r component of the magnetic field 

t To obtain symmetry between (11) and (12) and a non-dimensional form for tbe definitions 
of Sn and have been slightly changed. 
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given by the solution (10) containing similarly for the d and (}> com¬ 
ponents. The solution (11) is written as ySsnm- solutions with Y^^^{kT) in place 

of Jn±iikr) are indicated by a dash, e.g. r^Tnm- currents obtained by substituting 
(10) in (1) are represented by flsum^ 'ttiose obtained from (11) by etc. 

The various expressions are written out in table 1. All of them may be multiplied 
by a constant factor; the letters A,B, ..., G will be used for these constants. 
will be used to indicate the vector of which components, and 

similarly for the corresponding I’s. Sketches for ^ = 1 and 2 are given in 

II, %ures 4a and b. The suffix m will be omitted when it is zero. 

The electric fields are more complicated. Prom (1) and (11) the electric field 
corresponding to (10) is 

E = (<y A r) A H^nm ~ -®Srww + 

The first term is a poloidal field similar to Isnm- second will be called it is 
always directed radially and has a magnitude imo)e~^{rlk)^J^^^(kr)e'^'^P^{6). 
Similarly, the electric field corresponding to (11) is 

E = K {(OAT) A 

which will be written E = + 

The second term is always in the meridian plane and has components 

^El^ = 0)0-^ (Pr)“i {krJ^_^{kr) - nJ^+i{kr)} e^”*^ sin ddP^{d)jdd, 

The electric field E%^ is the result of electromagnetic induction in the rotating 
sphere. It provides the essential difference between the phenomena of induction in 
a stationary and in a rotating sphere. 

In an insulating region /c = 0 and k is zero. It is easily shown that the limits of the 
solutions of table 1 as i-^0 are solutions of (8) with = 0. The solutions of table 1 
are thus stiU formally valid. They are not, however, convenient, as when ^->0 
they contain a power of A as a factor. Also the electric field lim {E^^^ + E%^) is not 

purely toroidal, which is an unnecessary complication. Instead we take the solutions 
of table 2. These are the usual solutions of (3) and (8) with & = 0, and may be shown 
to be linear combinations of the limiting forms of table l.f The solutions of table 2 
will be distinguished by a bar over the symbol, If, E, The factors b'^, etc., are intro¬ 
duced so that the coefficient by which the H is multiplied may have the dimensions 
of a magnetic field. H^nm the field due to a central magnetic multipole, is 
the electric field produced if this multipole changes with time. 

A zero value of k also occurs if cr = imn. This arises if the field is steady and m or 
<e> = 0, or if the field rotates with the sphere. The solutions of table 2 may be used if 
(T = 6> = 0 even if /c={= 0, but if o) and k are both different from zero, table 2 may not 
be used even though k is zero. 


t To do this it is necessaiy to transform by (23) below. 
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Table 1. Fields isr a rotating condtjcting sphere 
Toroidal H and poloidal 7, solution finite at origin 

r^Tnm “ ^ 

risnm = { 43 T)-^n(n+l)e-<^*(kr^)-i P^iO) 

e^Snm = (4ff)-ie-°^(ir»)-*[i»-J'„_i(&r)-wJ’„+i(iT)]e*«<5(ip™(5)y<^5 

Anm+r^™ = e-«^*[«(w+l)/4wA:+i»«<yr*] 6«’"!Sp”(^) 

= (47!-/t)-^ e-^*(kr^)-i ikrj „_i(kr) - nJ „+j(fo-)] eW dP'S{d)jdB 
^SIs„m+4,Km = ( 4 wa:)-i m e-<^'(Ay®)-* [irJ „_ 4 (A»-) - n J„+i(fe-)] e*'»«s P”( 0 )/siii 5 

■ pc® = —{43T)~'‘-ime(i)e-<'*{kr)-ilkrJn-.i{kr) — {n—2) Jn^i{kry]e*'^'^P'^{d) 

Toroidal H and poloidal I, singularity at origin 
The solution is as above but with Y^^^ijcr) in place of 

Poloidal H and toroidal J, solution finite at origin 
T^Snm = w(w+ 1 ) e-®’‘(fo-)-* J „+i(to-) e^”^Pn{6) 

r-f Tnm — ® 

e^Tnm = (47r)-iime-»^‘A:V-*J„+j(&r)e‘”*(^P”(5)/sin5 
^^Tnm = -(47r)-ie-o-‘fe‘r-iJ„+j(fo-)e*”^dP^(0)/d0 
r^rnm+r-®?™ = <ye-®’*(AV)-i[*Tj„_j(Ar)-»J„^.j(i»-)]e<"’«^sm0dP™(5)/d:5 
e^Tnm+e^*m = er^li'mk^l^K-n{n+ l)<usm® 0] J„^i{hr) e<’"^ P^(^)/sin0 

^^Tnm+^Km = -{kij4:nicri)^-^*J^^i{kr)B*”^dP'S(fi)ldd 

po^ = — (47r)~® ew e“°’‘(AT)~* [{(fc®r® + 2n) J„^.i(kr) — 2 J„_|(A:r)} sin 6dPn{6)ldd 

+ 2n(n +1) J„+i{kr) cos 0 P”(^)] 

Poloidal H and toroidal 7, singularity at origin 
The solution is as above but with Y^j^\{kr) in place of 

The notation is summarized in table 3. The complexity is inherent in the problem 
since there are three distinct vector fields H, I and E, each of which has T and 8 
forms. Further, there are two solutions of each form, one with and one without a 
singularity at the origin. Owing to the terms in in the electric field these solutions 
are coupled, and the presence of one will usually require the presence of several 
others. 

The solutions of table 1 involve the Bessel functions and For real 

h these have been extensively tabulated by the Mathematical Tables Project of the 
National Bureau of Standards (1947); these tables are of little use in the investiga¬ 
tions of the present paper, as by (9) k will be complex unless the imaginary part of 
cr = iom. In the problems of §§ 5 to 9 <r is zero and h is proportional to Tables of 
the functions for semi-imaginary argument were not available, and I am indebted 
to Mr GeUman and Mrs C. Freedman of the Computing Centre of the University 
of Toronto for computing tables of eight significant figures giving the real and 
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imaginary parts, modulus and argument of ^(rr/2i*a:) and ^[irjU^x) r^(i*a:) 

for X = 0(1)10, re = 0, 1 and 2. These tables will not at present be published, but 
photostats are available. 


Table 2. Solutions 
Toroidal H 

finite.at origin 

r^Tnm ” 0 

gBrnm = 47rKim(re+l)”’-6'^(r/6)"e‘”*^P”(0)/aii0 
= - 4 mK{n+l)-^or<^(r[b)'^o*”^dP'^{d)jdd 

= /c«e^‘(r”-V6“)e‘’»«spr((?) 

^snm = iKm6-<'*{r’'-^lb’')e^’^Pn{6) 
rEs«m = ne-<^(r«-^lb’‘)e*”‘i>P^{e) 
eEsnm = e-<^{r^^lb«)^’^dP^{d)jd 3 
4^snm = ■j?»e-®^(r"-V6“)e‘’”<‘P?(<?)/sin^ 

Foloidal H 

rS’jnm = ne-^‘(r/6)-ieWP“(5) 

= e-<^'(r/5)-ie-«»dPr(^)/<W 
= i>ree-«’‘(r/&)“-ie‘”‘^P“(0)/sinfl 

r^Twn “ d^rnm * t^^Tnvt “ 0 
r^Xnm “ 0 

= i»Mr(»+ l)-i(r"/6“-^)e*’”^P“(^)/siiitf 
sS«r»« = -cr(re+l)-Mr"/6»-i)ef»^dP”((?)/d5 


BOB a:= 0 OB co=<r=0 
poloidal E 

singularity at origin 

r^rnm = 0 

= -47r/cim«-i6-°’‘(6/r)’*+i6<”^PJ‘(0)/sine 
= 43 TJcnr^e-‘'*(blr)”+^e*”^dP^{d)ldd 
rikm = -^(re+1) e-‘^*(6’*+Vr“+*) 6*'’”«>P“(e) 

= A:e-o-‘(6“+V»-“+®)e«”'(«dPn5)/d^ 

= i/c?ree-°’*(6'*+V>‘“+®) P^{0)/sin ^ 

r^snm = —(«+!) 6-®'‘(6”+i/r”+®) eW P”(5) 
Am = e-<'*{b«+^lr’'+^)e*’^dP^(e)ldd 
^'anm = »»» 6-«'*(6"+i/r’‘+“) P“(5)/sin 0 ' 

mi toroidal E 

Am = - (n+1) e-‘^(6/r)»+2eWp«(6i) 

Am = 6-<^‘(6/r)»+*eWdP”(5)/d6» 

Anm = »»re(6/»-)”+»e<”^Pne)/sin5 

rf Tnm ™ Q^Tnm “ ^Xnm ~ 0 
r^Xnm “ 0 

fr^rnm = -i>recrre-i(6"+®/r"+^)e*’”«>PS‘(0)/sin0 
A»m = vre-i(6’*+Vr”+i) e*'^dP”{0)ld6 


Table 3. Summaby of dotation 

no singularity at origin singularity at origin 

toroidal poloidal toroidal poloidal 



&=i=0 

II 


ro 

II 

k^O 

jfc=0 

^=i=0 

,o 

11 

magnetic field: 

vector 

^Tnm 

^Tnm 

^Snm 

^Snm 

Am 

rjf 

^Tnm 

^Snm 

^Snm 

r component 

r^Tnm 

r^Fnm 

T^Snm 

r^Snm 

r^Tnm 

r^Tnm 

T^Snm 

r^Snm 

6 component 

qE Jfyijn 

O^Tnm 

e^Snm 

S^Bnm 

d^Tnm 

ff/ 

Tnm, 

6^ Snm 

d^Snm 

^ component 


^^Tnm 

Snm 

^^Snm 

TJf 

Tnm 

TJf 

^£1 2»nm 

di^Snm 

fj/ 

d^Snm 

electric field: 

vector 

Ernm 

^Tnm 

^3nm 

^Snm 

^Tnm 

^Tnm 

^'snm 

.E^.m 

current: 

vector 

^Tnm 

T 

'^Tnm 

^Snm 

^Snm 

T' 

■^Tnm 

jf 

■^Tnm 

T' 

•^Snm 

Jf 

* Snm 


4. The bouhd^y conbitiohs 

For any values of n and m tables 1 and 2 give four complex solutions of the equa¬ 
tions (1) to (4). These solutions must be combined to satisfy the boundary conditions. 
At the outer surface of the shell is zero and Hy., Hq^ Eq and E^ are continuous; 
at the interface between the rotating sphere and the shell all these quantities are 
continuous (Tolman i 934 j PP* 11^112). The fields and current will either vanish at 
a great distance from the sphere or their behaviour will be specified. 
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We consider separately induction by a steady external field (§§ 5 and 6), induction 
by a constant multipole at the origin (§ 7), induction by the field due to a source of 
current (§ 8), and the freely decaying modes (§11). Induction by a variable field will 
not be considered, though it presents no dif&culty of principle. 


5. Rotating sphere in a uniform field 


The process of solution is best illustrated by a special case. Consider a conducting 
sphere of radius b rotating in an insulating medium, and suppose a uniform magnetic 
field to be apphed at right angles to the axis. 

A uniform field along ^ = 0 is the real part of where F is the magnitude of 

the field. The boundary conditions for H and / can be satisfied if an additional field 
F'H'^^ (a dipole field) is introduced outside the sphere and a field inside it. 

These fields give: 


inside 

= 2A{hr)'~^ J i(kr) sin 6 

= — A{J i{hr) — krj \{hr)} (kr)-^ e*’^ cos 6 
= ^iA{Ji{kr)-krJi(kr)}(kr)-'^6^<l> 


outside 

= iF‘--2F'b^/r^)e^^Qme 
Hq=: {F-i^ F'b^lr^) cos 6 
H^^i{F + F'b^l 7 ^)ei^ 


A = 0 A = 0 

Iq — iAikij^nr^) J\{kr) e‘^ 7”^ = 0 

= — A(k^l47rri) Ji(kr) e*’^ cos 6 = 0 

jEJ,. = — A(ji)k-'h~i{J^{J ct) — krJ j (^)} e‘^ sin 6 cos 6 JS7,. = 0 

Eq = AiDk'-^T'^^Ji{hr) e*^ cos 2d E^ = 0 

E^ = iA(i)k-h^iJ ^(Jcr) cos 6 F^=zO 


where h — — AnKid)). 

The boundary conditions for H are satisfied if 


A = imiFIJ^(hb), 

F' = iF{l - ZJ^iJcb)llcbJ^{Jcb)} = - \FJi{kb)lJ^{kb), 

These values of A and F' will not make Eq and E^ continuous at r = 6. What is 
needed is an electric field outside the sphere which vanishes at infinity, and whose 
0 and <j) components vary as e^ cos 20 and e^^ cosFrom table 2 it is found that this 
field is Es219 requires no addition to the magnetic field (since ^ = 0 outside 

the sphere). This step is the crucial one in the solution of most of the problems of the 
present paper. The part jB* of the electric field in the moving medium can only be 
balanced by introducing fields with an n different firom that occurring in H. The 
problem of this section is specially simple, as only one such electric field is needed, 
and the corresponding magnetic field is zero. 

If the additional field is O'Eg^, its components aref 



E^ — ^ 9 Q'bh-^ e^ sin 0 cos Oy 


Eg = BG'b^r-^e^ COS 20, 


E^ = 3 G'ib^r-^e^ oosO. 


t The associated Legendre function F^(d) is taken as sin”*^S*”P„(^)/@(cos^)®»; this differs 
from the partially normalized functions usual in numerical work in terrestrial magnetism, but 
is more convenient in an analytical problem. P has been written for typographi(^d simplicity 
where P«(cos^) is more usual. 
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The boundary conditions are satisfied if 


(i)b J^{hb) 

2kJ^(kb) 

The external magnetic field consists of the constant field F, and of the real part of 
the term in F\ If 

= (14) 

where M and ^ are real, then the real part of the field is 

= 2 cos sin d, = — Mr~-^ cos cos 6. 

The field is therefore similar to that of a dipole of moment M with its axis at right 
angles to the axis of rotation and directed along ^ 

I’rom (13) and (14) Jfe“^‘^ = \Fb^J^{kb)IJi{kb). (15) 

This may be expressed in terms of elementary functions and gives 

M = Fb^\{a^^^fl ^ = 7r-tan/?/a. 


where 

and 


1 3 sinhx —sina; ^ ^ sinhaj + sina; 

2 2a; cosh a;—cos a;’ ^ 2a; cosh a;—cos a;’ 

X = ^{S7TK(ji)b^), 



Figtjbe 1 . Dipole moment of a sphere or a cylinder rotating in a field at right angles to the 
asds of rotation. The ordinate is ikf/jPt® for the sphere and for the cylinder. 


M and ^ have been computed from these expressions and are given in figure 1. For 
small X the moment is at right angles to the initial field and of magnitude 27 TK(i)b^F /15. 
As the velocity of rotation increases the moment swings round and ultimately be¬ 
comes anti'parallel to the initial field. Its magnitude tends to the limit ^Fb^, which is 
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equal to that of a perfectly diamagnetic sphere.f For small and large x the 
foUowing expressions may be used: 


MjFb^ = a:2/60- Ha:6/5292001^ 
tan ^ = 21/a;2 + 247a:*/660 J 


for small x, 


1 3 9 9' 

~2 2x'^4x^ 


tan^ = 


Z{x-2) 
x[x — ^) 


for large x. 


The electric field outside the sphere is similar to that due to an electric quadrupole 
located at the centre of the sphere. It is similar to the 8% field sketched in figure 46 
of II; for slow rotation the plane of the quadrupole is ^ = 0, for rapid rotation it is 
(p = 

For slow rotation the magnetic field inside the sphere is simply the incident 
constant field. For fast rotation it tends to zero and the sphere behaves like a perfect 
diamagnetic. The radial variation of the maximum value of is shown in figure 2 
for various values of 4:7TK0)b^\ for fast rotation the field behaves like 


r-^ exp [ — (27rK0))^ (6 — r)], 

and is small except within a distance (27r/ca>)-^ from the surface. 
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Figube 2. Radial variation of the field within a sphere rotating in a field at right angles to the 
axis of rotation. The numbers on the curves give the values of 4 : 7 tko^^, 


There is a discontinuity in the radial electric field at the surface of the sphere. This 
implies a charge of order (sjbFjc^ per unit area. This is balanced by a volume dis¬ 
tribution of charge given by (4), The motion of these chaiges would produce a 
magnetic field smaller than F by a factor of the order (o>6/c). This is negligible if the 
velocities involved are much less than that of light. The omission of such terms in 
(1) is therefore justified. The terms containing the displacement current are also of 
the same order of magnitude. 

t These limiting forms agree with those obtained by Thomson (1893). Different results, 
which are believed to be incorrect, have been obtained by Gans (1921) and quoted by Valentmer 
(1927, p. 360 ). 
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Similar calculations have been made for a cylinder of radius b rotating with an 
angular velocity a; in a field F at right angles to its axis. The moment M per unit 
length and the angle that the direction of the moment makes with the field F are 
found to be given by 

= 6 V 2 ( 2 /)/Jo(y), where (16) 

This is the analogue of (15). For slow rotation, 

* M = ^ = \7T, 

For fast rotation M tends to the constant value As with the sphere it becomes 
antiparallel to F and produces a zero resultant field within the cylinder. Mfh^ and ^ 
have been computed Jhom (16) as functions of 4c7TK0)b^\ the results, which have been 
used in I, are given in figure 1 . 


6. Induction by a hxed external held 


We now generalize the results of the last section by supposing the rotating sphere 
to be surrounded by a stationary shell of radius a. The field at a great distance outside 
the shell will be supposed to be FH^^^ and to be constant in time. The field of the 
last section is and is therefore a special case of this. The magnetic field in the 

rotating sphere must contain that in the shell and and that 

outside the shell F'S'^nm^ where Ay B^ B' and F' are constants. The boundary con¬ 
ditions for the magnetic field at r = a give 

BHs^ + B'E's^^ = FSsnm + rH's^^, (17) 

which can only be satisfied jfB = F and B' = F'. The conditions at r = 6 then give 

AHsr^r.^ FHsnr. + F'H's^^. (18) 

Using tables 1 and 2 these are found to be satisfied if 


2n-hl jkb)^ ^ 


(19) 


These relations do not contain a. It wiU be shown below that they are not disturbed 
by the additional fields necessary to satisfy the remaining boundary conditions. 
We have therefore the important result that the external magnetic field produced 
by the rotation of a sphere in an arbitrary external magnetic field is not influenced 
by the presence of a concentric conducting shell (compare (13) and (20)). 

The fields considered above do not satisfy the boundary conditions for the electric 
field at r = 6 . In the shell the electric field corresponding to ^snm 

whilst in the rotating sphere at r = 6 , 

Eq = — n[n + 1) sin^ 6 } {l?b)-^ -Pjf (^)/sin <9, (21) 

E^ = iAmn{my^ «4+i(jfcb) dP^(d)ldd. (22) 

There are no solutions in table 2 that will match these as they stand, but it may be 
shown that 


sin ddP^{d)ldd = \n{n -m +1)i^+i(^) -{n+l){n+m) Pjj«i((9)]/(27^-i-1), (23) 
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wliere is to be put equal to zero if» = m. If this is substituted in (22) it gives 

[7i(»-m+1) - (7i+1) {n+m) P^,{5)]/sm^. 


This can be matched by fields ^ shell. I£ these fields are 

introduced the corresponding magnetic fields jfrom table 2 must also be included. 

Inside the rotating sphere J5;g(ndbi)m corresponding magnetic fields are also 

to be expected, but not the Bs(n±i)my they have a singularity at the origin. Outside 
the shell I!s(n±i)m occur; these imply no additional magnetic field. The complete 
set of fields is 


H = + -C>n+l-Sir(7i+3)m + ] 

I = l)mJ in the 

Tin+tim 't’ ^n—l^Tin+Hm 1 

4* C'n-i^ir(n-i)mj ^ iji the 

^ ” ^n +1 ^S(n+ld m 4” m "4 ^n —1 ^8in—U m 4* i ^Sin—H m> shell, 

^ ^n+l^S(n+^im~^ ^n+1^8(n+t)m~^ ^n--i^S(n--‘3ym9 

H = FEsnm^F'H%^^, 

1 = 0, - outside, 


(24) 


where the <7’s, D’s and (?’s are constants. The terms in {n—l) will not be required 
when n = m. When n l,m = 0 they must also be omitted as they give a net charge 
on the sphere. They may then be regarded as cancelled by equal and opposite terms 
from table 1 with 9 ^ = 0. As the new terms all have n±l where (17) and (18) have 
the conditions satisfied by A, B, B' and F' are not affected and (19) and (20) are 
still true. The boxmdary conditions for JJ. or give and in terms of C^t±i- 
Those for jE?^ at r = a give Qn±i ^ terms of c;±i- The E^ condition at f = 6 when 
transformed by (23) then gives and thus all the other constaniB, in terms of A 
which is related to the appHed field F by (19). The Eq condition at r = 6 may be 
shown to be the differential with respect to ^ of the E^ condition. It is therefore 
necessarily satisfied if the latter is. 

The results are 


, 71+1 , n{n-m^l)o)FJ^^^{Tcb) 

^^+1"" 7^ + 2 \6/ "■ 2^ + 3 {14 ' 

4c7TKn{n —m +1) <i> 

= ~ {n+l)Jc*J,_,{kb) {1+(6/a)^«+s 

4:7rK{n + m) (oFb^ «4+i(^) (bja)^'^'^^} 
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These coefficients can be substituted in (24) to give the electric and magnetic 
fields and currents. The expressions are rather complicated; the feature of most 
interest is the toroidal magnetic field ^ fl*-® sphere and 

^n±l^T(n±iym 

in the shell. This field lies entirely within the conductor and has no radial com¬ 
ponent. Sketches of typical forms have been given in figure 4a of II. The behaviour 
of the fields for m = 0 is different from that when m is not equal to 0. 

" (i) m = 0, When m = 0, i is zero, and all the Bessel functions may be replaced by 
the first term in their ascending series for all speeds of rotation. This produces a con¬ 
siderable simplification. The toroidal field is entirely in the ^ direction and is 

„ 4:7TKF(j)nb'^-^^ r/ 2^4-3r^/ \ 

(27^+-3)(2^4-1) d,d ‘^2n-lb^\ dO J 

in the shell. In the sphere it is 

4:7TKF(Dnr^-^ I 27^+3/ i 

{2n^-^){2n^-l)b^--^\b^\ a^^+V ^6 2n-l\ ^^^"7 dd y 

The field is proportional to the rate of rotation and increases indefinitely as o) is 
increased. Owing to the high powers to which bja and rja are raised, quite a thin shell 
will produce a close approximation to the field that occurs when a is indefinitely 
great. 

(ii) ^ = 1, m = 0. The applied field, Fy is uniform and parallel to the axis of 
rotation, h is then zero, and so is D^y which contains fc as a factor. As this h cancels 
when it is substituted in the expressions for the field the toroidal field is finite in 
spite of the vanishing of Dg. 

F' is found from (20) to vanish. There is therefore no external magnetic field except 
the initial field F, There is an external electric field in meridian planes giving 

jSy = — ^F{Z cos^ 6—1) b^Jf^y Eq — — \(j)F sin 2db^jr^, 

which is the field of an electric quadrupole with all its poles on the axis. 

The magnetic field in the shell consists of the initial field F and the field produced 
by the induced currents. The latter is entirely in the (f> direction. Its lines of force 
are circles of latitude. It is given by 

= —^7TK(i)Fbh\llr^ —lla^) sin2^. (25a) 

This has its maximum value at r = 6 and 6 == bTy 

(max.) = —^7TKO)Fb%l — b^la^), (256) 

This is the result on which § 2 of II is based. The longest time of relaxation Tq of a 
freely decaying current system in a stationary sphere of radius 6 is 46^/c/7r (see § 11). 
The maximum field for a > 6 is therefore 

^ O 
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where is the time for one revolution. The factor by which the toroidal field exceeds 
the inducing field is thus about 6*2 times the number of rotations made in the time 
in which a freely decaying field would fall to 1/e of its initial value. 

The current in the shell producing the toroidal field flows in meridian planes and 
has components, 


— ^K(i)Frb^{llr^ — Ija^) (1 — 3 cos^d), Iq = —^K 0 )Frb^{llr^ + Zl2a^) sm2d. 

The corresponding electric field is l//c times this. Inside the rotating sphere the 
magnetic field produced by the induced currents resembles that in the shell and is 

given by = - - b^ja^) sin W. 

The induced current and the electric field in the sphere are m meridian planes and 
are given by 


= \KO)Fr{l — b^la^) (1 — 3 cos^d), 
le = i^^^-P^(l — d®/a®)sin2d, 

Ey. = o)Fr\_\{ 1 — 3 cos^ d) (1— b^ja^) — sin^ d], 
— ^ \(ji)Fr{ 1 + 3b^l2a^) sin 2d. 


(26) 


The volume density of charge in the rotating sphere is found from (4) to be constant 
and equal to —eo)Fl27rc^. The total charge is —2€(jt)Fb^j3c^, On the surface of the 
rotating sphere there is a superficial charge density of 

{e(j)Fbj4:7rc^) sm^ d. 

When integrated ovpr the surface of the sphere this balances the charge distributed 
through the volume. 

There is no volume charge in the shell and a superficial charge density of 


— (ecoFbjSnc^) (S cos^ d — 1) 


on its outer surface at r == a. This gives no net charge when integrated over the sphere. 

The total energy in the toroidal magnetic field may be found by integrating 
through the sphere and the shell. When the result is 

energy in sphere = (max.)/105, 

energy in shell = (max.)/45, 

total energy = 8b^H^ (max.)/63. 

Thus only 30 % of the energy is in the sphere and the rest in the shell. 

The lines of electric force and current flow are easily found from the expressions 
given above. They have been used to compute the example shown in figure 3, where 
a = 1-56. In figure 3 a the four lines of current flow may be considered as sections of 
surfaces obtained by revolving the figure about its axis. These surfaces divide the 
hemisphere into five parts, each of which carries an equal total current. The lines of 
electric force in figure 36 have been chosen so that each of the five volumes carries 
an equal electric flux across the surface of a sphere of radius < 6. Owing to the 
distribution of charge through the volume, the flux is not the same for all spheres. 
The singularity at the centre is only apparent as the electric field is zero there. 
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Figure 3c shows contours of equal Figure 4 shows the radial variation of 
In these figures F has been taken as in a negative direction so that the part of the 
sphere shown corresponds to the northern hemisphere of the earth where the vertical 
component of the field is directed downwards. 

(iii) m+0. The main interest is in the behaviour of the toroidal magnetic field 
as (0 increases. For sufficiently large o> the first term of the terminating series for the 
Bessel functions may be used. As before the exact value of a is of little importance 


axis 
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FiGTJitB 3 c. Contours of the toroidal field. The figures on the curves 
give as a fraction of its maximum value. 


l-Oi 



rjb 

Figxjbe 4 . Radial variation of the toroidal field. 


SO long as it is substantially larger than 6. At r=6, where the field is near its maximum, 
and for a^b the toroidal field becomes after some transformation, 


^ 2n^l^ j,dP^{d) 

l)sm^g—m^Pg(g)sinm^/Bing. 

This does not contain co or k, and shows that the field tends to a finite limit as the 
speed of rotation is increased. As the inducing field has components 

Hj. = nF cosm$SP^(d), Hq = F GOSi7i^dP^{d)ldd, = mjFsinm55P^(^)/sin^, 

the induced field exceeds the corresponding component of the indumng field by at 
most a factor {2n -h 1) w. 
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The magnetic field within the sphere due to the induced multipole is This 

may be shown fi'om (19) to vanish for fast rotation in a way qualitatively similar to 
the field of § 5 figure 2. 

The induced toroidal field with m4=0 differs markedly from that when m = 0, 
for the latter increases without limit as the speed of rotation is increased. The 
physical reason for this is that when m 4= 0 the induced multipole opposes the initial 
field and weakens it more and more as the speed of rotation increases. Tor m = 0 
there is no induced multipole. 

' 7. Iin)XJCTION BY A CENTEAL IVTUIiTIPOLE 

The field due to a magnetic multipole at the centre of the rotating sphere is 
where is a constant. If the multipole is stationary cr is zero; is then 
equal to — 4:7riK(tm in the sphere, and is zero in the shell. If the multipole rotates 
with the sphere a* = iorni and is i^mKcom in the shell and zero in the sphere. 

The problem of the stationary multipole can be solved in the same way as that 
of § 6. It is only necessary to add and the corresponding electric field and 

current to the fields in the sphere given by (24), and to omit the term As 

before the solution contains poloidal and toroidal parts. With the notation of (24) 
the coefficients of the poloidal part are, 

A = -A%_j(&&)/4_j(fc6), T' = B' = (2/7^)9^A7(B)t4_^(B). 

B is zero and there is therefore no field in the shell. 

If 71 = 1 and the sphere is rotating slowly is the field due to a dipole of 

moment Jf = —^^A'j^nh^ directed along 6 = ^tt, ^ = 0. Tor any rate of rotation 
the external field, is that due to a dipole of moment — F'b^ given by 

= MJcbjsmkb, 

Tor slow rotation this is equal to M as it should be. Tor m = 0, that is, when the axis 
of the dipole lies along the axis of rotation, k is zero for all speeds of rotation and the 
external field is unaffected by the rotation. If m = 1, is semi-imaginary and the 
external field tends to zero for fast rotation, the moment being 2Mp^ exp (—p^/^2), 
where p = 4:TTKO)b'^, The field is thus very effectively prevented from emerging if the 
rotation is fast enough to make p large. Tor large p the direction of the external 
dipole is at 45^ to that of M, 

The toroidal fields in the shell and in the sphere are very similar to those found 
in § 6. The fields may be found by substituting 

- 2A'(^ + l)l7r{2n +1) {kbf J^^^{lcb) (27) 

for F in the previous expressions for the (7’s, B’s, E's and (?’s. This factor leaves the 
form of the fields and currents unchanged and only affects their variation with the 
angular velocity. 

Ifm = is zero and the factor (27)reduces to J3Q/Bi,wherejHoandjHi are the fields 
at r = 6 produced by the centred dipole and by the external field of § 6. Thus if m = 0 
the toroidal field induced by a central magnetic singularity is identical with that 
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induced by an external field that gives the same field at the surface. This result shows 
the toroidal field for m = 0 to be insensitive to the radial variation of the inducmg 
field, and to depend only on its value near r = 6. This result has been used in II. 


8. Induction with cubrent sources 

The expressions of §§ 6 and 7 enable the currents and fields produced by induction 
by an assumed poloidal magnetic field to be found; for any such field can be expressed 
as a sum of terms like and Esnm within the sphere, and and outside it. 

In this section we consider problems in which the inducing magnetic field is 
toroidal. Taken literally these solutions are of little practical importance, since they 
imply current sources either at the origin or at infinity. Similar solutions are, how¬ 
ever, possible in which the toroidal field is produced by motions more complicated 
than the rotation considered in this paper. The interaction with a rotation of fields 
produced in this way is of importance in § 8 of II, and it is believed that the present 
investigation throws some light on this. 

In view of the insensitivity of the solutions of §§ 6 and 7 to the outer radius of the 
shell, a will be taken as infinite in this section. If a = 6 there is no conducting shell 
and no external magnetic field. 

Current source at centre 

A current source at the centre of the rotating sphere may be represented by a term 
I^'^Tnm ^ magnetic field and corresponding terms in E and J. The boundary 
conditions can be satisfied by the addition of a field DH^^m ^ sphere and a 
field GH^nm outside it. If the source rotates with the sphere, <r = iom 

and k = Om the sphere. Outside the sphere k^ = If o) = 0 the 0 and ^ com¬ 

ponents of the field at r = 6 are proportional to the real parts of 

im PJ^{6) Jn sin d, and — n~^ dP^{0) /dd. 

Rotation changes this by a factor 

where j is the Hankel function I'or slow rotation this is unity. For 

rapid rotation it is {2n+l)e^^lAj{4:7rK(t)b^). The field therefore -rotates with the 
sphere, but lags behind it by an angle 7r/4m. The variation of the angle through which 
the field lags as a function of 47TK(t)b^ is shown in figure 6 for = 2, m = 2. 

In Elsasser’s notation this proc^ is the interaction of a field with a motion 

to produce a field. If the lag is 7r/4w, an equal mixture of the two fields is produced. 

From figure 5 it is found that Tf exceeds 50 % of for aU values of 4mK(i}b^ exceeding 
9*2. This argument suggested the statement made in § 8 of II that this interaction 
is strong if 4m> 1, though the analogy with the system there considered is not 
close enough for more than a qualitative comparison. 

The field produced by a stationary source at the centre of a rotating sphere has 
also been considered. For fast rotation the field is powerfully screened; at r = 6 it 
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contains a term ex-p[-^J(27TK(imb^)], The field at r = 6 is rotated through an angle 
^{ 27 rK(omb^)-\‘in 7 T. This angle increases indefinitely with o) in contrast to the result 
obtained when the source rotates with the sphere. 



Source of current at infinity 

The external field due to a current source at a great distance can be represented 
by terms such as The boundary conditions can be satisfied by adding a field 

outside the sphere and a field inside. Tt is found that the variation 

of the magnitude and direction of the field at r = 6 with velocity of rotation is con¬ 
trolled by a factor Jn^{Tcb)lkb whose modulus and phase give the intensity 

and direction of the field. For fast rotation the whole field at r = 6 is rotated through 
an angle J7r/m relative to that at a great distance or to that obtained without rotation. 


9. Electeomagnetic couples 

In the systems discussed in §§ 7 and 8 electric currents are maintained by electro¬ 
magnetic induction in a rotating sphere. The energy of these currents must be 
supplied by external forces driving the sphere. The interaction of the current and the 
field must therefore produce a couple tending to stop the sphere. This couple, F, is 
given by 

r = 

where the integral extends through the rotating sphere. Alternatively, it may be 
calculated directly from the dissipation of energy, 


^j^t^sbx^e{lgH,-I,Hg)ddd<l>dr, (28) 



Ih'^siaOddd^dr, 
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where the integral extends through the sphere and the shell. The two expressions 
for r may easily be shown to be equivalent, but (28) is the more convenient, as it 
has only to be taken through the sphere. 

The simplest problem, and that which is most important for the applications of II, 
is to calculate the couple when a sphere is placed m a uniform field parallel to its 
axis of rotation. The toroidal field discussed in § 6 is then in the §5 direction and can 
produce no couple about the axis of rotation. The couple is produced entirely by the 
interaction of the uniform field F and the meridional current (26). The integral (28) 
is then easily evaluated and gives 

r = ^F^b^Kcoil - b^la^) = -^FH^ (max.) bK (29) 


The couple thus increases indefinitely with co. The rate at which work must be done 
on the sphere to keep its angular velocity constant is To). If 6 the whole energy 
in the toroidal field is shown in § 6 to be Bb^H^ (max.)/ 68 . The whole energy of the 
field is thus replaced in a time 30H^{m2bX,)l63F(t) = 7r%/21, where Tq = 4jcb^l7r is 
the time of relaxation of the gravest mode of fi:ee decay of a sphere of radius 6 (§ 11 ). 
Since the initial rate of decay of energy in the free mode WjW is 2 /to, the fraction 
77^/21 would be expected to be near a half. Actually it is 0-47; exact agreement is not 
to be expected, as the radial variation of is not the same for the steady and the 
freely decaying fields. 

Since the moment of inertia of the sphere is 87 rA 6 ^/ 15 , where A is its density, (29) 
may be written p ^ \F^Iko){ 1 - b^|a^)j^. 


The angular deceleration that occurs if the maintaining couple is removed is there¬ 
fore independent of the scale of the system. This is in iharked contrast to the couple 
on a sphere rotating in a viscous fiuid where the couple is only proportional to 6 * 
and the deceleration to 1 / 6 ^. On a laboratory scale the effects of viscosity on the 
motion of a fiuid much exceed those of the electromagnetic forces in fields of a few 
gauss. In large bodies, such as the core of the earth or the stars, this is no longer 
true, and motions such as that due to convection will be controlled by electro¬ 
magnetic forces rather than by viscosity. The resulting magneto-hydrod 3 mamics 
offers a promising field for investigation (cf. Alfven 1947 and earher papers). 

If the applied external field is FH^nm^ &eld and current in the sphere are given 
by (24). Substituting in (28) and omitting terms in rlmm pST(n±Dm> which are 
identically zero, gives 


+ Dn-lrlsin-i)m) + + drddd^, (80) 


The fields used in this integral must be real fields. It is not allowable to use the 
complex A, D,E and 7’s and to take the real part of F at the end. A term AH must 
therefore be taken as ^{AH +A*£f*), where A* and are the conjugate complexes 
to A and jff. These are obtained by putting — i for i and = ik for k in the expr^- 
sions of table 1 and § 6 . > 
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The terms containing the product of any two D*s vanish on integrationj leaving 
only those in two A's or an A and a D. That is, the couples are due to the interaction 
of the field AHs^m current or with one of the currents I>n±ilsin±i)m 

producing the toroidal field. These couples will be called r 2 and r 3 . The 6 and ^ 

CC dP''^(6) 

integrations involve integrals of the form j \P^±i{6) ——sin 0 ddd!^, which are 

easily evaluated. The r integrations involve products of Bessel functions, aU of which 
can be reduced to integrals such as 


2 Fj%| J„+i(fcr) \^dr = 

Fi is independent of a, but Fj and F 3 vanish if 6 = a and there is no shell. The expres¬ 
sions for finite a are complicated and we give only those for K ?ra =#0 these 

are found, after lengthy reductions, to be 


Fi = 


m*n{2n+ 1 ) (?t+m)! 

4 (« -1-1) (w—m)! ^{iTKti)) 


cos (^n.+i ^n—i i^)> 




r 2 = 


r3 = 


n^n+,2} {n-m+ 1) (n+m-fl)! _ _ 

4:(n+l){2n+^){n—m)\m*^{7TKO})M^_^ « i t > 


n(n- 1 ) {n+m)\F^b^M^ T 


cos — Cn-i + i^) 


(31) 


M 

+ f^CO 8 (C,+*-Cn-») 0 OS(^„^-L_i- 



where Ci+i ^-re the modulus and phase of Jn^{hb), For small w the first tw:o 

terms of the ascending series may be used for the Bessel functions. All these expres¬ 
sions then simplify and become 


^ 2mhb{n-\‘m)\b^F^7TK(i) 

^ {2n^- 1 ) (2n-l-3)(n-l- 1 ) {n--m)V 

r _ + —m-l-l)(^+wH-l)!6®FVA:(y 

^ (7i-i-l)(27fc-l-l)2(2?2.4-3)^(7i —m)! ’’ 

r — ^~ b^F^KO) 

^ (2n—1)2(271+1)2 (72,~m)! 


As o increases the couples increase, pass through a maximum and finally decrease. 
For large values of they become 

p _ m^n{2n + 1 ) (ti+ m)! 62 
^ 4c{n +1) (ti— m)! ^J{27TK(t>) ’ 

p _ 72.2(^^ 2) (7^ — m+l)(7^ + m+1)162^2 

^ 4(71+1) (27^ + 3) (7i—m)!m^^(27r/cc7) ’ 

p __ (ti ~ 1 ) n(n + m) I {n? — m^) b^F ^ 

^ 4(272.—l)(7i--77l)! 771^ ^(27r/ca>) * 



433 


Ivduction in a rotating sphere 


Tlie sphere rotating in a uniform field at right angles to its avig (to = m = 1) has 
been investigated numerically using (31). The results are shovm in figure 6. For 

slow rotation Pj = 27r65F2/cw/15, = 2nb^F^Kal25, Tg^O. 


This result for Tj may he obtamed immediately by considering the couple produced 
by the field F on the dipole 27ib^FK(oll5 of § 5. For fast rotation 


Pj = 362^2/4 V(27r/cw), Tg = %^F^120-^{2nKcS), Fg = 0. 



Figure 6 . Couple on a sphere rotating in a uniform field* 

The decrease of the couple with increasing speed of rotation is at first sight un¬ 
expected, but may easily be explained. Since for large o) the induced moment is 
independent of (i> and is produced by currents almost entirely confined to a layer of 
thicknessproportional to l/^(/ca>), the current density is proportional to The rate 

of dissipation of energy per unit volume is thus independent of k and is proportional 
to 6). The total rate of dissipation of energy is proportional to ^J{(oJk) and the couple 
to l/-^(<y/c). The decrease of the couple with increasing speed of rotation is thus 
accounted for. Alternatively, the decrease in may be regarded as due to the 
moment tending to move into a direction antiparallel to the inducing field, which 
can therefore, in the limit, exert no couple on it. 

The couples (for any o)) for m = 0 are twice those obtamed by putting m = 0 
in (32). The difference is caused by certain terms that are present when m = 0, 
vanishing on integration when m=h0. P^ is always zero when m — 0 owing to the 
vanishing of the induced multipole. P^ and Pg are given by 

p _ 4cnn%n +!)(«?+ 2) I^b^KO) 

{2n+l)^[2n + Z)^ ’ 

p 47m^(n — 1) F^b^K(j> 

The result for 72. == 1 is shown in figure 6; it agre^ with that obtamed independentJiy 
above and provides a check on the elaborate calculation. The result for = 2, m = 1 
has also been calculated independently as a further check. 
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This completes the discussion of the couples produced by an external field 
The main result is that couples large compared to F%^ can be produced only by the 
part of the external field that is symmetrical about the axis (w = 0). The couple 
due to this increases proportionally to FkcoB^. 

If a field is present as well as an examination of (30) shows that the 

couple produced is not always the sum of those produced by the two fields separately. 
Additional terms can arise only if m = /^ and v =^n± 2, They have not been considered 
in detail. 

The couples produced by a stationary magnetic multipole at the centre of the 
sphere can also be calculated from the results of § 7. Only the case m = 0 has been 
considered in detail. The couple is then caused entirely by the interaction of the 
multipole with the current that produces the toroidal field. The result is 

_ 4(72- + 1) (7^ + 2) b^FlTTKO) 

"" (2n+lf{2n + S)^ ’ 

where F^ is the field produced by the multipole at ^ = 0, r = 6. For 7^ = 1 

r = Snb^FlKO). 

This is identical with the previous result (29) for a uniform field; the change from 
a uniform field to a dipole with a singularity at the origin has produced no change in 
couple. From this it appears that the couple is insensitive to the radial distribution 
of the mducing field. This is important for the applications of II, where the results 
of induction by a uniform, field are applied to problems in which the field has the 
same angular symmetry, but an unknown radial variation. 

10. Lstbuctiok m an oscioLiATiisra sphere 

There is nothing in the derivation of (6) that requires the angular velocity, 
to be constant. If it is a function of the time the variables wOl still separate to 
give (8) provided (7) is replaced by 

where T + (A;^/47r/c+ iwm) T = 0, 

which gives T exp ^— hHjATTK (33) 

In these expressions A is an adjustable constant, but is no longer given by (9). The 
expression (33) is well adapted to the study of the free decay of the field in an oscil¬ 
lating or accelerating sphere surrounded by a conducting shell. AH that is necessary 
is to choose i; so as to satisfy the boundary conditions as in § 11 below. The solutions 
corresponding to a steady field at infinity cannot easily be obtained from it unless 
m = 0. If m = 0, does not occur in (33). It does, however, occur in the boundary 
conditions for the electric field. 

For simplicity suppose 72 = 1 , tti = 0 and that a> = Oq by analogy with § 6 it is 
natural to try to obtain a solution in which the magnetic field outside the shell is 
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FHq-^ + that in the shell that in the sphere 

These terras may not all have the same value of the constant k. 
If FHq{ is constant in time the boundary conditions for H wiU require the 
and terms to be constants also and o', and thus k, to be zero for these terms. 
In the expression from table 1 for Eq, A is multiplied by o) and is therefore pro¬ 
portional to If the boundary conditions are to be satisfied the terms in C and D 
must also contain a factor From (33) this implies that k^ = — 4:mvK for these 
terms. These considerations lead to the following fields and currents: 


= 4cos^, 

= —J.sin5, 

= ZD {kr)-^J^{kr) sin 6 cos 6, 

= {SI4:7t) D {kr)-i J^ikr) (3 cos^ ^ 1), 




1 inside the 
f sphere, 


Eq= — [A(i)q r -h (Zj^TTK) D {kr^)"^ {krJ^{kr) — 2J^{kr)} cos 0 sin 0], 


Hj. = {F-- 2jB6®/r®) cos 6, 

H0^^(F+Bb^l7^)smd, 

= Z{kr)~^ e^*'^ [GJ^{kr) + C'T|(Ar)] cos d sin 6, 

= (3/47r) {kr^)-^ e^*-< {GJ^{kr) + CT^ikr)] (3 cos^ 0-1), 

Eq^— (3/4^/c) e^‘*'^ {kn^)-^ [0{{kr) J^{kr) — 2J^{kr)) -I- C'{krYi{kr) — 2Y^{kr)}'\ 
xcos0sm0, 


H^ = {F-2Bb^l7^)oos6, j 
H0^^{F+Bb^lr^)^d, I 
H^ = 0, 

Eq — ZO {b^jr^) sin 6 cos 0J 


outside. 


The boundary conditions are aU satisfied if 
A:=F, £ = C = - C%{ka)IJ^{ka), D = C'[Y^{kb)IJ^ikb) ^Y^ika)IJ^{ka)l 


O' = i7T^Fa)Kb^^{kb)J^{kb). 


These expressions enable aU the fields to be calculated in terms of F, The maximum 
toroidal field occurs at r = 6,0 = Jtt; its amplitude (max.) and phase ^ are given by 


(max.) e^'^ = 7r2FwQ62^t7’|(A6)[i|(&6)/t4(ij6)”' Y^{ka)lJ^{ka)\, 


(34) 


If the period of oscillation of the sphere, r, is long compared to the time of relaxation 
of the shell 4jca^j7T, then ka and kb will be small and the Bessel functions in (34) may 
be replaced by the fii*st term of their expansions in ascending powers of ka and kb; 
the result is ^ ^ _|^2iVyo6V(l -b^ja^). 


which is identical with the result (256) obtained for a steadily rotating sphere. This 
agreement was to be expected, since a sphere oscillating with a very long period 
simulates a one rotating steadily. 
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If the oscillation is rapid compared to the time of relaxation, hb and ka will be 
large and the Bessel functions may be replaced by the first term of the terminating 
series. If & > a the result when o) = 0 )^ cos ^Trifr is 

= Fo)Qb^K^(rl27rTQ) cos (27ri/r- Jtt), 

where = 4jcb^l7r is the greatest time of relaxation of a stationary sphere of radius 6. 
The amplitude is {5/2%*).^(r/ro) = 0-32 ^(t/tq) times the result for steady rotation 
with angular velocity (Oq, The physical reason for the reduction when is that 
the current system has not time to establish itself before the rotation is reversed and 
the field has to decrease and build up in the opposite direction. 

The toroidal field inside the sphere varies as J^{kr) {hr ). For large hr the modulus 
of this is equal to exp{27rr^(/c/T)}/87rr^(2/c/T). Thus the field falls to 1/e of its value 
at r = 6 at a depth approximately equal to ^(T/47r^/c) = 6 

thin compared to this the reduction of field due to rapid oscillation does not occur 
and (max.) is found to be 

(max.) = — 27r/ca^a>o jSo(1 “ cos 27ri/T. 

The amplitude of this is identical with that for steady rotation when (a—6) > 6. 

To illustrate the behaviour of (34) over the whole range of values of t/tq, (max.) 
has been calculated for a = 26. The results are illustrated in figure 7, where the ratio 
of the toroidal field to that for steady rotation is plotted against t/tq. 



Figtjbe 7. Toroidal field in an oscillating sphere. jBr^{niax) is the maxunixm value of the field 
expressed as a fraction of the value it would have for a continuous rotation with a velocity 
equal to the maximum occurring in the oscillation. 

The results of this section are probably typical of what would be obtained for any 
oscillatory motion. In particular, they suggest that the magnetic effects of tidal 
motion in the earth’s core will be small, since the ratio t/tq will be that of a day to 
14,000 years. This result is used in 11 as a reason for rejecting a theory of the earth’s 
magnetic field depending on tidal motions in the interior of the core. 

11. The eree mobes 

The problems treated in §§5 to 10 have all involved a specified inducing field 
maintained by a singularity of field or current either at the origin or at infinity. We 
now discuss the freely decaying fields that occur when there is no externally main- 
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tained field. These may be resolved into normal modes, for each of which the field 
decays so that its ratio at any two points is independent of the time. Any initial field 
may be built up by a combination of these normal modes. The modes belong to two 
series, one in which the magnetic field is toroidal and a second in which both poloidal 
and toroidal fields are present. The treatment of the latter is considerably complicated 
by a coincidence of its periods with those of the first series. We therefore first discuss 
the modes wdth a purely toroidal magnetic field. 


Toroidal magnetic field 

Suppose the magnetic field inside the sphere to be There can be no corre¬ 

sponding toroidal field in the insulator outside the shell. If the shell is of zero thick¬ 
ness the boundary conditions for H require to vanish at r = a = 6 , and thus 
from table 1 


J^j^llJca) — 0 . 


(35) 


The boundary conditions for the electric field can 
field 

The solutions of (35) are all real. Call them where s 
as where from (9) 


an external electric 
= 1,2,.... The field decays 


cr^ = kll4:7rK+i(om. 


The magnetic field is given by 


= 0 , 

Hg = i^mexp [-A|</47r/c] {hr)-ij^{ksr) exp JP^{d)lemd, 

= -Ae,xpl-l!^tl4^7TK]ilc^r)-^Jn+^(k^r)exp[im{(p-(l)t)']dP^{^)|d^. 


The real part of this is 


Eg = —Amexp[ — kltl4:7rK]8mm(^—a)t) {k^r)-^ J^^^ik^r) P^(0)lsm9, 
exp [— k^ijiTTK] cos m(^ --(ot) {kgr)'-^ dP^{9)ldd, 

The field therefore decays with a time constant 47 r/c/i;^ and rotates with the sphere. 
The time of relaxation is, as was to be expected, the same as for a stationary sphere. 

If the sphere is surrounded by a concentric conducting shell of radius a, the result 
is considerably more complicated. If the magnetic field in the sphere is AE^^^^y that 
in the shell will be BE^^^ -f- Outside the shell the magnetic field is zero and 

there is an electric field GE'^nml time of relaxation, l/u, must be the same in the 
sphere and in the shell. This requires 

cr = k^j4:7rK+iam = ^?i/47r/c, (36) 


where k and k^ are the values of i m the sphere and shell. All the boundary conditions 
are satisfied if 


^ 

B \k)[T,^{k^b) ■] 

( 37 ) 
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The second half of ( 37 ) combined “with (36) fixes a series of possible values of A, 
and cr. The other two relations then give B and in terms of -4. The 4.’s correspond¬ 

ing to each value of h will depend on the distribution of field at = 0 . 

If m = 0 , i and (37) becomes 

which implies either 

or 

The first has no finite solution since it is equal to — 2 /( 7 ri; 6 ). The second is identical 
with the result for a stationary sphere of radius a. The decay of a toroidal field sym¬ 
metrical about the axis is therefore unaffected by rotation. is zero and the field 
is throughout both sphere and shell. The discontinuity in the motion at r = 6 
has no effect whatever on the field. This is to be expected as the magnetic field is 
entirely in the direction of the motion. 

When m 4 = 0 (36) shows that at least one of k and k^ must be complex; (37) will then 
ensure that, except in special cases, both are complex. The component of the field 
in the sphere will be 

A {krY^ [ ■“ -I- iom) t] dP^{d)ld6. 

If the real and imaginary parts of k^l4:7TK are cc and /?, the variation with t and <f> will 
give a term e~“^exp{im[$5 — ((y-f-yff/m)f]}. The angular velocity with which the field 
rotates is therefore oi -f fijm and differs from that of the sphere. For a given rv and m 
the angular velocity is necessarily the same at aU points both in the sphere and in 
the shell. 

The relation (37), which with (36) determines k and k^^, may be written 

Jn+i{kia) _ (oQ\ 

Yn^,{JC,a) kTy,^,(k,b)ljy,^,{kb) - k^Ty,_,{k^b)ljy,^,(kb) ^ ^ 

A discussion of (38) is difficult in the absence of tables of for general complex 
argument. The behaviour of its roots may be seen from a consideration of simple 
cases. If the sphere is stationary, k = k^ and the right-hand side is zero. To make the 
left-hand side also zero = 0 as in ( 35 ). For slow rotation the 

difference between k and a root of (35) will be a small quantity, and the Bessel func¬ 
tions may be expanded in a Taylor series involving only functions of real argument. 
From this it is found that, to the first order of small quantities, the time of relaxation 
is the same as for a stationary sphere, but that the field rotates with an angular 
velocity £2 given by 

QI<o = (7rqbl2aY [J^(g6/a) - J,^l(#a) Jn^^iqbja)], (39) 

where g is a root of = 0; by a known expansion (Watson 1944 , p. 152) this 

becomes 

ai(o = n^Yl^^{q) i {n + 2m+i)Jl^^^^{qbIa). 
z=o 


( 40 ) 
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This is necessarily positive, and the field therefore rotates in the same direction as 
the sphere. If 6 = 0 (39) gives Q = 0, if 6 = a an application of the recurrence rela¬ 
tions gives £1 = 0 ). The behaviour of the function between these extremes may be 
seen by differentiating (40) with respect to b. After some rearrangement the result 
becomes v 

= \n^(q^bla) 

This is necessarily positive, and is zero when 6 = 0 or a. The velocity with which the 
field rotates therefore increases continuously as b increases from zero to a. Figure 8 
shows the variation for the lowest mode with n ^ I (q = 4^*4QZ4:). It seems hkely on 
physical grounds that a similar behavioin* will occur when a> is not small, but I have 
not been able to prove this from (36) and (37). 



It is conceivable that (38) might possess solutions other than those corresponding 
to the roots of (35). In particular, it is desirable to investigate the possibility of roots 
for which Icb remains finite when a->oo. These would be modes of a rotating sphere 
in an indefinitely extended conducting medium. We now show that such modes do 
not exist when == 1. 

When n=l (38) becomes 

tanfeiC^-jfcia klklb — llhb — {kjkj)ootk^b + cotlcb , , 
l/fe6 + (fc/Jfci)tani:i6-hcotJ;6 ^ i ‘ 

The left-hand side only tends to a limit with increasing a if is complex or imaginary. 
K the imaginary part of k^ is positive,the limit is i; if it is negative it is ~ i. (42) then 
factorizes and becomes 

{ta;akj^b + i){±ikjk^ — klklb+llkb — oot}d)) = 0 . 
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The first factor has no finite root. If \ be eliminated from the second factor by the 
use of (36) it gives 

cot 1d> — ± Tcbl{h^h^ + ip)^ + ipjTcb(km^ + ip), 

where p = 4:7rKCi)b^. A numerical study of the equation suggests that it has no roots 
other than the irrelevant one A = 0. It therefore appears that there are no modes 
with finite k when a is very large. This is likely to be true for all n but has not been 
proved. 


Poloidal magnetic field 

If the magnetic field in the sphere is the boundary conditions for H and I 

can be satisfied by a field shell and FHsnm outside. These 

boundary conditions give B, B' and F in terms of A and a condition that must be 
satisfied by k and Aj in the sphere and shell. The latter relation is closely similar to 
that found for the toroidal field (38); it is 

if6=saorwi = 0 this reduces to 

Jn-\{^) = 0, (43) 

which is also the result for a stationary sphere. 

Just as in § 6 the above fields will not satisfy the boundary conditions for the 
electric field, and it is necessary to introduce toroidal magnetic fields 
inside the sphere, in the sheU and 

outside. The electric fields corresponding to these enable the boundary conditions 
for E to be satisfied without disturbing (42) or the values of A, B, B' or F, The pres¬ 
ence of these terms means that the poloidal magnetic field is not a normal mode of 
the system; it is necessarily accompanied by a toroidal field. By analysis closely 
similar to that of §6 the values of the O’s, D’s and JK’s can be found in terms of A. 
If m 4= 0 the results are complicated, but present no diffi culty of principle. If m = 0 
the coefficient of vanishes in the relation connecting it with A and the method 
breaks down. This can be traced to the value of k given by (43) also satisfying (35) 
with a value of n reduced by one unit. That is to say, the k belonging to the toroidal 
mode of order (ti — 1 ) is equal to that for the mode of order n in the poloidal series. 
Si mil ar identities among the ^ periods ’ of normal modes are common in dynamical 
systems, and the analogy suggests a way out of the difficulty. What is required is 
a solution corresponding to the i e“*^ solution of a;+2H -f F = 0. This solution may 
be obtained by differentiating the simpler solution e“^ with respect to k, this sug¬ 
gests differentiating the solutions of tables 1 and 2 with respect to k remembering 
that, since m = 0, cr = h^j4:7TK. Differentiating gives 
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Since the part in already known to be a solution this suggests that the 

new solution may conveniently be taken as a constant times the term in { }. Sub¬ 
stituted in (1) this gives 

flr = 0 , 

kE, = I, = -n{n+ 1) (47rr)-i[fe4+i(iT)/(i:r)i--(ir)* 

kEs = Ig = (47rr)-i[{?iJ;+j(^r)/(ir)*-(AT)* 

+{(»+1) (A:r)* J„_i(fe-)-{i:r)*4,^(ir)}/2o-]e-^^^^ 

These may be shown also to be solutions of MaxweE’s equations ( 2 ) and (3). Similar 
solutions wdth T^±i{kr) in place of t 4 ±^{Ar) also exist, but are not needed for the 
present problem. 

To satisfy the boundary conditions these solutions multiplied by appropriate 
constants must be introduced as weU as those previously used in the sphere and the 
shell. It is found that only terms of order — 1 ) are needed. Both in the core and in 
the shell the coefficient of the solution (44) is 

nn(n + l)o>KbA T^_^{ka) T^^jjkb) J^+^(hb) 

272.+ 1 J^_j^{ka) 

The expressions for the fields may now be written down, but are somewhat cumber¬ 
some. The main point of interest is that contains a term proportional to 



where cr = k^jimK and k is given by (43). Depending on the sign of may 

either increase or decrease with t for small t. A maximum or minimum occurs after 

* 1 + bJ„_ii]cb)l2aJ^{kb) 

times the time of relaxation l/u; after this time the factor causes the term to 
tend monotonically to zero. 

Qualitatively, the behaviour of the free modes is simple. A field that is purely 
toroidal decays exponentially without change of form, but a field that is initially 
purely poloidal produces a toroidal field as it decays. This toroidal field at first grows, 
but finally decays with the decay constant characteristic of the parent field, ^y 
initial state can be represented by a suitable combination of the toroidal and poloidal 
solutions using, if 72. > 1 and m == 0, the solutions (44) in addition to those of table 1. 

For 7 ^ = 1,771 = 0 there is no term in % — 1 , the solution (44) is not required and 
a simple result is obtained. The solutions of (43) are 

k^a = OT, 

where s is an integer. This gives for the time of relaxation 

r = Ijcr ?= k^j^TTK = s^l4jcaK 
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The lowest mode has t = 7 T/ 4 Ka®, a result used in II. The toroidal field in the shell 
is found to be giren by 

= - \n^K(d^H^Ji{hh) [(ct - S/stj-) Ji{hr) + 3rj(Ar)] ( 6 /r)* sin 26, (45) 

where is the radial field at 6 = 0 , r = 6 . If is small, that is, if a’^mb, this gives 
for at r = 6 and ^ = ^n, ^ ^nKwb^So, 

which is the same as the result obtained in § 6 for the stationary solution. The radial 
variation given by (45) is, however, different from that in (25a). 

12. EXTENSIOlSrS OF THE ANALYSIS 

It would be possible to use the methods of this paper to discuss problems in which 
currents are induced in a rotating sphere by a varying field. Such solutions would 
mvolve no special difficulty for fields varying exponentially or simple harmonically 
with the time. If the assumed decay constant of the inducing field happened to 
coincide with the natural decay of one of the free modes, it would be necessary to 
use the solutions (44) as well as those of table 1 . Other kinds of variation of the 
inducing field would mvolve a series of values of k or an integration over a continuous 
set of values. The treatment would be similar to that for a stationary sphere (Chapman 
& Bartels 1940 ). 

It would also be possible, at the expense of some complication in the algebra, to 
take the conductivity and susceptibility of the shell as different from that of the 
sphere. 

Similar calculations for a cylinder would be practicable, and simple problems 
concerning rotating ellipsoids could probably be solved. 

Problems in which the angular velocity in a sphere is an arbitrary function of the 
radius present no formal difficulty as ( 6 ) still holds, and the variables separate in 
polar co-ordinates. The radial functions would no longer be Bessel functions and 
would have to be determined by numerical integration. 

For other types of motion the right-hand side of (5) will contain 6 and ^ explicitly. 
It wiU not reduce to the simple form ( 6 ) and the variables will not separate. Such 
problems must be dealt with by perturbation, or other approximate methods. It is 
hoped that the detailed discussion of a simple problem by elementary methods that 
is given in the present paper will illustrate the types of solution that are to be 
expected, and the diffi culties that may arise in the more intricate problems that must 
be solved in the elucidation of the origin of terrestrial magnetism. 
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The flow under gravity of a swirling liquid through 
an orifice-plate 

By a. M. BrsTNiE anb J. F. Davedson 
Engineering Laboratory^ University of Cambridge 

{Communicated by Sir Richard Southwell, F.R.S,—Received 9 April 1949) 

[Plate 19 ] 


An examination has been made of the whirlpool formed when a perfect liquid possessing 
swirl passes under gravity through a circular sharp-edged hole in the base of a large tank. 
Relaxation methods were applied to determine the velocity distribution in the liquid and the 
shapes of the air-core and of the initial part of the emergent jet. In the numerical case 
considered, the swirl was large; and it was found that, except close to the orifice, the radial 
and vertical velocities were too small to influence the shape of the air-core within the tank. 
Below the orifice the liquid was emitted as a conical and rapidly thinning jet. In spite of 
the contraction at the edge of the hole, the discharge was not greatly different from that 
determined by Binnie & Hookings’ (1948) approximate method for flow through a trumpet. 
Experiments with water were made for comparison with the calcTilations. 

It was noticed that under certain conditions of low swirl the annular jet assumed a cylindrical 
vibrating form. The theory of these oscillations, which was confirmed by observation, shows 
that, unless the air-core occupies a large fraction of the cross-section of the jet, the wave¬ 
length is nearly the same as that in a ‘solid’ jet of the same outer diameter. 

1. Iktroditotion 

When water is led through an orifice in the base of a tank an air-cored vortex is 
formed if the swirl is sufficiently great. For a perfect liquid it was shown by B innie 
& Hookings ( 1948 ) that the problem of calculating the discharge under gravity can 
be readily solved provided that radial velocities are assumed to be negligible and 
that the circular orifice is trumpet-shaped, giving the jet a specified outer diameter 
in the plane of the orifice. In the following pages a more difficult case is considered, 
in which the orifice is sharp-edged and. radial velocities are taken into account, so 
that initially the outer diameter of the emergent jet, as well as the inner, is unknown. 
An endeavour has been made by relaxation methods to determine the shape of the 
air-core and the velocity distribution in the liquid. The calculations were pursued 
for some distance below the orifice in order to determine the shape of the jet in that 
region, but no attempt was made to investigate the break-up of the jet into drops. 

Experiments were carried out with water to serve partly as a guide to the calcula¬ 
tions and partly for comparison with them. They were made on a scale sufficiently 
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large to ensure that the effect of surface tension upon the diameter of the air-core 
was negligible. A chance observation, made when the tank had almost drained down, 
revealed that the issuing jet could take up the annular vibrating shape shown in 
figure la,plate 19. In the concluding section the theory ofthistyp^ of jet is examined 
and is compared with experiment. 

2. WniBnPOOIi EXPEEIMENTS 

The apparatus used was simple. A brass plate, containing a sharp-edged orifice 
2 in. in diameter, was inserted in the centre of the base of an open cylindrical tank, 

1 ft. 6 in. high and 3 ft. in diameter. Two inlet pipes, symmetrically connected to the 
main supply, passed vertically up through the bottom of the tank near the ends of 
a diameter. They terminated in fin. elbows which discharged horizontally in oppo¬ 
site tangential directions. The flow was smoothed and the swirl controlled by placing 
in the tank a number of cylindrical baflles made of perforated zinc. After leaving the 
orifice the water fell into a measuring tank. To determine the shape of the air-core 
wdthin the cylindrical tank, a point gauge with a horizontal cross-wdre was moved 
in a diametral plane by means of traversing gear fixed above the tank. An approxi¬ 
mate value of the swirl at the surface was obtained by measuring the time of rotation 
of small floating particles. If their size were carefully chosen they would remain for 
several revolutions at an almost constant radius, but the method had a limited 
application, for at large radii the motion was unsteady and at small the velocities 
were too high. 

Three kinds of emergent jet were noticed. When the swirl was vigorous, both 
surfaces of the jet showed vena contrcccta near the orifice and then expanded for a short 
distance before they disintegrated. The outer diameter of the vena contracta was* 
measured with a theodohte horizontally sighted. With a smaller swirl the jet was 
spindle-shaped. The surfaces after their initial divergence coalesced on the axis 
lower down, both being drawn towards the axis by surface tension; thereafter the 
jet continued as an irregular stream. A feeble swirl produced the vibrating form 
shown in figure 1 a. 

Bor comparison with theory the air-core was measured when the depth in the tank 
at radius 6in. was 13*33 in., the swirling velocity at this radius was 14*3in./seo. and 
the discharge was 54*0 cu.in./sec. The radial and vertical velocities were very small 
at this radius, and the stagnation level was taken as 13*33-f 14*32/(2^) = 13*59 in. 
above the orifice. The observed air-core in the region above the orifice is shown to 
scale by the broken line in figure 2, Under these conditions the jet was of the first 
type mentioned above, and the readings were not appreciably disturbed by surface 
waves "feravelling round the tank in the maimer described by Binnie & Hookings. 

3. Theory oe the whirlfool 

The relaxation solution of the problem was obtained by J.F.D. The flow under 
consideration is symmetrical about a fixed vertical axis, and it is irrotational, being 
generated by gravity forces only. We take the axis of symmetry Oz to be directed 
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Figure 1. Annular jets, {cl) and (6) witli swirl and vibration, (c) without swirl. 
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downwards (figure 2 ) and the component velocities to he u, v, w measured positively 
in the direction of increasing r, 6, z. It was shown by Rayleigh ( 1916 ) that the 
equations of irrotational motion in the r, % plane are unaltered when a distribution of 
tangential velocity, given by 

vr = constant = 8 say, (S- 1 ) 


r (in.) 



Figtjbe 2 . Half-sectional elevation of whirlpool.-observed, 


calc\ilated. 


is superposed. Accordingly, we adopt (3'1); and to dete rm i n e u and w we employ 
Stokes’ stream function ^ and the well-known relations 
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Theliquid being at rest atz = 0 , we find with the aid of (3-1) that BemouUi’s equation 


takes the form 


p u^+w^ + S^jr^ 

_+ _ 


(3-5) 


in whicli p and p denote pressure and density. Hence, if ^ is given over a specified 
fixed boundary, the motion is unaffected by the swirl; but the pressures are decreased 
everywhere by pS^j{2gr^), and consequently those boundaries which depend upon 
pressure have their positions changed. 

We shall have occasion to use three types of boundary condition: 

(i) The velocity perpendicular to a given boundary may be known. The difference 
between the values of ^ at two points P and 0 on the boundary can then be calculated 

from the relation = f trds, where t is the velocity perpendicular to the 

JO 

boundary of which ds is an element. 




Figube 3 . (a) Relaxation pattern, (b) intersection of mesh and curved boundary. 


(ii) If the pressure on a given boundary is specified, the magnitude (but not the 

direction) of the velocity can be obtained from (3*5). The distribution of 

>jr found from (3*4) must be such as to give this velocity at every point of the boundary. 

(iii) Should the boundary be a free surface, its position is not initially given. Over 
it, not only must (3*4) be satisfied, but also the two further conditions that the values 
of yjr and p are known constants. 

An account was given by Southwell (1946) of the relaxational treatment of the 
governing equation (3*4), and details of the application of the method to free-surface 
problems not involving swirl were published by Southwell & Vaisey (1946). A finite 
difference approximation, given by their equation ( 22 ), replaces the governing equa¬ 
tion and leads to definitions of ‘residual’ and ‘relaxation pattern’. The pattern 
appropriate to a square mesh of side a is displayed in figure 3 a. Where a mesh line 
crosses a curved boundary, as shown in figure 3 b, the method of calculating the 
residuals at neighbouring points is altered. After ^p, ^Jtq and ^4 have been ex- 
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panded by means of Taylor’s theorem in terms of ^ and its derivatives at the point 
0 , it may easily be proved that the residual at 0 is 



Thus new patterns must be formed for points 0,1 and 4. It should be noted that the 
finite difference equations, and therefore the residuals, at points 1 and 4 are imaltered. 

When if is known along the boundary as in condition (i), relaxation patterns can 
be formulated for all points in the manner set out above, and the solution is then 
straightforward. For boundaries with condition (ii) the approach is more tentative. 
The distribution of velocity perpendicular to the boundary must first be guessed and 
the resultant problem solved as in (i). From this solution the total velocity and 
hence the pressure at each point on the boundary can be found. The hypothetical 
distribution of perpendicular velocity must now be altered to bring the pressures 
closer to their specified values, and the process is repeated until the two are the same. 
For condition (ui) the procedure is similar except that initially the shape of the 
boundary must be guessed. Since if is given along it, the velocity and pressure 
distribution may be obtained, and the shape is then adjusted until the pressure is 
correct. 



X 

Feguhe 4 . Determination of q on boundary. 


In the last two cases it is necessary to find the velocity q = along the 

boundary at a point A (figure 4) when if is known at A and has been calculated at 
B and G by the relaxation process. Taylor’s theorem is used to give expansions for 
if]^ and if(j in terms of if^ diffdr and d^ifldr^ at A. The considerations set out in 
Southwell & Vaisey’s § 15 then yield the result 

The problem in hand can now be solved by means of the methods described above. 
The boundary conditions are as follows: 

{a) Along AXOE (figure 2) we have the double condition if = constant, arbi¬ 
trarily chosen as zero, 

v?+v^ + 8^lr^ 

- 2 ^-* = 

the latter equation being obtained from (3-5). 


29-2 
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(6) Along A jB, where r = 6*175in.,tfc was taken as constant—an assumption which 
at this large radius seems reasonable. 

(c) Along £C, ^ = constant = k, where A is one of the results of the computations 
and must therefore be guessed initially. 

(d) Along CD, ‘ijr ^fc and (3*8) holds good. 

(e) Along DS where the stream is very thin the pressure was taken as constant. 
This assumption was made for positions of DE at successively increasing distances 
from 0 until the change in the free surfaces caused by a move of DE was negligible. 
This procedure is justified by the view that if the liquid were perfect the sheet would 
not disintegrate. 

To facilitate experimental checks the calculations were carried out in inch-second 
units. As far as possible they were based on the experiments, therefore the orifice 
diameter was taken as 2 in. and the stagnation level as 13*59 in. It was more difficult 
to decide on the value of the swirl constant 8. Its observed value at r = 6 in, was 
85*8in.^/sec., and it was found that, along the upper part of the measured mner 
surface AO (figure 2), u^+w^ was negligible, therefore in accordance with (3*8) this 
curve was almost identical with that defined by z = 85*8^/(2grr^). The latter, when 
extended down to the orifice, showed an inner diameter appreciably greater than that 
observed, because, although v remained the predominant component of velocity, 
the effective value of S was diminished by viscous forces. With these considerations 
in mind a smaller value 8 = 66*9in.^/sec. was used in the calculations, the curve 
z = 66 - 92 /( 2 grr 2 ) being judged the best fit with the observations at the orifice. 

In order that a start could be made, the boundary AGE (figure 2) was taken as 
z = 66 - 92 /( 2 g^r^), and to estimate the discharge the pressure and radial velocity 
across FC were taken as zero. By integration the discharge Q is then given by 




7t8^ 

(2gH)^ 




1} — cosh”^ 




(3*9) 


where H is the total head, and and rg are the radii at F and G, This approximation 
is clearly an over-estimate. The use of boundary condition (6) made it possible to 
calculate the distribution of ifr over AB, and thence the stream-lines in the tank were 
obtained by the relaxation process with a square mesh of side a = 0*690 in. Some of 
them were far from being perpendicular to AB, showing that the solution cannot 
claim to be valid for a very large tank, but the conditions at AB, which were doubtful 
in the experiments, do not greatly infiuence the flow close to the orifice. Next, the 
velocity q along AF was calculated at each point by means of (3*7). It should be 
noted that because the discharge was over-estimated these values were too great. 

Now if, in order to satisfy the pressure condition (3*8), the radius of the original 
boundary, over which = 2gz, is increased by a small amount dr, the resultant 
change in q will be very smaU. It follows from (3*8) that the corresponding change 
dv in the tangential velocity is given by 


q^-\-{v + dv)^ — 2gz = 


dv ^ — 


?! 

2v’ 


and hence 


(3*10) 

(3*11) 
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s 

But from (3-1) dv = —^dr, 


(3-12) 


therefore 


dr __ 

7 "“^* 


(3-13) 


In this way the change in r required to satisfy the pressure condition may be cal¬ 
culated. For the three points F, I, H in figure 2 immediately above the orifice, these 
changes were found to be 1*77, 0*20 and 0-054 %. As the largest is so small, it appears 
that in the powerful vortex under consideration z = 66'9^l{2gr^) is a very close 
approximation to the shape of the air-core above the orifice-plate. 

The second mesh with side a = 0-345 in. revealed no change in ^ at points farther 
from the orifice than XYZ (figure 2), therefore the third and fourth, for which a was 
0-1725 and 0-08625 in., were confined to the region below XYZ. For these the values 
of -ijr required along XYZ were obtained from the second mesh by graphical inter¬ 
polation. In view of the doubtful starting assumption along AB (figure 2), the 
precise method of interpolation employed by Southwell & Vaisey was deemed un¬ 
necessary. In the fourth mesh a refinement was made to the conditions in the 
neighbourhood of the orifice. The core was kept on the curve z = which 

has been shown to be accurate to 2 % in this region. The outer surface was guessed 
as the curve OB (figure 5), the point B being at the vena contractay and across a hori¬ 
zontal section through B the pressure and radial velocity were assumed to be zero, 
so that the discharge could be estimated from (3-9). The values of q and drjr were 
then determined as before. For points on the core the values of 2drla — dr/0-0431 
are shown in the column on the left of figure 5, from which it can be seen that the 
change in r is small in the region LO but larger close to S. This figure gives the final 
values of ijr for the upper part of the field, but, the available space being limited, 
only a quarter of the values actually obtained can be inserted. The mesh size was 
too big to yield satisfactory values of q along OB. 

To obtain these values, the fifbh mesh {a = 0-043125 in.) was used inside the region 
OPQ (figure 5), and it was found that the values of outside OJK were unaffected 
by changes near the orifice. Most of the work of finding the shapes of the outer free 
surface and of the lower part of the core was done on this mesh, as it gave reasonably 
accurate values of q with the curvatures used, and the mesh was not so small as to 
make the calculations excessively laborious. For a start, the values of ^ had been 
determined along GJKC, and GF (figure 6) is the curve z = Q%-9^l{2gr^) which was 
known to be coincident with the core above G. The core was guessed as GelJ and 
the outer free surface as GdT. The pressure across TU was taken to be constant, and 
the angle between the stream-fines and TU to be a linear function of r. The discharge 
was then calculated by graphical integration across TU, and again the distribution 
of ^ was obtained by the relaxation method and thence the values of q on the two 
free surfaces; these values had to be made consistent with (3-8). The process was 
assisted by plotting (3-8) as graphs of q against r for various values of 2 :, which changed 
only slightly in the region imder consideration. Thus it was necessary to discover 
shapes for CdT and GeU such that, at every point, q as determined by the relaxation 
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net agreed with the value given by the graphs. The prediction of the consequences 
of a change in these shapes was difficult, for the curvatures of these surfaces were 
found to be more important than their positions. However, after several attempts, 
agreement was reached over GeU and CdT, The sixth and seventh meshes 



0*0862in. 


Tigtjbe 5 . Values of ^ in upper part of field. 


(a = 0*0215 and 0*01078itt,) were required to determine g in the region dC where the 
curvature was small. Except at G, the values of q at corresponding points of these 
two meshes agreed within ±3%, but at C there was a steady increase in q from the 
fifth to the seventh meshes. Presumably the curvature at this point is infinite, as 
in other cases of flow which have been solved. 

The shapes OeU and CdT were then prolonged to WV and the process described 
in the preceding paragraph was repeated, the width of WV and the slopes there of 
UW and TV being adjusted to give the same discharge as across TU, With these 
extended boundaries g was recalculated along the whole of GTV and GUW. To 
satisfy at every point the pressure conditions set out on the graphs, small alterations 
to the shape were required in the neighbourhood of T and U but none over dT and 
eU, therefore in these last two regions the effect of the assumption of constant 
pressure along TU was negligible. The final values of ^ are displayed in figure 6, 
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the errors in the calculated values of q being shown by ringed figures. For the reason 
pointed out above, it is diffi cult to assess the accuracy of the solution in terms of 
errors in radius, but comparison with previous attempts suggests that the final result 



Figogeue 6. Values of in lower part of field. The axis ab is displaced to the right by a distance 
( 0-612 in.) equal to the length 06. The errors in the values of q are shown by ring^ figures. 

is correct to 0-005 in. This limit is, of course, far less than the errors in the experi¬ 
ments, where the measurements were disturbed by surface-tension ripples. 

The calculated vena corUracta of the outer free surface had a radius 0-946 in. as 
against the measured value of 0-909 in., and the calculated and experimental dis¬ 
charges were 63*8 and 54-0 cu.in./sec. These differences, due to boundary-layer 
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effects, axe in accordance with normal experience, but it must be remembered that 
the value (66-9 in.®/seo.) of S employed in the calculations was less than the observed 
entry value (85*8in.2/sec.). Had the latter been used, the flow through the orifice 
would have been confined to a smaller aimulus and the discharge decreased to below 
the experimental value. Thus, as was pointed out by Binnie & Hookings, the effect 
of viscosity is to reduce the size of the core and consequently to increase the discharge. 



FiooBBi 7 . Downward velocity in plane of orifice. 


120 
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Figtoe 8 . Velocities on siirface of core.-total velocity,- q =z 



Figure 7 shorn how the calculated downward velocity w varies over the plane of 
the orifice. This velocity is zero at the edge; it rises rapidly to a maximum at radius 
0-9Sm. and then decreases slowly to the surface of the core; thus it may be regarded 
as nearly constant. The approximate method used by Binnie & Hookings, it is 
interesting to note, predicts the discharge with surprising accuracy, although radial 
velocities are far from small and the conditions at the outer radius are widely 
different. From the assumption that radial velocities are negligible they deduced 
that w is constant over the plane of the orifice. On equating to zero the derivative of 
the discharge with respect to the unknown inner radius, they obtained expressions 
for the values of this radius and of the discharge. When apphed to the present case 
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their formulae yield the results 0*763 in. and 68*5cu.in./sec., which should be com¬ 
pared with 0 * 686 in. and 63*8 cu.ia./sec. obtained by the relaxation process. Finally, 
the variation of velocity over the core is given in figure 8 , in which the full line shows 
the total velocity and the broken line the values of g = The latter indicates 

that the downward velocity is very small until the orifice is approached, showing 
why a light particle placed on the surface descends at first with extreme slowness. 

4 . The aottulae swirlu^g jet 

It was noticed that, if the tank were allowed to drain down when the swirl was 
small, the issuing jet could assume the annular vibrating form shown m figure 1 (Z, 
plate 19. This type of jet is analogous to the vibrating ‘solid’ jet investigated by 
Rayleigh ( 1878 , 1879 ), ^iiose work was extended by Pedersen ( 1907 ) and by Bohr 
( 1909 ) to provide an accurate means of determining the surface tension of the newly 
formed and therefore uncontami n ated surface. In the non-rotating annular jet, 
which was examined by Binnie & Squire ( 1941 ), surface tension actmg on the two 
boundaries causes them to coalesce some distance from the orifice; thereafter the 
jet has the ‘ solid ’ form as shown in figure Ic, plate 19. But if the jet is spinning, so 
that the surface-tension forces are balanced by the centrifugal, vibration about the 
equilibrium position is possible. In the following paragraphs the theory of this jet 
is developed and is compared with experiment. 

The first step is to examine the equfiibrium of the jet under the action of the centri¬ 
fugal and surface-tension forces. The complications due to the effect of gravity will 
not be taken into account; and as the velocity in the direction of the jet axis is assumed 
to be uniform, this also may be disregarded in the analysis. Accordingly it is sufficient 
to take a cross-section of an infinite cylinder, the outer and inner radii being denoted 
by a and b. Since the motion is irrotational, the tangential velocity v at radius r is 
given by i; = Sjr, S being constant throughout the jet. We consider an element of 
inner radius r, radial thickness dr, length unity, and subtending a small angle dd 
at the centre. This is in radial equilibrium provided that 

{r-{-dr)d6—prdd—pdrdd = p^drdO, (4*1) 

where p is the density of the liquid and p is the excess of pressure above that of the 
surrounding atmosphere. On integration (4*1) reduces to 

pS^ 

p = constant-^. . (4*2) 

The surface conditions are 

P = TJa at r = a, p = — TJb at r = b, (4*3) 

where is the surface tension. The insertion of (4*3) into (4*2) then yields 

a—6_22\ 


(4-4) 
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as the necessary relation between a and b when S and the properties of the liquid 
are specified. 

We proceed now to determine the nature of the equilibrium of the jet. For this 
purpose it is convenient to extend the compact method used by Lamb ( 1932 ) in the 
analysis of the ‘solid’ jet rather than the longer energy method employed by 
Rayleigh in his original investigation. The motion being generated from rest, it 
may be assumed that a velocity potential <}> exists; and, since the liquid is taken to 
be inviscid, in cylindrical co-ordinates (r, z) must satisfy 


^ 1^ 

r r d$^ dz^ 


(4.6) 


The appropriate form of solution giving sjunmetry about the axis is 

^ cos kz cos (ot 4 “ e) — Sd, (4-6) 

in which is a function of r only. It will be seen that (4*6) gives the correct dis¬ 
tribution of tangential velocity, for 

^ rdd'~ r‘ 


(4*7) 

(4*8) 

(4*9) 


On substituting (4-6) in {4*6) we obtain 

dr^ +r dr 

of wMoli the solution is = Al^ijcar) + BK^{kr), 

where A and B are constants. It is now supposed that the outer radius is 

r = a+^, 

in which ^ represents a vibration of infinitely small amplitude. Since 

we find from (4*6) and (4*8) that 

h 

S - {AI-^{ka) — JSjK'i(Jfca)} cos kz sin (o^ 4 - e). 

It was shown by Lamb that at the outer radius the sum of the principal curvatures is 

a ^ ^ 

hence the pressure there is found from ( 4 * 10 ) to be 


(4-10) 


= 3i 


1 A 1 

-—^ — 1) {Al^Qca) — BE-^iJca)) cos fe; sin (crt+e) . 


(4-12) 
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Another expression for the pressure can be derived from Bernoulli’s equation 

(where q is the resultant velocity), which together with (4*6) and (4*8) yields 

[ 1 8^1 
<T{AlQ{lca) + BK^ika)} cos sin (cr^+e) + - ^ . (4* 14) 


We are concerned only with the terms iii (4*12) and (4*14) which are variable with 
time; the remainder reduce to a constant in virtue of (4*2) and (4*3). Hence 


0-2 = 2^1 


ha 

pa^ 



I-^(ha)—xKi{ka) 


)■ 


(4*15) 


in which, for brevity, x is written for BJA. 

The motion of the inner surface may be dealt with in the same manner. Denoting 
the inner radius by 

r = b+7i^ (4*16) 

k 

we obtain 7 = — {Alyijcb) — BK-yiJch)}coskz sin(ot-he). (4*17) 


But now the surface tension produces a negative pressure at r = 6. Hence the 
equation corresponding to (4*15) is 


0-2 = 


>\l^{hb)+xK^[lcb) 


]■ 


(4-18) 


and the right-hand sides of (4*15) and (4*18) taken together provide a means of 
determining x. The jet will be unstable if cr^ as found from (4*15) is negative, and 
(in accordance with the argument developed by Rayleigh) the preferred wave¬ 
length of the vibration wiU be given by that value of ka which makes 


Z = kail - 




’7i(fca) —a;Zi(ika)l 

mka)+xKQ{ka)] 


(4*19) 


a maximum. An identical result is, of course, obtained if the same reasoning is 
applied to (4*18). 

To make the above results intelligible, detailed calculations have been carried 
out for two cases: 

(i) For 6/a = 0*15, corresponding very approximately to figure la (in which, 
owing to the lens efiect of the outer surface, the ratio of the true to the apparent 
inner diameter is about three-quarters). The cross-sectional area enclosed by the 
inner circumference is only about one-fiftieth of that enclosed by the outer, hence 
it was thought desirable to work out a second example, which corresponds more 
closely to figure 16. 

(ii) For 6/a = 0*6. Here the area ratio mentioned above is about one-third. 

The relation between ka and the wave-length A of the undulations is 


(4*20) 
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and observations of the jet invariably showed wave-lengths exceeding n times the 
outer diameter. Accordingly, the numerical explorations were confined to values 
of ka less than unity. 

The quadratic equation for x which emerges from the combination of (4*15) and 
(4-18) was found always to have two real roots, one large and negative and the other 
small and positive. These two cases will be dealt with in turn. 

(1) a; negative. Since the Bessel functions are essentially positive, it is seen at once 
from (4-10) and (4-17) that, as long as x is negative, ^ and Tj have the same sign. Thus 
we are investigating the type of jet in which the outer and inner surfaces vibrate iu 
phase. The values of were all negative but, as indicated in table 1, no maximum 
value of appeared. We conclude that this type is theoretically unstable and does 
not exhibit a preferred wave-length. 

Table 1. The ceitebion of instability Z^ fob negative 

VALUES OF X 


ka 

bja = 0-15 

bja = 0*6 

0-05 

,— 

3*318 

0-1 

— 

3*312 

0-4 

12*60 

3-197 

0-6 

12*67 

3*038 

0*7 

12*72 

— 

0*8 

12*78 

2*798 

0*9 

12*84 

2*642 


(2) Xpositive. The signs of ^ and Tj cannot in this case be determined by inspection, 
but the calculations showed that they were always Opposite, therefore the two 
surfaces vibrate in anti-phase. Again cr^ was found to be negative, but in this case 
Z^ shows a maximum value. The details are given in table 2, to which Rayleigh’s 
results for the ‘solid’ jet have been added for purposes of comparison. From the 
figures given in table 2 the values of ha corresponding to the maxima of Z^ were 


Table 2. The cbitebion of instability Z^ fob positive 
VALUES of X 


ka 

b/a = 0 
(Rayleigh) 

6/a = 0*15 

6/a = 0*6 

0*4 

0-2567 

0*2536 

0*1895 

0*6 

0-3015 

0*2981 

0*2250 

0*6 

0-3321 

0*3285 

0*2611 

0*7 

0-3433 

0*3398 

0*2638 

0-8 

0-3269 

0*3238 

0*2563 

0*9 

0-2647 

— 

0*2128 


determined by trial using Everett’s interpolation formula as far as second differences. 
The conclusions, together with the corresponding wave-lengths, are set out in table 3, 
which includes the result given by Rayleigh. The theory therefore indicates that 
a jet of this type will develop undulations of wave-length about 4J outer diameters 
as long as the central core is small. The wave-length will fall only slightly when the 
ratio bja is considerably increased. 
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Table 3 . The preferred wave-lekgths of vibration 


bla 

ka for max. 

Xl{2a) 

0 (Rayleigh) 

0-696 

4-51 

0-15 

0-697 

4-51 

0-6 

0-732 

4-29 


The conditions favourable to the production of a vibrating jet were found difficult 
to maintain, and the orifice diameter was reduced to l-^in. in order to facilitate the 
experiments by increasing the surface-tension effects. At heads as high as 7 in., jets 
of the required type could then be formed which, when they impinged on the bottom 
of an empty measuring tank, emitted a loud drumming soxmd, thus confirming their 
varicose nature. But their surfaces were slightly rippled, and jets more suitable for 
photography were obtained at very low heads. That shown in figure 1 a was produced 
at a head of about 1 in.; it corresponds very roughly to the theoretical case 6/a = 0-15 
analysed above. The wave-length is seen to be rather more than the theoretical 
outer diameters, but this is to be expected, first, because the amplitude of the 
vibration is not infinitely small and, secondly, because the jet velocity is not constant 
but is increasing. 

To enable jets with thumer walls to be examined and to make the initial anti-phase 
conditions more definite, a thin disk of diameter fin. mounted transversely on a long 
hoUow rod was lowered centrally into the plane of the orifice. The jets thus produced 
were of the same form as before, although not so glassy or stable, owing no doubt to 
the boundary layer developed on the rod and on the upper surface of the disk. An 
example taken at a head of about Sin. is shown in figure 16; its dimensions agree 
approximately with the second theoretical case which was considered, and again the 
theory is roughly corroborated. For ptirposes of comparison a non-rotating jet 
produced at 13 in. head with the same apparatus is shown in figure 1 c; for this the 
disk was set lower to give the jet a small initial divergent motion. 

Finally, an attempt was made to produce a spinning jet in which the waEs were 
vibrating in phase, and for this purpose a hoUow rod of outer diameter fin. was 
placed centrally in the tank, its base being nearly in the plane of the orifice. It was 
seen that this arrangement gave both surfaces an initial inward direction, but the 
inner surface continued to move inwards after the outer had begxm to diverge, and 
thus anti-phase mbtion set in of its own accord in agreement with the theoretical 
prediction. 
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The transformation of the nitrogen isotope of mass 15 into 
carbon and helium by bombardment with protons 

By W. Coobbane and A. G. Hester, Imperial Collie of Science and 

Technology 

{Communicated by Sir George Thomson, F.R.S.—Received 9 May 1949) 


Measurements of ttie ‘cross-section’ of the nuclear reaction a) 0^ have been made 

for protons with different values of the energy in the interval between 200 and 450 keV. 
There are indications of a broad maximum, in the curve showing the variation of ‘cross- 
section’ with energy, in the neighbourhood of 400 keV, with a width of 150 keV, The partial 
proton width of the Tyiaximnm is 260 eV. Extrapolation of the one-level dispersion formula, 
together wdth the theory of thermonuclear reactions, gives a lifetime of 3 x 10* years for 
in the sun. A photographic method of determining the angular distribution of the 
emitted a-particles is described. The angular distribution near 400 keV is found to be approxi¬ 
mately isotropic, the deviations from isotropy being, at most, 10 


1. Inteoduction 

The a-particles from the nuclear reaction 

N15 ^ HI ^ 0^2 + He^ 

were first detected by Burcham & Smith ( 1939 ). They obtained their result using 
ordinary nitrogen, which contains only 0*38 % of the heavy isotope, and their 
results suggested that the yield of the reaction is relatively high. This was confirmed 
by Holloway & Bethe (1940), who used nitrogen enriched to 70 % in they 
measured the effective cross-section, cr, at a proton energy of 360 keV and found cr 
to be 1-3 X 10”^® cm.^. 

Apart from its intrinsic interest, the reaction a) is important in forming 
one of the links in the nuclear carbon cycle, suggested by Bethe ( 1939 ) as an energy 
source in matter at temperatures of the order of lO"^ °K, such as exist in the stars. 
Although in matter at such a temperature, protons will possess an average energy 
of only a few thousand electron volts, the determination of the cross-section over 
a range of somewhat higher energies may provide data for extrapolation to the stellar 
conditions. In the present work, this variation of the cross-section of the reaction 
has been measured between 200 and 450 keV; and, in addition, the angular dis¬ 
tribution of the emitted a-particles has been investigated. 


2. ExPEEIMENTAIi AREAIS'GEMEKTS EOE MEASUREMENT OF CROSS-SECTION 

The target consisted of ammonia gas in which the nitrogen was enriched to 31 % 
in the isotope The enriched material was purchased in the form of ammonium 
nitrate with the additional isotope content in the ammonium radical. This salt was 
all converted to ammonium chloride using Kjeldahl’s method. Small amounts of 
the ammonium chloride were then converted to ammonia, when required, by 
mixing with excess quicklime and heating. 

[ 458 ] 
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The protons bombarded the ammonia gas in a target chamber which was a cavity, 
A (figure 1), of about 1cm.® out out of a brass block. The protons entered the chamber 
through a mica window B, of diameter 6-35 mm., the direction of the proton beam 
being perpendicular to the window. The a-particles arising fi:om dismtegrations in A 
were observed in a direction at right angles to the proton beam; they issued from the 
chamber J.. through a mica window C of diameter 6-35 mm., and then travelled 



Figtoe 1 . Gas target and ionization chamber. A, target volume; JB, mica window with wire 
gauze; (7, mica window; D, mica window; E, ionization chamber; F, aluminium foil; 
G, collecting electrode; H, brass rod; J, tube for introduction of ammonia; K, tube for 
equalizing pressure on both sides of micas, when required; and L, terminal for micro- 
ammeter reading proton current. 

through the vacuum to the wall of the apparatus, finally emerging into the laboratory 
atmosphere through a second window D of the same diameter. The proton window B 
consisted of a thin piece of mica covered over with a fine-meshed wire gauze. When 
gas was admitted to the target chamber, the mica was pressed out against the wire 
gauze. Much of the heat generated by the protons in passing through the mica was 
carried oflFby the wires of the gauze in close contact with the mica surface. The proton 
windows used had a thickness equivalent to 3 mm. (or thereabouts) of atmospheric 
air; the first a-particle window C had a thickness of 3*6 mm. of air, and the second D 
5-6 mm. of ak. The pr^ure of ammonia in the target chamber A was of the order 
of 2 cm. of mercury. Proton current was measured from the terminal L. It was 
verified, by bringing a magnet near, that the readings were not being falsified by 
the escape of secondary electrons. 

The a-particles were detected by a shallow ionization chamber E; ions formed 
during passage of the a-particles through the air space E between the aluminium 
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foil F and the collecting electrode Q were swept on to 0 by an electric field of 
800V/cm, and led by the rod H to the grid of a cathode^foUower valve. This was 
followed by a linear amplifier and recorder^ as described by Wynn-Williams ( 1936 ). 
The recorder had a resolving time of approximately 0*01 sec. Electrical screening of 
chamber and amplifier was meticulously carried out, and precautions were taken 
against chamber and valve microphonics, so that no extraneous or ^natural’ counts 
occurred. The counting apparatus (removed from the target position) was also 
employed, in conjunction with a weak polonium source, to deterroine the equivalent 
air thickness of the various mica windows. 

The accelerating potential applied to the protons was generated by a van der 
Graaff machine designed by Smee ( 1944 ). The arrangement of ion source and 
accelerating tube was that described by Graggs ( 1942 ). After magnetic separation 
of the ion beam and introduction of coUimating slits, proton currents of a few 
microamperes were available up to 550 kV. Fluctuations in the voltage were at 
most of the order of 10 kV. 


3. ReSTTLTS EOR the CROSS-SECTIOIsir 

The emitted a-particles were counted over periods ranging from 1 to 4 min. for 
different values of the proton accelerating voltages. After several preliminary runs 
which indicated the trend of the results, the data shown in table 1 were obtained. 
In calculating the cross-section <r from the third column of table 1 an isotropic 
angular distribution of the a-particles was assumed. Other figures necessary for the 
calculation were as follows: fraction of complete sphere subtended by ionization 
chamber at target = length of proton path effective in producing detectable 
disintegrations = 0*64 cm.; factor to allow for part of measured proton current being 
t)y gsbuze = 0*25; air equivalent thickness of proton window = 2-1 mm.; 
and pressure of 31 % enriched ammonia = 1*5 cm. of mercury. The reduction in 
proton energy when passing through the window was calculated from the data 
given by Livingston & Bethe ( 1937 ). The results for a* are presented graphically in 
figure 2 , which also shows the single observation of Holloway & Bethe ( 1940 ). 


Table 1. Expbeimental eestjlts for cr 


L der Graaff 

proton energy 



statistical error in 

voltage 

after window 

counts per min. 

<rxl028 

counting 

(kV) 

(keV) 

per [lA 

(cm.^) 

(%) 

359 

205 

0-4 

0-3 

lerge 

375 

228 

1*9 

1-6 

30 

390 

252 

5*8 

4-9 

15 

422 

290 

28 

23-5 

15 

437 

312 

66 

55 

12 

454 

335 

108 

90 

6 

469 

353 

116 

97 

7 

485 

375 

127 

105 

4-5 

500 

393 

172 

144 

7 

516 

412 

126 

105 

6 

532 

430 

108 

90 

7 

550 

452 

105 

88 

6 
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Considering the uncertainty in reduction of energy by the mica window used here 
and the aluminium window used by Holloway & Bethe, the agreement between the 
two results is good. The standard deviations arisiag from the statistical nature of 
the counts are indicated in the last column of table 1 and on figure 2. 

A rough determination of the range of the a-particles was made. A Q-value (or 
nuclear energy release) of 5*2 MeV was obtained. This compares with a theoretical 
Q-value of 5-0 MeV based on the latest mass-spectroscopic data, but the difference 
is not considered significant. An accurate determination of range would have 
required a more elaborate technique. The two values are sufficiently close, however, 
to identify the a-particles as corresponding to the full Q-value of the reaction. 



Figure 2. Cross-section for {p, a) A Observation of Holloway & Bethe (1940). 


4 . Apparatus for measxjremejstt op angular distribution 

For measurement of the angular distribution of the a-particles emitted in the 
reaction, a comparatively simple photographic method was adopted. A gas target 
of enriched ammonia (as in § 2 ) was used, and the particles emitted at different 
angles to the proton beam were recorded by allowing them to fall normally on to 
a photographic film bent into an arc of a circle with the target as centre. The film was 
Ilford Nuclear Emulsion (Type C 2 ) and its use was suggested by Mr S. Lattimore. 
A plan of the target chamber and camera is shown in figure 3, the actual shape 
of the channels B being as shown in figure 4. The mounting of the camera on the end 
of the acceleration tube and the connexions to the ammonia gas supply are shown 
in side elevation in figure 5. 
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Figubb 3. Plan of angulajr distribution camera. 

Figtjke 4. Detail of a-particle channel. 

FiGintE 5. Mounting of angular distribution camera. 

Description of parts in figures 3, 4 and 5. A, channel for incident proton beam; B, channels 
for emitted a-particles; C, aluminium foil; D, nuclear emxilsion film; B, cylinder retaining 
film in position; F, main target assembly block; G, gas-tight cover; JET, noica -window and 
wire gauze; J, tube for introduction of ammonia; K, tube for equalizing pressures on 
each side of 3 when not exposing film; D, terminal for microammeter reading proton 
current; M, taps; and target volume. 
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The collimated proton beam was directed through the mica window H along the 
axis of the channel A. a-particles from disintegrations occurring near the centre of 
the cylindrical cavity N travelled outwards. Those travelling near the axis of one 
of the channels B passed straight through and into the film D where they were 
stopped, forming dense tracks perpendicular to the surface of the emulsion. The 
shape of the channels B (figure 4) was designed to trap the majority of particle^ 
which were reflected from the walls of the channels. The angular spread of the 
particles recorded was ± 3°. The channels were made at 15° intervals, the first 
making an angle of 30° with the incident beam and the last 150°, Scattered protons 
were stopped by a sufficiently thick aluminium foil G placed between the camera 
block and the film. This also served to prevent light from reaching the film. The 
cylinder JS, which held the film in position, had three holes in it. One coincided with 
the channel A and a plug was used to ensure that this was so. The other two holes in 
E were small and positioned one at each end of the film. Indentations could thus be 
made in the film to serve as locating marks for the circular areas containing a-particle 
tracks. 

Great care was taken to ensure that the proton beam would travel parallel to the 
axis of the channel J.. As a check throughout the experiment, a willemite screen 
was placed round the mica window, and the beam was cut off and re-centred whenever 
any strong fluorescence showed. At the end of the experiments a scorch mark on the 
further side of the chamber, directly opposite the window, showed that the beam 
had travelled straight through the centre of the chamber with little divergence. 

The required time of exposure was estimated from preliminary experiments and 
from the yields measured in § 3. At 342 keV proton energy and with a gas pressure 
in the target of 1*75 cm, of mercury, the exposure given was 4-5 hr. at 1-3 fiL and 
yielded 600 tracks in the 90° area. After processing, the film was mounted with 
cellotape on a glass plate, ready for examination under the microscope. 


5. Pbooedure m deducing angular distribution 

As a preliminary step, a strip of film was placed in the camera without the 
aluminium foil and explbsed to Kght. On processii^, the film showed black circular 
areas, giving the positions of the areas to be examined and their relation to the 
location marks as described in § 4. A copy of this was mounted alongside the film to 
be examined, to facilitate the finding of the areas to be searched. The appearance of 
the tracks was determined in another preliminary experiment by exposiog a piece 
of film to a polonium source of a-particles at an appropriate distance. 

The areas of the film which contained tracks were searched under a high-power 
microscope, using an oil immersion objective giving a magnification of x 576. The 
stage had controllable horizontal traverse in both directions, and a square reticle 
subdivided into sixteen squares was used to specify a field of view and facilitate 
counting. With the aid of the reference strip, the tracks were quickly found and the 
edge of each area containing them was weU defined. Each area corresponded to 
approximately 270 reticle squares. By the use of a tapping key and telephone 
call-meter, tracks could be counted without raising the eyes from the microscope. 


30-2 
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Using the special nuclear filnij the tracks were easily seen but there were also a few 
extraneous black specks in the emulsion, a-particles were distinguished from such 
specks by three criteria, given here in their order of application: («-) an a-particle 
track should start on the surface of the emulsion; (6) it should travel straight into 
the emulsion without any breaks; and (c) all tracks should be the same length, 
about 15 /A. Thus an a-particle track appeared as an almost perfectly round black 
spot, sharply in focus at the surface and showing, generally, a small unfocused tail. 
Figure 6 shows a typical field of view. As the microscope fine adjustment was racked 
down, the spot appeared to travel along the tail. A few tracks of correct range were 
found which started at the surface of the emulsion but made large angles to the 
perpendicular, some being almost parallel to the surface. These were probably due 
to large-angle scattering in the emulsion and were included in the total. In any case, 
their number was neghgible compared with the statistical error. 


Figure 6 . Appearance of a-particle tracks. (Magn. x 920.) 



When counting the number of tracks in an area, care had to be taken to avoid 
having gaps or overlaps in moving from one field of view to the next. From repeated 
counts on the same area it was estimated that this error was 1 %, and was less than 
the statistical error involved in the finite number of counts. On the last film studied, 
no attempt was made to have successive fields of view in juxtaposition and, instead, 
counts were recorded in a series of randomly chosen fields of view over an area. This 
sampling method was justified by verifying that the tracks were, in fact, randomly 
distributed over an area; that is, by verifying that sample counts over an area 
fitted well with a Poisson distribution. 

Since the effective target volume varied with the angle at which the a-particles 
were observed, the counts for each area had to be multiplied by the appropriate 
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value of sin0, where 6 is the angle with the incident proton beam. A further small 
correction was necessary to give the distribution relative to the centre of mass of the 
interacting particles. 


6 . Results eor angular distribution 

The investigation of the angular distribution of the a-particles was made primarily 
to ensure that the cross-section had been correctly calculated from the ionization 
chamber observations in the 90° direction. Preliminary film exposures indicated 
that the assumed isotropic distribution was justified, to the order of accuracy in¬ 
volved. However, it was thought worth while to make two more careful observations 
by the film method, since the angular distribution is itself of interest. These results 
are shown in figure 7 for 342 and 412 keV proton energy, these being the energies 
after passing through the mica window. The abscissa in figure 7 is cos 6^, where 6^ 
is the angle between the incident and emerging particles in the centre-of-mass 
system. The ordinate is N^^/N^q, the ratio of the numbers of tracks at 6^ and 90°. 
Since no observation was actually made at 90° in the centre-of-mass system, the 
value of Ngo was first found by interpolation. 



cos Of, 


Figure 7. Angular distribution for 342 keV, curve 1, and for 412 keV, curve 2. 


7 . Discussion 

The graph showing the variation of the cross-section of the reaction with the 
energy of the incident protons (figure 2) is notable for the rather steep rise up to 
about 400 keV, and the indication of a maximum or resonance at that energy. The 
rise is much faster than would be accounted for solely by the change in the Gamow 
penetrability factor for protons entering an nucleus. Observations at higher 
energies would be desirable but, in the absence of these, it has been assumed that 
a resonance exists, and its consequences have been studied. The large width of the 
resonance cannot be due to voltage fluctuations (^10 kV, at most), to straggling 
caused by the mica window kV), or to slowing down in the target (^8 kV). 
Assuming a single level of the intermediate 0^^ excited nucleus, the well-known 
Breit-Wigner theory gives the cross-section as 

vg (2e7 + 1) Tp 

~(2s+1) (2i+1)(^-(rV 4 )’ 
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■where the notation of Bethe ( 1937 ) is used. The observed values of cr then give 
r = Fa = 150 keV, Fj, = 250 eV, for the respective a-particle and proton -widths of 
the resonance level of the excited O^® nucleus. The proton -width ‘without barrier’ 
is 140 keV at the resonance. In making these deductions it is assumed that </ = 1 , 
s = i = I (see below). 

In view of Bethe’s ( 1939 ) suggestion that this reaction occurs in the sim, it is of 
importance to utilize the data on the cross-section or to evaluate the rate at which 
is consumed. The probability per second that a given nucleus suffers a 
thermonuclear reaction -with will depend on the variation -with the proton energy 

of the cross-section cr, on the temperature T, the total density p and the percentage 
of hydrogen x. The complete theory has been given for the general case by Gamow & 
Teller ( 1938 ), and, in applying it to the sun’s core, it is usual to assume T = 2 x 10’ ^ 0, 
p = 80 and CB = 35 %. Taking, then, the present results for cr and extrapolating to 
low energies "with the one-level Breit-Wigner formula, a lifetime of about 3x10® years 
is obtained for N®® in the sim. Astrophysical data on the abundance of N’-® in the sun 
are not available, but it may be presumed to be not much different from the abund¬ 
ance on the earth, that is, about 1 ; 250 compared with N®*. If the N®* and N®® are 
taking part in a cycle of reactions as suggested by Bethe, their lifetimes would be 
expected to be in the same ratio as their abundances. Thus the present figure of 
3 X 10 * years for N*® would correspond to 7*5 x 10 ® years for N**. This agrees -within 
a factor of two -with Bethe’s ( 1940 ) estimate of 4 x 10 ® years for N**, based on results 
from the N** {p, y) reaction. 


Table 2. Scheme of angtjlab momenta and paeitibs 


nucleus 

HI 



016* 

nuclear spin 

1/2 


1/2 

— 

motional angular 
momentum 

0 ( 5 -wave) 

_ A _ ■ 

— 

total J 

f - 

1 

-% 

1 

nuclear parity 

even 

f 


odd 

A 

odd 


motional parity even 


He^ 

0 0 
^_A__ 

1 (p-wave) 


1 

even even 

/-^^ 

odd 


The high yield of the reaction at 400 keV and the approximate isotropic distri¬ 
bution of the emitted a-particles are consistent with the supposition that head-on 
collisions between and nuclei are mainly responsible for the disintegration in 
the neighbourhood of this voltage. Taking generally accepted values for the parities 
and spins of K\ and He^ the scheme shown in table 2 would then apply. 

Although the motion of the product nuclei is described by a p-wave with one unit 
of angular momentum, no directions in space are specified by the spins or motional 
angular momentum of the initial nuclei. Consequently the angular distribution of 
the emitted nuclei is isotropic. While it is the most probable, the scheme of table 2 
is not uniquely determined, especially €bs the parity of is not well established. 
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Taking account of the standard deviations of the observations as shown in figure 7, 
curves 1 and 2 , there is evidence of a slight deviation jfrom an exactly isotropic 
distribution. The curve drawn through the points in curve 2 corresponds to a dis¬ 
tribution 1 —O'llcos^^c- The significance, or otherwise, of this result cannot be 
determined until other resonance levels have been established and investigated, at 
higher energies. 

It is felt desirable to include in this discussion some remarks on expeiimental 
technique. The advantages of the photographic method for studying nuclear scat¬ 
tering at various angles have been stated by Chadwdck, May, Pickavance & Powell 
( 1944 ). In the present investigation of a nuclear disintegration (as distinct jfrom 
scattering) these advantages compared with electrical counting were even more 
pronounced. Successive electrical counts at various angles, as well as requiring 
careful monitoring, would have involved an excessively long running time for the 
high-tension apparatus. The photographic method enabled the whole range of angles 
to be recorded at once. To complete the comparison with electrical counting, the 
extra time and trouble involved in looking at the tracks under the microscope have 
to be considered. In the method of Chadwick et ah, a fiat photographic plate is 
placed parallel to the incident beam and a little distance from the target; the 
particles scattered through any particular angle lie on a cone about the incident 
beam and this cone intersects the plate in a hyperbola. Thus the fiat-plate method 
involves searching the plate along a series of different hyperbolae, and necessitates 
a complicated setting up of the film on the microscope stage. The curved film 
method with discrete areas of, normal tracks, as described in the present work, 
requires relatively simple manipulation. A thousand tracks were counted per area 
in half an hour, so that a whole film could be investigated in eight or ten hours. 
Since the intensity of disintegration products is not expected to vary rapidly with 
angle, the curved film method, with discrete areas, appears to satisfy all the require¬ 
ments in a simple angular distribution experiment. However, measurements 
involving the detection of particles of various ranges, or the variation of range wdth 
angle, require the tracks to be nearly parallel to the surface of the emulsion as in the 
methods of Chadwick et ah ( 1944 ) or Rubin ( 1947 ); alternatively—^at high yields— 
a cloud chamber will give the information. 

The authors are much indebted to Sir Gleorge Thomson for advice and discussion 
throughout the investigation and for practical help in the early stages; also to Mr 
L. Norriss for maintaining and operating the equipment. The major part of the 
apparatus was made to the order of the Central Research Rund Committee of the 
University of London and was granted to the authors on an extended loan. 
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Unsteady compressible flow in two dimensions 
By T. V. Davibs, King’s College, London 
(Communicated by 0. Temple, F.B.S.—Received 27 May 1949) 

The paper presents an alternative to the well-known linear perturbation theory of two- 
dimensional compressible flow by superposing a small perturbation upon the correct basic 
irrotational flow pattern. When the latter is known the perturbation field is determined by 
partial dijEferentiation of a function which satisfies a linear partial differential equation of 
the second order. A particular example of the theory is investigated in which the basic flow is 
circular and bounded internally by an oscillating circular cylinder, and the author restricts 
himself to the problem of wave propagation. 

Introdtjction 

The linear perturbation theory for unsteady motion in two dimensions, in which 
a small unsteady perturbation is superposed upon a steady rectilinear basic flow., has 
very obvious limitations, and the present paper is an attempt to improve ujion this 
theory by substituting for the linear basic flow the correct irrotational flow pattern. 
This idea is not new in incompressible theory (see Lewis 1938 ), but the application 
here is to compressible fluids. 

The flow is considered to be composed of a steady basic flow, assumed to be 
compressible but irrotational, together with an unsteady perturbation flow which 
is small compared with the basic flow. The basic flow will be denoted, as far as is 
practicable, in the usual notation; at a point in the physical plane c will denote the 
basic velocity and d its direction (relative to a?-axis). It is found convenient to 
express the perturbation components of velocity along and perpendicular to c\ 
when this is done it is possible to express these perturbation components and the 
unsteady pressure in terms of a function a and its partial derivates. The function a 
is shown to satisfy a second-order, linear partial differential equation. To illustrate 
the theory the particular example of unsteady flow around an osciUatmg cylinder is 
discussed, and in this problem we shall be interested principally in wave pro¬ 
pagation. 

1. Equatioists of motion m two dimensions 

If dashes are used to represent the general expressions for velocity components 
and pressure, the equations of motion may be written 

dx'^'^ dy p'dx dx'\ 
dt dx dy' p' dy dy \ 


(M) 
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Introducing the vortioity 


_ dv'_du' 


and assuming that the pressure is a function of the density, equations (l-l) become 


If we write 




the set (1-3) and the equation of continuity are 


^ “ dx' dt^ ^ ~ dy' 
dp* 9 , , 9 / / /X /X 


2. The basic elow 

Denoting the basic flow by capitals, we now assume that 

u' = C7 +u, v' = V +v, p' = P+p, p' = n +p, x' = Xo+Xi- (2*1) 
The irrotational condition of the basic flow is 

The density P being independent of the time, the equation of continuity (1-6) leads to 

i(Pt7)+®(PF).0. (2-3) 

and with these assumptions, equations (1’5) become 


dx dy ’ 

so that -p- ++ F^) + £2 = an absolute constant = Xo^ 

We write V% 


and hence 


f dU ^ ^ 

J -^+ic2+£2 = Xq- 


Equations (2*2) and (2*3) show that two functions ^ and ^ may be introduced con¬ 
veniently, of the nature of velocity potential and stream functions respectively. 
We take 

^= 1 - 

following the usual conventions in notation. will represent in (2*7) the density 
at a stagnation point. 
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3. The PSEroBBATioiir plow and its teanspobmahon 

Substituting the expressions (2-1) into the general equations of motion (1-5) and 
using the results of § 2, the equations governing the perturbation flow are 


du 

W 


F^ = - 


3a:’ 


3«^ ^ dy’ 


(3-1) 


where 


dv du 
dx dy^ 


(3-2) 


and the unsteady motion is assumed to be suflSciently small to neglect the products 
and 

In place of the components {u, v) we now introduce the perturbation velocity 
components V ;^), the former being along the direction of c, the latter perpendicular 
to c {9 increasing). Thus we have (see figure 1) 


u = ^cos^—'y^sin^, v = ^isin^+^^icos^. 


(3-3) 



Figure 1 


We introduce also new independent variables f) in place of {x, y) the trans¬ 
formation of co-ordinates being effected by the relations (see (2*7)) 


= p ^ 

dx °dy' 


Using these relations we have 


dy~ 


(34) 


9 5^ 9 a ^P7 g ' 

dx dxd<j> dxdi]r~ d(j> ~ Pj 3^ ’ 

- dy dydj, dydf d<j>'^ df\ 

and finrthermore JJ = coos5, F = csin0. 

The expression for the vorticity ^ in terms of ($5, f, c, d, Vj) is as follows; 



9y (^d<^> 
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r — \ 3wi_P3% 


and the equations of motion (3-1) now become 


. a\ 3^ 9% P 3mi P«, 35' 


- P, df’ 


-dv, „ of 9^ P 9% Pi), 95 

5-5-1+0085^^0** cos5k5^+^-:^^i+-^^ 


3^6 ' 9^i Po3^S'' Po9^i' 


- P„ df 


These equations lead to 


dt~ di>’ 


dt ^ U^d<j>^ d<j> Po3i^ ^ Po 3f 1 ~ Po3f' ^ ^ 

Since c is independent of t equation (3*8) shows that we can introduce a function a 
such that ^ 

= (3-10) 

Xx = -|. (3-11) 


4. The solution for risr terms of a, g5, etc. 

Before finding the form of solution for % we develop from (2*7), (3*4) and (3-6) 
a more convenient set of relations expressing the derivates of c with respect to <j> 
and ^ in terms of the derivates of 6. 

Prom (2-7) if we write z == aj+iy, 

c e~^d 2 = c(cos 0—i sin 0) {dx -f Hy) 

= {TJ—iV){dx’\-idy) 

= TJdx^‘Vdy—i{Vdx‘-Udy) 


hence 




= d4+i^dir. 


dz = 


d<p~ c‘ 


and thus 
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It follows that 


df\c 


0^1 p c r 


cd'ijr c^d 

Equating real and imaginary parts 


3 ^ ^3^\Pc/ Pc 3^ 


c 3^ \Pc^ 


1 3c Pa 3^ 


CkJ I v-*-ID/. 


pva^ 


C®0^ Pc 00' 


These relations will be required in the form 

= P$-P.=| = o. 

These are the reciprocals of the Tschiapligin equations (see Carrier & Carlson 1946 ). 
We can now consider the expression (3*9). The form of the solution for suggests 

P«Sa 

for the perturbation. If we substitute for v-^, Xi in (3*9) we obtain 


0 = + 


Pc 0^g 
Pq dtd'>jr 


+c^{c 


dadd 0 rPc 0 a 


m^"|_JP_0^/ ^^P£^\_Pc 

LPo^d Poafra0j^Po9i^Po9fi Po^ 


3a r dd P 3c 

'"f I ^ f »-v t 


00L aii P( 


!£.1 ^rA/££\ 

00-J \_d<j> \Po/ ^ p§ df\] ■ ^ ’ 


The right-hand side of (4-5) is identically zero in virtue of the relations (4-3), Pq 
being a constant. It is evident then that (4-4) is a solution for but it is not the 
general solution, since we may add to the right-hand side of (4-4) any solutions of 
the partial differential equation 

0Ui .0Vi c^Pa^ . 

If in (4"6) we replace the coefficient of using (4-2), the equation becomes 

0 «i ,dvi c d . 
dt ~ 


and if we write 

p®p 

(4-7) 

then 

9 pc\ 0 /Pc\ _ 

Po dt Po00 + ° ^00 VPo/ ^90 IPo/ “ ’ 


that is, 

¥ ,9/? ,, 

(4-8) 

Thus in general 

we may state that 

Pc f 0 a J 
'’‘-p;(§?+'*)’ 

(4-9) 
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where yS is any solution of the equation (4-8). It follows that the general expressions 
for (%, Xi) are 


0 a 


Pc 

Po 




(4-10) 


5. The conditiok eoe ireotational elow and dstteepeetation of 
The condition for irrotational flow is 

du 


r — — 


dy 


= 0 , 


and using the transformed expression for namely, (3-7), the condition is 

^ _ 30 dvi P 0% Pwj 35 _ 

c “ ^ 

Substituting for % and from (4-10) this becomes 

. c Pq 9^ * 

Thus the condition for irrotational motion is 

M = o. 

0^6 

It will be noted from (4-8) that when (5*3) is satisfied, then so also is 

dt 


(5-1) 


( 6 - 2 ) 


(5-3) 


(6-4) 


and jS, in irrotational motion, will therefore be a function of ^ only, that is, yff will be 
constant along the curves ^ = constant. 

Thus, when the unsteady motion is a perturbation upon a main flow, the ^ 
function which occurs in (4-10) is related to the vorticity by 


Podt^ 


(5-5) 


and equation (5-5) now forms the interpretation of /?. It will be noted also from 
(5*5) and (4*8) that the latter equation expresses the fact that vorticity is convected 
with the fluid (Carrier & Carlson 1946 ). 


6. The expression eor p m teems oe a when the adiabatic relation 

IS ASSUMED to HOLD IN THE COMPRESSIBLE ELUID 
If in (1*4) we assume that the relation between p' and p' is 

p' = 'cp'y, 

x' = J(w'2+«'2)+£i. 


then 


( 6 - 1 ) 

( 6 - 2 ) 
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Assuming also that in the basic flow 

n = /cPy, (6-3) 

it follows that 

Xo+Xi = ^ (P +Py~'^ +J{(Z7++(F+«)2}+£2 

= jl + (r- 1 ) I j + + F 2 ) + CTtt + Fv + a, 

where all powers of the second and higher order are neglected, and using (2-6), 


namely, 


(6-4) 

we obtain 




^'^^+Uu+Vv. (6-5) 


Substituting for U, V, u, v, from (3*3) 

= ^5 H-ccoscos ®isin^}+csin5{ttisin0+%cos0} 

Jr It 

ylliO 
= p 


Writing 


.>-35 


= /cyPr-i, a§ = KyPJ- 


-X 


( 6 - 6 ) 


where a is the local speed of sound, this relation for p becomes 


9a ,p 


*3a 


hence 


_ 1 0a 0^ 0a 

P a^dt a^d<j>* 


From {2-1), (6*1) and (6-3) it follows that 


P = a^P, 

and thus from (6*7) we obtain 



(6-7) 


(6-7)' 


The normal form of the relation (6-4) is included here for future reference. When £2 
is omitted from the equation it may be written 


that is, 


1 

7-1 


+ = constant. 


a? = ag_^(y_i)c2 


where % is the velocity of sound at a stagnation point. 


(6-8) 
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The alternative form of (6-8) is 

al 2 al' 

The maximum velocity which c may attain is c^, where 

and using this new constant 


“O 

where t is a non-dimensional variable, lying in the range 0 < t ^ 1 , 


From (6-6) 
and if we write 

then 


- = 

<®o ~ 1^0/ 



(= 6/2 for air), 
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(6-9) 

( 6 - 10 ) 

( 6 - 11 ) 

( 6 - 12 ) 

(6-13) 

(6-14) 

(6-15) 


7. The equation of ooNTrurnTT in the transformed co-ordinates 
In the general equation of continuity 

|'+4(^V)+|(pV).o. 

making the substitutions (2*1) and using (2-3), this becomes 


(7-1) 




(7-2) 


where we neglect the second-order terms pu and pv. Equation (7-2) may be written 

dp ^/du dv\ 3P ap ^dp (du aF\ ,, 

We take pairs of terms in (7-3) and tra ns form to ($5, co-ordinates using the 
relations of § 3: 

dv l^d PFa\, ^ ■ n. Itt^ '^U d\, . . 

“ dd dd . Pc3?;i 


du 

dx 
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0 3 f fl 9 Pcsiiif? 3 


( . ^ {J XL/ V/VO L/ ly 

0 »iPc 0 


0 

0 Pc cos d 0 


“ “i®05i+ P, 


(7-5) 


TT 3 , T7 ^ 

J7^+F^ = ccos 
ox dy 


( d Posing 0 ^ • /)( ■ zi ^ 3 | 


_ ^2_ 
“ ■ 0^6’ 


(7-6) 


3a: "*” 3y 


= (■ 


^ 3 Pcsin^ 3 

C cos u ^ f 

d^ Po of. 


\ ^ I . r,"^ PCCOS^ 3 \ , . o. 


__ f 3c Pc 00 \ 

Usii^ (4-3) the relation (7-7) simpMes to 

Zx^ dy P1 3^ Po ^in 
cf 3P\_ 
-P\ "3?5r 


(7-7) 


c2^ 

P395' 


(7-8) 


Equation (7-3) now becomes 
dp 


dt 


+P 


( du, dd Pcu^dd Pc3®il , 3P ViPc3P^„3p cV9P_ft 

('3?-“‘§?+T78?+p;37r“‘'’¥'^Tr3if"'§?■ vs? ■ ■ 


hence the equation of continuity in the transformed system is 


?e+P^lfeU£^|2?2i+„ 

dt^ d<l)\cj P^ycdf ''■df\c)] 


+ Pc2 


d(f>\pj 


= 0 , 


J.-L ^ ■ 9 / /5 \ 9 /%\ 1 9 MP\ ,0 /p\ n /. 7 ,Q\ 

that IS, c )^3^ip) “ ■ 


When we substitute for p, %, v-^ in this equation we obtain 


dt[c^p\ji^dt'^a^d(pird(f>\d^rPo^f{Po\df'^^)rd<p{ a^dt a^d4>l 

that is. 


or 


1 3% 2 d^x 3®a 3 fP®/3a A] 3a3 /1\ 3 /c®3a\_^ 


1 9% 2 92a 

9a 9 /; 


c®\3al 


se«)i 

a^c^dt^ a^dtdijy 

dt d(f) \a 

+3^5(1 


^df\. 


(7-10) 


If required the independent variables in this equation may be transformed j5:om 
%lr) to (c, 0). In the particular example to foUow this transformation is easily 
effected. 
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It is of interest to state here the simplification which takes place in (7-10) when 
the fluid is incompressible. 

If we write P = Pq in (4*10) the expressions for the velocity components become 


(7-12) 


(dec A doc 

and taking P = P^ andp = 0 in (7-9), the equation of continuity becomes 

Substituting for % and it follows that the partial differential equation for a is 

0% 0^a, 0/!? . , 

The development of this equation is left to a future paper. 

8. Special case when the basic plow is ciEcirLAB and boitnded 

INTBENALLY BY AN OSCILLATING CYLINDEB 

We can derive the standard results for circular flow from (4-2). K we a,aanmft 

<l> = {8-1) 

where is the maximum fluid velocity, and IS is a constant of dimensions length, 
0^ 0 

then firom (4'3)5 since ^ = 0, we have (Pc) = 0. Thus Pc is dependent upon^ 
only, and the relation between these quantities is 

P 0c 1 c 

which leads to the ordinary differential equation 

I “4/ 


whose solution is 


I “4/ 


To find the velocity field we can use (4’1) which gives 


dz = ie^® 


= -ic^R 


{% e^ dd e^ dc 


so that 


dz == -^ic^Bdl 


VoL 199. A. 
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and 



(8*4) 


Since 



it follows that the curves of constant velocity are circles; when c = | a: | = iJ is 

the limit circle for the motion. Thus using 


we have 


4>-c^Rd, 

A_J_A 8 cPq 8 

d(j> c^Rdd' dijr J?c,„P3c' 


(8-5) 

( 8 - 6 ) 


Substituting in the general (^erential equation (7-10) we obtain 

i(i) 


1 d^a 

2 a^a 1 aa a / 

dt^ 

c^R dt dd c^R dt W \ 


+ - 


1 3 
IR^dd 


(/ cnaal cPq afP^cPp 3a .1) ^ 


If we assume that the inner boundary is oscillating radially with frequency n the 
motion at the boundary will be 

r = ro + <^0 (^0 > ■®)* 

Hereafter we shall be concerned principally with the outward propagation of this 
disturbance. Suppose therefore that we determine a solution for a of the form 


a = a{c) 


cosi 

sin) 


nty 


( 8 - 8 ) 


where a(c) is independent of d. The function a(c) being independent of (8*7) 
becomes {a also being independent of 9) 


+ 




a(o) . 
sm 


nt+ 


i?c^p ac 


cP da cos P^/?l 


= 0 . 


(8*9) 


To determine a solution of type (8*8) we must choose /? independent of 6 in the form 



aud from (4-8), namely, M+c^—L M = o, 

Ou 0(y 

it follows that y? is identically zero, so that (8-9) becomes 
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and the unsteady motion developed in the fluid is then irrotational. If we transform 
to the variable t defined in {6-12) this equation may be written 

Po dc(Po dcj 


and since 


this becomes 


d ^ d 
^dc 

(l-T)^o(iec^n,)^ d f dal _ ] 

«§(l-r)4T ^ dr)-®’ 


(1 - t)'«» 7-2^ {t( 1 - t)* - ^oT2( 1 - T 






a = 0, (8-11) 


(1 - T) rV'+ t {1 - ( 1 +J8^) r}a' + ^ = 0 , 


where 


The unsteady perturbation components for this motion are given by (4*10). Using 
the transformation (8-6) we derive 


dot c da ^ 


(8-13) 


that is, the perturbation'’component around the circles \z\ss constant is zero. The 
radial perturbation component is 


a being deiSned by (8*8). 


PoW^^j“Poi2c„F 

__ dal da\ 

JRc^dc \ dv / 


9. SoiiXJTioi^r FOE a when- the basic flow is small oomfabed 

WITH SPEED OF SOUND 

If we assume that the basic flow is small compared with the speed of sound (the 
motion being that at a considerable distance from the oscillating cylinder), then we 
can assume r is small in (8-11) and it becomes approximately 


Writing 


TV+ra'+—=0. 

T 

(i)dr 

5-^jj ®5- 

^ = — 2t*^ , therefore = —2 t^, 
di dr’ ^di dr' 

d I d\ , . d /-d\ lL,d2 _dl 
’’dr V dr) " *^df (^d^) d|2 +^d^)’ 

dr^^ dr d|2^^d^r 


31-2 
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The solutions of (9-2) are Jo(2A|) and 3^(2A^). Since small values of t are assumed, 
lai^e values of ^ -will prevail in (9*2), and we can replace JJ, and Tg by their asymptotic 
expansions, namely, 

J,(2A^)~(^)%os{2A|-K ro(2A^)~(^)*sin{2A^-H. (9-3) 


and the complete solution for a will be 


a = £:iTicos|^-i7r| 


^ , IT 1 • 

. ni-h£.oT^8m 
sin 



being arbitrary constants. Since 

A 

a 


this becomes 


^ c R R . 

T = -V and — = ~ 

Cm C„ I z 1 r 


(9-4) 


^ IR f2Ar - 1 cos ^ jR . f2Ar - Icos 

and evidently by suitable combinations of the constants, progressive wave solutions 
may be formed of the tjpe 

,cosf2Ar 1 
r-i . -5— nt\. 

sm ^ ^ 


From (8‘12) 


2A _ » 

i? ~ ag’ 


so that the progressive wave types are of the form 


’^rW^-'))- (»■») 

Thus, progressive wave types will be propagated with the velocity of sound at a 
stagnation point, a result to be expected for low basic speeds. It will be observed 
that the amplitude decreases as These waves of course are ordinary sound waves. 


10. The fobm of the geheeal solution for a. 
Characteristic solutions 

Equation (8*11) may be transformed using 

2A 


r = 


and it then assumes the form 




( 10 - 1 ) 

( 10 - 2 ) 
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H we write b = 1) = 4A® for air when = f, 

r=Qo 

and assume a= S A^J^^{z), 

7*= —00 

we obtain, assuirong that v does not take the values ± i; ±3, ± 5, 

2V+2a'+z2a= i (v+2r)M2,J,+2,{z), 

— 00 

CO 

^ ^ i-^2r{^+2f—2“^'^+2r+2 ^*^4-2r}> 
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(10-3) 

(10*4) 


== S P2r 


^^-t-2r ^+2r+2 


2 _co^ ^*'\y+2r—1 (j; + 2r)^—1 j^ + 2r + lJ' 

Thus theibllowing identity has to be satisfied: 

0= S + 2 ^2r{*^+2r-2"^*^+2r+2“‘^'^+2r} 

— 00 —00 

4-/i V 4 f *^2r-2 _ ^^+2r _^ 

-rw ^ "^2rK. I 1 /•.. t On«\2 1 r 


f *^ 4 - 2 r -2 


*^>>+ 2 r +2 ] 

|v4-2r—1 

{v + 2r)^ — 1 

(v + 2r+l)| 


Equating to zero the term in we obtain a recurrence formula for the coeffi¬ 
cients, namely, 


- A®-42,._2 2r - 1) 2A^+(v+2r)2— 


8A^ 

(v+2r)®- 


4“ A^jdo-j o I 1 + 


v+2r+ 


j)-0. 


where we have now taken b — 4A^. If we take r = — 2,..., +3, the set of relations 
(10-5) becomes 


-A‘4..(l+^)+Al,[2A«+(.')*-^]+AM,(-l+j|^) . 0, (») 
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Tliis iufioite set of relations will define an infini t e determinant in v whose vanishing 
will lead to a set of characteristic solutions for v. Convergence of the infinite series 
(10*4) will be assured, since for large values of r equation (10-6) becomes. 

- +^zr+s)+■42r{2A2+(V+2r)®} = 0, 

which is aimila-r to that for the Mathieu coef&cients, hence we can accept the con¬ 
vergence as a result of Mathieu function theory. 

In order to investigate the infinite determinant of the coefficients we can 
approach the problem as in Hill’s determinant. To ensure convergence of the infinite 
determinant we divide throughout the rth row by the coefficient 

8A2 


2A® -t- (v -t- 2r)® - 

of in (10‘5), so that (10-6) becomes 
4 


(y+2r)2-l 


.. . . . 8A2 ^ 8A2 


2A2-i-(v + 2r)®- 


Suppose we write 


(i*+2r)2-l 


2A^-l-(v-l-2r)^— 


= 0. (10-7) 


(v-l-2r)^—1 


e®, = ■ 




2A*-i-(v-t-2r)® 


8A2 


V2r = ' 


(v+2r)2-l 


2A*-f-(v-f-2r)®-- 


8A2 


then 


(j;+2r)2-l 
®2r-^2r-2'l"-^2r"i"’?2)"‘^2r+2 ~ 


and the determinant of the coefficients is then 


A(v) = 


0 

0 

0 



Write — V for v, then 


6 — 2 r ~ ■ 


2X^ + (v+2r)^- 




[{v+2r)2-l] 


( 10 - 8 ) 


(10-9) 


( 10 - 10 ) 


( 10 - 11 ) 
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A®(-1+- 






and 

’?-2r 

= — 


— V 

-2r+i; 

— = 

®2r5 




2A^ + (j^ + 2r) 

2_ 

oA 

{v+2r)^~ 

I 




% 

1 

^6 

0 

0 

0 

0 

0 


0 

^4 

1 

^4 

0 

0 

0 

0 


0 

0 

^2 

1 


0 

0 

0 

A(-j') = 

0 

0 

0 

7o 

1 

eo 

0 

0 


0 

0 

0 

0 

V-i 

1 

e_a 

0 

1 

0 

0 

0 

0 

0 

V-4. 

1 

e-4 


and since the determinant is infinite we have A(i/) = A( — v), that is, A(j^) is an even 
function of v. Replacing rhjr—l and vhjv+2^ 


and thus A(v+2) = A(v), and similarly A(3^± 2m) = A(v), hence A(v) has period 

V = 2, 

The singularities of A(j^) occur as simple poles of the terms egr? ? 2 r* We note that 
p = ±(2r—l) are not simple poles of the functions, and from (10*8) and {10*9) we 
derive the simple poles at the zeroes of the function 

0^2 

which leads to the two expressions 


(i;+2r)2 = ^V(^^ + 36A2 + 1)-(2A2-.1)} = A;|(A), l 
(j;+2r)2 = -^^(a4+36A2 + l) + 2A2-l} = -i;|(A),J 

where if(A) and ifc|(A) are positive quantities. Hence the simple poles are 

p = --2r ± i;i(A) (r = — cx>, oo), 
p = —2r± ik 2 (X) (r = — 00 , oo). 


( 10 - 12 ) 


(10-13) 


that is, one set along the real axis, a second set along the lines ± ik 2 (^)- 

It is easily shown that A{z') is an analytic function except for the poles (10-13), 
and these poles are simple provided A > 0. 

The function xi^) defined hy 


X(v) = A{cot ^7t{v —ix) ” + ^i)}+-B{cot \7f[v —— cot \7t{v +ii^)} (10-14) 


is also an analytic function except for simple poles at the points (10-13), and it has 
period v = 2. It follows that the function 

f{v) = L{v)-x{v) (10-15) 

s 

Will be of period 2. Furthermore, if A and B are so chosen that the singularities at 
y = jfcx V = ik^ cancel, then in virtue of the periodicity it follows that all the 
singularities of/(v) disappear and/(i') will be an analytic function. The singularities 
at = Xjx and v = ik^ wiff cancel provided that the residues at these poles are the 
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same, and it is evident that this method leads to two compatible linear equations 
for A and B whose existence is thereby proved. Since A(v) and xiv) are bounded as 
V tends to infinity, it follows that/(v) is bounded, and thus by Liouville’s Theorem 
f{v) is a constant. To determine this constant make v-hoo in (10-16), then since 
lim A(v) = 1 and lim x(v) = 0 it follows that/(v) = 1. Thus 

v-^ico v-Hco 

^{v)-l=x{v). (10-16) 

The method outlined above for the determination of A and B may be avoided if we 
note that (10-16) is an identity in v and A and B may be determined alternatively 
by equating the left- and right-hand sides at any two convenient points in the 
v-plane. These points are taken to be v = 0 and v = 1. With v = 0 we obtain the 
equation =-2Aoot\Tr\+2iBGotla.^TTlc^, (10-17) 

and when v = 1 the equation 

A(l) -1 = 2^ tan -i- 2iB tanh . (10-18) 

When V = 1 it follows from (10-8) and (10-9) that 


( 10 - 20 ) 


eo = V-z = Vo = V2 = e_2 = 0, 

and thus A(l) = 0. The corresponding values v = +1, ±3, + 6,... which make A(i') 
vanish are excluded as solutions of the problem (see 10-4 et seq.). Equation (10-18) 
now becomes -1 = 2 Ata,n^kj^+ 2 iBtaiDh^ 7 rk^, (10-19) 

and (10-17), (10-19) lead to 

.4{cosh nk^ - cos nk-^ = - J sin (7rl:i) {A(0) sinh* {^Trk^ + 1},) 
and i5{cosh nk^ - cos nk^ = ^ sinh (nk^ {A(0) sin^ {knk^ -1}. J 

The equation A(i') = 0, which gives the characteristic values, becomes x{v) = -1, 
and this reduces to _ 2 A^ 7 Tk^ 2iBBmhnk^ 

cosTT&i —cos wr coshTTlig —coswr ~ ~ ’ (10-21) 

The only difficulty in the solution of this transcendental equation lies in the evalua- 
tion of A(0) for any specified A. 

In the case of sufficiently small values of A (that is, when the frequency of the 
osciUating cylinder is sufficiently small) a solution for v of the equation (10-21) may 
be obtained as follows. The following formulae have been derived and are correct to 
the final power included: 


A(0) = ..., 

*1 = l-H4A2-48A«-H912A®-f..., 

*2 = AV(10){l-4A2-f64A*-|-...}, 
cos = -1 -H 87r2A® - 1927r®A« +..., 

siuTrii = -47rA24-487rA®-A«(9127r-f^77'®)-l-..., 
cosh7rlii2= 1-f 5jr®A*-HA*(^7T®-407r2)-l-..., 
sinhTTlba = 7rAV(10){l-f-A2(|7r2-4)-f-A®(64-207r2)-f-...}, 
^ =JrA2{l-12A2-h...}, 

= ^AV(10){1-A2 (|f|-^^;r2)...}, 


( 10 - 22 ) 
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and the solution for v is obtained from 


-1 = 

— 1 + Stt^A^ — cos l4-57r^A2H-A^(^;r^—4077^) —cos vtt* ^ 

It will be noted that = 1 satisfies this equation to order A^, and it is easily shown 
that the second solution is 

V = iAV(10){l-^A2 + ...}, (10-24) 

so that for small A the solution for v is an imaginary quantity. There will be an 
infinite set of solutions for v which make A(i^) vanish, and these will be obtained 
from (10*24) by the addition or subtraction of an even integer. 

In order to check the result (10*23) we return to the equations (10*6) and solve 
for V by an alternative method (this method is possible, as in Mathieu function 
theory, for sufficiently small values of A). When is neglected in (10*6(6)), this 
equation defines A _^2 terms of Aq. Similarly, by neglecting A^ in (10*6 (d)), this 
equation defines A^ in terms of Aq. Substituting for J .2 and A _2 in (10*6 (c)) and 
equating to zero, the coefficient of Aq then gives an approximate form for the 
characteristic equation A{p) = 0. This equation is 


2A2 + (v-2)2- 


-4-2A® +V* — 


8A^ 

V®— 1 


A* 


(-fSf) 


(v-2)2-l 


2A2+(v + 2)2- 


8A2 


= 0, (10*25) 


(^ 4 - 2 ) 2-1 


and for small A it is easily verified that (10*24) is a solution of this equation. This 
alternative method leads to the solution for v more rapidly than the original method, 
but suffers from the disadvantage that it may be applied for small values of A only. 
With the solution (10*24) for p we obtain 


= iA2^(5 + 9aV(10)...), A^ = iA2^o(5-9iAV(10)...), (10*26) 


so that and A 2 are, to this order of magnitude in A, conjugate complex quantities. 
Hereafter the terms involving A 2 r will be neglected in the general solution (10*4), 
and in this case, for sufficiently small values of A, the solution for a is 



(10-27) 

Two important cases may be considered: 


(i) Since z = 

T 

(10-28) 


when A is small, z will be small provided r is near its upper limit, namely, r = 1. 
In this case we may approximate to Jy{z) by its leading term, and we thus obtain the 

= exp{t[nf+Av,/(10)l<^(iz)]}. (10-29) 


This solution corresponds to a system of converging waves, and the more appropriate 
diverging wave solution arises from the second solution which leads to 

a = exp —A^(IO) log (^z)]}. (10-30^) 
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It easily follows from this that the disturbance is propagated at the distance r with 
the velocity given by 

'?-A-io)-lS-,5 

this resiilt being vaM for values of r near R and for small values of A. 

(ii) The second case of (10-27) which can be easily treated is the case of small A 
and large z which arises when r is near its lower limit, namely, r = 0. The conditions 
approach the still-air propagation problem, and the velocity of propagation should 
be Using the asymptotic solution for Jj,{z) for iarge z we derive 

JiWClO) (2) ~ cos {z - iiTT V(10) A - 

Since (^) ^ ^ solution it follows that 

/ AV Q±iiZ-l7T) 

\7TZ) 

are solutions, and the diverging wave solution is given by 

where we have used z == nrjaQ. Thus the velocity of propagation of the waves is % 
as expected. 

When A is large it djoes not seem likely that an analytic solution to the problem 
can be derived. 
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The electron pairing theory of the structure of 
conjugated hydrocarbons 

By W. Moffitt, British Rvhher Producers^ Research Association^ 
Welwyn Garden City 

{Communicated by E. K, Rideal, F,R.S.—Received 15 June 1949) 

The electron pairing theory of molecular structure has been extended in its application to 
conjugated hydrocarbons. Fonnulae for calculating intemuclear distances, force constants 
and interaction constants are derived. These appear to give rather better results than the 
already successful molecular orbital theory. The interaction of two conjugated systems is 
discussed, and it is shown how the conjugating power of a hydrocarbon residue may be corre¬ 
lated with its residual affinity 


iKTROBTICTIOIir 

So far, the pairing (or HLSP = Heftier, London, Slater, Pauling) approximation 
has been successfully applied to the calculation of the resonance energies (Pauling 
1933 ) of the bond lengths and bond energies (Penney 1937 ) and of the chemical 
reactivities (MofSitt 1949 ) of conjugated hydrocarbons. In all these treatments it 
was tacitly assumed that the variation of the exchange integrals with intemuclear 
distances may be treated as a second-order effect. The only development (Penney & 
Lloyd 1939 ) of the theory which permits the calculation of force constants has the 
disadvantage of considerable computational complexities in as much as the energy 
is minimized with respect to the bond lengths at the outset. 

In the belief that this is in some respects an unnecessary rej&nement, it will be 
shown how force constants and interaction constants may be calculated, without 
difficulty, once the first-order wave functions have been deter min ed on the assump¬ 
tion of equal exchange integrals for neighbouring atoms. The author’s aim is the 
same as that of Coulson & Longuet-Higgins ( 1948 ) in their recent simplification of 
the molecular orbital method as applied to similar systems by Lennard-Jones 
(^ 937 )- particular, it will be foimd convenient to introduce certain quantities, 
called mutual bond polarizabilities, which are closely related to similar quantities, 
first introduced for the molecular orbital theory by Coulson & Longuet-Higgins. 

The paibihg method 

As is customary in HLSP theory, we facilitate the resolution of the exchange 
degeneracy by expressing the wave function repr^entiog the unsaturation or n 
electrons, as a linear combination of simpler structure-fimctions v in number, 
writing 

t = (a=l. j^). (1) 

a 

For simplicity, we shall confine ourselves to a hpmopolar representation in which 
each of the represents a purely covalent structure, though this restriction is not 
necessary. Thus each is an anti-symmetrical many-electron function which may 

[ 487 ] 
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be uniquely specified by a directed valence-bond pattern; the different are 

linearly independent, normalized, but not in general mutually orthogonal. (In fact, 
more than v structure-fonctions may in general be enumerated, but the manifold 
which they subtend together is of v dimensions only; the number of possible structures 
exceeds the number of independent structures, We therefore choose a convenient 
set of V independent in terms of which to expand It is easily shown that the 
observables which we define in the sequel are independent of this choice.) 

Since the ilr^ are real, we introduce the notation 

= ( 2 ) 

SO that the energy E may be expressed in the form 

= (3) 

The are determined by minimizing this energy with respect to these a^, which 

may therefore be treated as variational parameters. The are readily determined 
as non-negative powers of I —^most conveniently, perhaps, by means of certain rules 
devised by Pauling (1933) —and the may be similarly expressed in the form 

+ (r=l,...,n). (4) 

r 

Q is the configurational Coulomb energy term, and the are the exchange integrals 

which are directly related to the strength of the bonding between atoms i = i(r) and 
j = J(r). It is assumed that the only non-vanishing exchange integrals are those for 
which i and y are nearest neighbours, and that these are numerically equal to J say. 
The summation in (4) is therefore taken over aU effective bonds r{ == 1,..., n), or over 
all pairs of nearest neighbours. If the are chosen so as to normalize we have 

(5) 

r 

where the are quadratic forms in the 

c, = (6) 

a ^ 

On minimizing the energy, by setting 

^ = 0 (a=l,...,v), , (7) 

we obtain the set of linear equations 

~ ^ = Ij ***jJ^)y (^) 

* ^ 

&om which we may eliminate the to determine the critical values of the expression 
on the right-hand side of (3) by means of 


= 0 . 
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Any root E'^ of this equation determines a corresponding normalized wave function 
or set of aa(a = 1 ,..., v), to the extent of a trivial factor of modulus unity. Since 
we shall, at first, be only concerned with one particular state of a molecule, we shall 
drop the superscript r which distinguishes the v diiBferent ‘states’ arising from our 
homopolar representation. In fact, of course, this representation is incomplete, 
and only certain of the in particular that which represents the state of lowest 
energy, may be taken as good approximations to the wave functions of observed 
states. 

We may compare (5) with Dirac’s formal solution of the perturbation problem 

r 

. s^* represents the mutual inclination of the spin vectors of the electrons associated 
with atoms i = i{r) and j = j{r) bound by the effective bond r. Penney ( 1937 ) has 
defined bond orders for HLSP theory by means of the relation 

so that c^{a) = ( 10 ) 

and E — Q — (H) 

r r 

Since the take the values 0 and 1 for pure single and double bonds respectively, 
we may call 

^ = |i;35r(®)4. (12) 


the total exchange energy of 7r-electronic binding—or, simply, the mobile exchange 
energy. The term — (i) is not contained in <f, because it would appear even if 

r 

all the r were formally pure single bonds; in the role of a constant exchange repulsion, 
it therefore contributes, together with Q, to what may be called the total con¬ 
figurational energy—^which is independent of the values assumed by the eigenvalues 
of the scalar product operators By use of (9), we notice that the total deri¬ 
vative, of the mobile exchange energy with respect to JJ. satisfies the re¬ 

lation < 


DJ, “ a J, ^ 0a„ dj^ 


(13) 


The mxtttjal bond bolabizabilities 

In order to consider the effect of variations in the values of the different exchange 
integrals we shall find it convenient to introduce mutual bond polarizabilities by 
means of the equation 

= ^ ( 1 ^) 

These wall show how the order of some bond r is affected by altering the value of 
one of the We note that, since and d/dJ^ commute, 

dp^ 2 3 V dps 

3ap4 


( 15 ) 
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Further, by differentiating (11) we obtain the identity 

* = 0 = (IgJ 

A rather impoirtant theorem is that, for groimd states, 

(17) 

that is, the self-polarizability of a bond is always negative. Since the addition of 
a positive increment to corresponds to weaker bonding at r, this implies a parallel 
decrease inp,.; in this form, (17) is an almost necessary prerequisite for any definition 
of self-bond-polarizability. It may be proved as follows: We may expand the mobile 
exchange energy, corresponding to a variation dJ^, positive or negative, in the value 
of 4-, as a Taylor’s series 


0^ 1 0^^ 

T * T S 

and neglect aU terms beyond the second power in 8J^. The first two terms give the 
energy of the p^turbed state, using the same wave function for this state as was used 
for the unperturbed ground state. The last term, however, allows the electronic 
motions, or their wave functions, to adapt themselves to the perturbation and, by 
the variational theorem, is accordingly negative. Since (5J,)2 is essentiaUy positive, 
being real, the theorem follows. ’ 

The 77-,._g may be calculated for any given state either by means of perturbation 
theory or by adopting the following technique which is more convenient when the 
wave functions have only been determined accurately for complicated molecule^ 
in the states of interest (generally their ground states). We assume, then, that the 
normalized wave function rjr has been determined. Substituting the right-hand side 
of (6) for i? in (8), we dffierentiate partially with respect to {E may here be regarded 

as a Lagrangian multiplier ensuring normalization in the variational problem) and 
obtain ' 

( 18 ) 

But from ( 6 ) we ha™ (19) 

and from (4) and (8) ** 

SS = (^- Q) s = (^- e) S 


so that S - 22 ^ ES J. . 2(^- «, I ^ 2 

Accordingly (18) may be rewritten in the form 


- (fi.,-BS«,)-2(B-e)(2S„o.)(2ax«w), 

= 2 (rLc-c,.) S^a^. 


where 


( 21 ) 

( 22 ) 
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The linear set of nv equations (20) serves to determine the nv unknowns dapjdJ^, 
from which we may evaluate the dcJdJ^ using (19), and the ^ from the relation 


2 3c. 


33// 


(23) 


We notice that the contain J b,s a, factor, whereas the dimensionless; the 
TTy^ 5 will therefore be given as multiples of the reciprocal of the exchange integral /. 


An explicit poem for the polarizabilities 

If the wave functions of aU the states arising from our homopolar representation 
have been determined, the mutual bond polarizabilities are most readily calculated 
by means of perturbation theory. This method enables us to give expKeit formulae 
for the polarizabilities in terms of the coefficients and the As mentioned before, 
superscripts refer to the different, mutually orthogonal, which may be obtained 
by considering all v roots of the secular equation (9). Thus indicates the mutual 
polarizability of bonds r and s for the state represented by with energy It 
wiU be assumed that the enumeration of the in the expansions 

(a,T=l,—.J-) (24) 

a 

is the same for all r. 

We consider the effect of altering the value of by a small amount By means 
of perturbation theory^ the wave functions for the perturbed states are given by 

+ + = 1.^+1 . J '). ( 25 ) 

where the values of the perturbation matrix elements are 

= ji/r''Jl!’r^Pdv — ’Si^a^a^jT/Tg^'i/r^dv (26) 

with ffidv = 

We introduce the notation 

( 27 ) 

so that, on combining equations (26), (26) and (27), we have 

Sr = (28) 

We have therefore determined the first-order wave functions corresponding to our 
perturbation 

Let .us next determine the variations with of the values of the c^, as defined in 

equations (6), for the state When 8J^ is small, 

K = SS(®2; + {a}+- SS al 

a . a 
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Substituting from (27), this becomes 


e^-Ep’ 


whence, from (23), 


^r,s E'^-EP^ 


This result has certain interesting implications. In the first place, if refers to 
the ground state, E'^ < Ep and 

4 V./ .A 

T^t^t-zZu JEr^EP ' 


famishing us with a more direct proof of our theorem (17). It also brings to light a 
limitation of the method which is inherent in the use of a purely covalent repre¬ 
sentation of the different states. In general it may be said that, whereas such a 
homopolar representation is found to give good results for the ground states of 
unsaturated hydrocarbons, the descriptions of the excited states which it offers are 
not reliable unless supplementary ionic structures are included. Thus the wave 
functions of the excited states jB^ of cis- and ^m 7 i 5 -butadiene respectively are 
easily shown to contain no purely covalent component structures. Since this limits 
the ^flexibility’ of our conjugated systems unduly, particularly when these are 
small, we may expect that the perturbed wave functions (25) lead to incorrect 
values for the even when refers to the groxmd state. For example, in butadiene 

it is found that, if the bonds are indexed 1, 2, 3 in that order along the chain, then 
the simple theory which we have pursued gives ^ 3 *, but a more detailed 

analysis, including the contribution of structures 

CH^—CH-—CH = CH2, CHg-—0H+—CH=CH2,..., 

would show that However, the number of independent covalent 

structures increases rapidly with the number of carbon atoms, so that we feel 
reasonably confident in our predictions for the ground states of molecules containing 
six or more conjugating atoms. This confidence is later justified by our calculations 
on the benzene molecule. 

Lastly, let us consider the effect of a molecule with external symmetry. It is weE 
known that sets of the may be linearly combined to form irreducible represen¬ 

tations of the molecular point group, by means of which the secular equation (9) is 
readily factorized and its roots more simply extracted. Similarly if, on changing the 
value of (by lengthening bond r, say), the molecule still retains certain non-trivial 
symmetry elements, the calculation of the may be facilitated. For the ^p may 
always be chosen so as to transform like irreducible representations of the group of 
lower symmetry—and it is then easily shown that the c^p will vanish unless and 

transform in the same way. This simplifies the calculation of the mutual bond 
polarizabilities for the ground state of the benzene molecule, for example, and 
would be particularly important if ionic structures were to be included in the 
analysis. 
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The vibratiohal potential energy 


Let us now return to the general theory of variations in the individual bond lengths 
and consider the dynamics of molecular vibrations. As usual, we begin by dividing 
the appropriate Hamiltonian, obtained by separating the nuclear from the electronic 
motions, into a term representing the kinetic energy of the nuclei, and a term 

The potential energy term is uniquely determined by the nuclear configuration. 
Weshallspecifythe nuclear co-ordinates bymeans ofthebondlengthsa;,.(r = 1, ...,^2^), 
together with as many other co-ordinates Xiil, = 1, as are necessary to 

complete this specification. ^ may then be expanded as a Taylor’s series about any, 
say the equilibrium, configuration (-2^ — 1, ..., m), as follows: 


di^ 1 


d^'f 


(30) 


where d'f'jdXy^ represents the value of di^jdx^ in the given configuration When, 
as we shall henceforth suppose, does indeed represent the equilibrium con¬ 
figuration, the first terms on the right-hand side of (30) vanish, so that for small 
displacements from equilibrium, we have 

{x,-x,). (31) 

u V 


jd^ is, in this connexion, called the force constant of the rth bond and d^i^jdx^dxg 
the interaction constant of bonds r and s. In what follows we shall be concerned only 
with these terms of (31), since the significance of the d^i^jdx^dx^ {uotv> n) cannot 
be revealed by a consideration of the wave functions of the unsaturation electrons 
alone. 

We shall find it convenient to subdivide 'f", such that 

' (32) 


for any small change of configuration; 8^ is the increment in the mobile exchange 
energy corresponding to this variation in the carbon skeleton of some unsaturated 
hydrocarbon. ^ may be regarded as the contribution to the total energy of the 
molecule from a 'single-bonded structure’, the spins of each of whose electrons are 
independently quantized. Accordingly, if we neglect changes in energy due to angular 
distortion and interactions between different cr bonds, we may follow Lennard- 
Jones (1937), putting 

= const. + S 4o^(^r “ 

T 

The term involving the summation over aU bonds represents the work required to 
deform the succession of normal single bonds to attain the values {a?^} for the particular 
configuration under consideration; here a and s are the force constants and bond 
length of a pure a bond respectively. It is tacitly assumed that the different states 
of hybridization do not appreciably affect our identification of cr and s for unsaturated 
systems with those measur^ for, say, ethane. 

It only remains, before pursuing our analysis, to express the dependence of the 
exchange integral on the bond length x^.. Let us suppose that we may represent 
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the potential energies, as functions of the carbon-carbon internuclear distance x, 
for ethane and ethylene by the parabolas 

const, -h ^(t(x —5)2, const. + 

respectively. Then, neglecting complications due to hyperconjugation and hybridi¬ 
zation, the non-constant difference between these two quantities may be equated to 
the non-constant part of the mobile exchange energy for ethylene—^that is, (|) J. 
(For the coefficients of / in the electronic energies of ethane and ethylene are (— !•) 
and (— i+1) respectively.) Accordingly 

= const, -h ^k(x —dl)2 — ^(t{x — 5 ) 2 . (34) 

and d are respectively the force constant and bond length in ethylene. We thus 
have 

'^^=:iK{x,-d)-icr{x,-s). (35) 

It seems reasonable to suppose that anharraonicity terms will to some extent cancel 
out and extend the validity of (35) to cover the entire range d^x^s. 


Bond lengths in EQxriLiBRiirM 


We have now established a close formal similarity, which will appear shortly, 
between the pairing or valence-bond approximation on the one hand and the 
molecular orbital method of Lennard-Jones ( 1937 ), Coulson ( 1939 ) and Coulson & 
Longuet-Higgins ( 1948 ) on the other. 

The condition that the bond lengths x^ assume their values x^ is simply that 


But by (32) and (13) 




dx^ dx^^dJ^dx^ dx^ '^^^’’dx^’ 


(36) 


so that, from (33) and (35), we find that 


_ dKp^+S(T(l-p^) 


(37) 


This equation, connecting the length of a particular bond with its order, for HLSP 
theory, is identical in form with that deduced by means of analogous assumptions 
by Coulson for the molecular orbital theory. (To complete this analogy, we should, 
of course, also have the relation 

3J = 4y? 


between the fundamental exchange and resonance integrals respectively of the two 
theories. For only then would equal bond orders by both methods imply equal 
resonance energies. This point will not, however, be further elaborated here since 
we are primarily concerned with variations in bond lengths.) 
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It is interesting to compare the two methods by means of equation (37). Using 
the values 

5 = 1 - 54 , d=l- 33 A, 

a* == 4 - 96 , AC = 9-80 x 10 ^ dynes/cm., 

we may predict bond lengths for benzene and graphite using calculated values for 
the bond orders. These have been tabulated in table 1, together with the experi¬ 
mental values. 

Table 1 


molecule 

p(HLSP) 

2;(HLSP) 

p(MO) 

aj(MO) 

exp. (A) 

benzene 

0-623 

1-380 

0-667 

1-372 

1-39 

graphite 

0-45 

1*410 

0-53 

1-395 

1-42 


We see that the pairing approximation (HLSP) gives perhaps rather better results 
than the molecular orbital (MO) method. But the agreement with experiment is 
good in both cases, in view of the approximations which it has been found necessary 
to introduce. If we were to take d = 1-34 A, as now seems more likely, this agreement 
would be improved for both theories. We have, however, retained 1*33 A in order 
not to jeopardize a later comparison of the two methods. 

In practice, of course, neither in HLSP nor in MO theory do we use the relation 
(37) in order to predict bond lengths, but, more reliably, construct curves by plotting 
values of x as ordinates against values of jp as abscissae, using the sets of values (38) 
together with those for benzene and graphite. 



POBCE CONSTAJSTTS AJ^TB INTEBACTION TERMS 


Let US now determine the force and interaction constants of (31) in terms of the 
bond orders and, as will appear, the mutual bond polarizabilities. We have 


02 ^ 02 jr 




“ as? +3^2 3^ "^aj? 


l\dxj 


whence, using (13), (15), (33), (34) and (37), we find 


— = cr(l-p^)+/cp^+ 


Kcr{s — d) 1 ^ 


Similarly, it is found that 


dXj.dXg dXj.dXs dx^dx^ dJ^dJ^dx^dx^ 


from which we derive 


02'*^ ^2l K(T{s-’d) H Kcr{s-‘d) \ 

dx^dx^ 3 W(1 + KpJ lor(l -p^)+xpj 


(40) 


These equations differ from those obtained by Coulson & Longuet-Higgins only in 
the factor f, which appears as J in the molecular orbital method. The origin of this 
apparent difference is of course clear when we remember that the ^ are expr^sed 
as reciprocals of J and respectively in the two approaches. Once more the equations 


32-2 
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of the HLSP and MO theories lead to formally identical results; that the force 
constant of some bond r of a conjugated system consists of two parts; the former 
represents what may be called the ‘ static ’ force constant and depends only on the 
bond order whereas the latter serves to dimmish the * static ’ term and represents 

the resilience of the electronic system in accommodating itself to changes in the 
And that the interaction between two bonds r and s depends both on the bond 
orders and p^ and on their mutual polarizability g. 

We may apply the formulae (39) and (40) to determine the force and interaction 
constants in benzene. This example is particularly favourable since our initial 
assumption of equal e/’s is indeed no assumption at all here and, further, in five of 
the planar vibrations of benzene the bond angles remain unchanged. The mutual 
bond polarizabilities for the ground state of the benzene molecule take the values 

TTi 1 = 0-344/J, = -0-304/J, = 0-224/J, = -0*184//, 

where the bonds have been numbered in order around the ring. The bond orders are 
all 0*623, so that, in the notation adopted by Coulson & Longuet-Higgins, the 
various force and interaction constants are 

F = 5*95, = 1*79, F^==^- 1*32, F^ = 1*08 x 10® dynes/cm. 

To facilitate the comparison of these values with those derived by the MO method, 
we have taken the value 

IJ = 40koaL/mole (41) 

from measured resonance energies. 

These figures may be compared with the empirical values cited by Coulson & 
Longuet-Higgins, and those which they calculate. It appears that there are only 
two reliable sets of values which have been determined from the vibrational analysis, 
namely {F-Fq-F^-\‘Fp) and {F’^^F^^^F^^F^), We tabulate our results in 
table 2. It again appears that the HLSP method is capable of giving, if anything, 
rather better results than the molecular orbital method. These values do not depend 
critically upon our choice of values for s, d, cr and /c, so that we may predict force 
constants with some confidence. If certain ionic structures were to be included in 
the analysis, the appropriate constants for certain excited states of benzene could 
also be predicted—and a knowledge of these might facilitate the spectroscopic 
identification of such states. 

Table 2 

quantity obs. HLSP MO 

F-F^-F^+Fj, 5-78 6*56 6*95 x 10^ dynes/cm. 

F-\-%F^ + 2F^-JrF^ 7*57 7-97 8*19 X lO^ dynes/cm. 

The IHTEItACTION OE TWO OONJUGATEn SYSTEMS 

Let US now consider the interaction of two, initially separate, conjugated systems 
AE and HB which are joined to form a composite system (7, by the elimination of 
two hydrogen atoms and the formation of a bond from an atom a of jd to an atom 
b of B —the interaction of the two benzene rings across the central bond of diphenyl, 
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for example. A systematic discussion of this phenomenon has been given by Coulson 
& Longuet-Higgins using molecular orbital theory, and it is interesting to see that 
their general results may also be obtained using HLSP theory; the more so since 
whenever these two very different approximations reach the same or aimilaT con¬ 
clusions, we may of course develop them with greater confidence. 

From the thermochemistry of the systems AH, HB and C, an experimental 
quantity jB(obs.) may be defined by means of the relation 

J?(obs.) = Qf{AB)-Qf{AH)-Qf{HB)-D{a-b)+D{a-H)+D{H-h), (42) 

where the are molecular heats of formation and the X>(...) are bond energies. 

(Smce the D{...) are not strictly thermod 3 mamic quantities, but depend on the 
assumption of additivity for the energies of cr bonds, neither are the iiI(obs.).) These 
empirical ‘conjugation energies’ i2(obs.) may, for BtLSP theory, be compared with 
a theoretical quantity iJ(calc.) defined by 

Iticalc.) = -<f{AB)+<^{AH) + ,fiHB), (43) 

where the <^’s represent the mobile exchange energies of the various hydrocarbons. 
This definition is easily shown to be appropriate in as much as ^{AH) + S{HB) 
represents the mobile exchange energy of a hypothetical molecule AB, in which 
the spm-inclinations of the unsaturation electrons of the fragment A ox B are 
quantized mdependently of those of B or A respectively. Clearly R represents the 
degree of delocalization of the separate fragments in the composite system. 

The following theorems may now be proved: 

(i) Conjugation energies are always positive. 

(ii) The order of the bond joining two conjugated systems is always positive. 
The first result explains the observed increase in stability which, ceteris paribus, is 

associated thermochemically with such conjugation. The second, in conjunction 
with (37), shows why the formal single bond connecting two resonating residues 
always appears partially double-bonded when its length is determined. Further, we 
may deduce that every bond of a complex conjugating system is necessarily double- 
bonded in part, unless it is a member of a cyclic system of bonds. These results are 
quite general, but need modification if steric factors pieclude the coplanarity of the 
two conjugated fragments. 

The proof of these theorems is elementary, and follows analogous lines to those 
put forward for identical theorems by Coulson & Longuet-Higgins in molecular 
orbital theory. We may imagine the systems A and B to be initially isolated and then 
to approach so that the atomic orbital of the former overlaps atomic orbital 
of the latter. Since the relative orientat ion of the spins of the electrons associated 
with a and b was originally random, with . Sj = 0, p,. must have vanished initially. 
Accordingly, by setting a = r in (14) and integrating, we find 

(•JV 

Pr = . (^4) 

Jo 

But, by (17), is always negative and decreases steadily, so that when the 
systems come together ‘ . 


Pr>0. 


( 46 ) 
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This proves (ii). Similarly, since by definition 

B = (46) 

J 9^ 3 A 

and ^ = 

from (45), theorem (i) follows, namely, that 

i?>0. (47) 


Residual aefustities and conjugating power 

It is*possible, in molecular orbital formalism, to give approximate expressions for 
R and in terms of the self-polarizabilities of atoms a and b and to show that the 
conjugating power of, say, an aryl residue is directly related to the self-polarizability 
of that atom of the residue which is a constituent of the bond permitting its inter¬ 
action with some other residue. It is difficult to see how such simplifications can be 
developed for HLSP theory, since self-atom-polarizabilities can only be introduced 
together with a representative selection of ionic structures. We may, however, 
investigate the implications of the following assumption; the conjugating power at 
any point of an unsaturated system may be associated with the residual afiBmity at 
that point or carbon atom. 

The residual affinity at any atom i of an unsaturated hydrocarbon may be 
defined (Moffitt 1949 ) by the relation 

= (48) 

where sums over all bonds 3 terminating at i. The term which ensures a non- 

s 

negative assumes the values 0 , f or f according as i has one, two or three nearest 
neighbours—when we speak of i as belonging to class (i), (ii) or (iii) respectively. 
These residual affinities have been shown to represent the chemical reactivity at the 
various carbon atoms of such conjugated molecules and to be inversely correlated 
with the strength of the Ti-electronic binding there. 

Table 3 


class (ii) 

r.a. 

c.p. 

class (i) 

r.a. 

c.p. 

atoms 

(HLSP) 

(MO) 

atoms 

(HLSP) 

(MO) 

2-hexatrienyl 

0*076 

0*389 




phenyl 

0*087 

0*398 




2-butadienyl 

y^-naphthyl 

2-ahthracyl 

a-naphthyl 

0*089 

0*113 

0*127 

0*127 

0*402 

0*405 

0*411 

0*443 

vinyl 

1-butadienyl 

1-hexatrienyl 

0*000 

0*089 

0*117 

0*500 

0*626 

0*685 

1-anthracyl 

0*142 

0-454 




3-hexatrienyl 

0*153 

0*470 




10-anthraeyl 

0*159 

0*526 

, 




r.a. = residual affinity; c.p. = conjugating power. 
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Let us therefore compare the molecular orbital conjugating powers—^which 
Ooulson & Longuet-Higgins have successfully compared with observed values of 
the jB’s and —^with our residual affinities. We draw up table 3 for atoms of 
classes (i) and (ii), for class (iii) atoms clearly cannot conjugate in this way. In this 
we compare our residual affinities (r.a.) with the conjugating powers (c.p.) of mole¬ 
cular orbital theory. We see that any sequence of residues with monotonicaUy 
increasing conjugating powers has, apparently without exception, the additional 
property of monotonicaUy increasing residual affinities. Our tentative assumption 
is therefore justified: we may, indeed, associate the conjugating power of a hydro¬ 
carbon residue with the residual affinity of the atom which is to initiate conjugation 
with another residue. 

The work described in this paper arose out of the programme of fundamental 
research undertaken by the Board of the British Rubber Producers’ Research 
Association. 
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The kinetics of the polymerization of sarcosine 
carbonic anhydride 

By S. G. Waley and J. Watson 
Courtaulds Ltd., Maidenhead, Berks 

{Communicated by A. H. Wilson, F.B.S.—Received 17 June, 1949) 


The polymerization of carbonic anhydrides, a reaction important bu on as a preparative method 
for the synthesis of polypeptides and as an example of a less familiar type of polymerization, 
has been studied in detail using sarcosine carbonic anhydride (I). The propagation reaction 
has been shown to involve a reversibly formed compound between the carbonic anhydride and 
the polymer; this compound decomposes by both a unimolecular and a bimolecular route. 
The equilibrium constant for the formation of the intermediate compound, and both velocity 
constants for its decomposition have been determined in two solvents, and the energies of 
activation and frequency factors calculated. The molecular weight distribution has been 
calculated; it is extremely sharp. The viscosities of the polymers prepared by this reaction 
have been measured, and the relation between the intrinsic viscosity and the molecular weight 
established. 


Introduction 

Polymerizations are customarily divided into two classes: condensation and 
addition polymerizations. There is, however, a third type of polymerization, several 
examples of which have been hsted by Flory ( 1940 ). There has hitherto been no 
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detailed investigation of the kinetics of this third type of polymerization, but the 
main features have been elucidated in the polymerization of ethylene oxide (Perry & 
Hibbert 1940 ). Polymersofwidely varying size were obtained which aU reacted with 
ethylene oxide, and polymerization only stopped when aU the ethylene oxide was 
used up; it could be started again by adding more ethylene oxide. The degree of 
polymerization was controlled by the relative concentrations of ethylene oxide and 
initiator and by the progress of reaction (in contradistinction to addition polymeriza¬ 
tions). A detailed investigation of an example of this third type of polymerization 
has now been carried out, this example being the polymerization of sarcosine 
carbonic anhydride. 

Sarcosine carbonic anhydride (I) reacts with alcohols, water and amines to give 
an amino-acid derivative and carbon dioxide; this derivative, being an amine, reacts 
with the carbonic anhydride and thereby generates a new amino group: 


CHs- 

Melr 


\o/ 

(I) 


-CO CHjCOiJ 

(i + +CO. 


initiation 


CHj-CO 

Meik (!) 


CH2COJ5 

-i- hInMo - 


CHoCONMeCHXOi? 


+CO2 propagation 


The polymers, which are polypeptides, do not react with each other, and the 
reaction stops only when there is no more carbonic anhydride left. When the 
polymerization is initiated by lower alcohols, however, the situation may be com¬ 
plicated by the subsequent condensation between terminal amino groups and ester 
groups. This polymerization of carbonic anhydrides is well known, and has been used, 
especially recently, as a method for preparing polypeptides (e.g. Astbury, Dalgliesh, 
Darmon & Sutherland 1948 ). There has, however, hitherto been no detailed study 
of the kinetic mechanism of this reaction. Apart from its intrinsic interest, a know¬ 
ledge of the kmetic mechanism enables the molecular weight distribution to be 
predicted, and is necessary to elucidate the composition of co-polymers. 


Expebimental 

Sarcosine carbonic anhydride was chosen for this investigation because it gives 
polymers soluble in organic liquids, intermolecular hydrogen bonds not being formed 
to an appreciable extent. The kinetics are simplified by using preformed polymer to 
initiate the polymerization, so that the propagation step is isolated. In most of the 
experiments, polysarcosine dimethylamdde (II; was used as initiator. The 

polymerization was studied in both acetophenone and nitrobenzene solutions. 


H(NMeCH2CO)„NMe2 

( 11 ) 
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{a) Preparation of materials 

Sarcosine carbonic anhydride (I) was prepared by the method of Sigmund & 
Wessely ( 1926 ) and purified first by recrystallization from dry benzene and then by 
sublimation in a vacuum (60° C/ 0 * 02 mm.). It was stored in a vacuum desiccator 
over phosphorus pentoxide, and was freshly sublimed before use, 

Sarcosine dimethylamide {11; n = 1 ) was first prepared by adding the carbonic 
anhydride to a large excess of dimethylamine; after the dimethylamine had eva¬ 
porated, the amide was isolated by distillation as a colourless oil; b.p. 64° C /1 mm. 
(Found C, 51-9; H, 10 * 6 ; N, 24*2. C 5 H 12 ON 2 requires C, 51*75; H, 10*35; N, 24*2 %). 
The picrate, recrystallized from ethanol, had m.p. 193 to 195° C (Found C, 38*6; 
H, 4*5; N, 20 * 0 . CnHigOsNg requires 0, 38*25; H, 4*35; N, 20*3%). The sarcosine 
dimethylamide was more conveniently prepared in bulk by gradually adding 
chloracetyl dimethylamide (32 g.) (prepared from chloracetyl chloride and di¬ 
methylamine in ether; cf. Freudenberg & Markert 1927 ) to 33 % w/v ethanoHc 
methylamine (200 ml.). After 5 days the solution was evaporated and the residue 
basified with 53sr-sodium hydroxide, saturated with potassium carbonate, and 
extracted with benzene. The dimethylamide (20 g.) was isolated by distillation. 

iV-Isopropylglycine carbonic anhydride was prepared from the amino-acid in the 
usual way (Found 0, 50*0; H, 6*55; N, 10*3. CgHgOgN requires 0, 50*4; H, 6*3; 
N, 9*8 %). On reaction with dimethylamine it gave A'-isopropylglycine dimethyl¬ 
amide, b.p. 51° 0/0*1 mm. (Found C, 57*9; H, 11*4. C 7 Hi 60 Nr 2 requires 0, 68*4; 
H, 11*1 %), characterized by its picrate, which crystallized from ethanol in yellow 
needles, m.p. 142 to 145° C (Found 0, 42*0; H, 6 * 2 ; N, 19*1. CisHigOgNg requires 
C, 41*85; H, 6 * 1 ; N, 18*8%). 

Acetophenone was shaken with phosphorus pentoxide, decanted on to further 
phosphorus pentoxide, and after several hours poured on to anhydrous potassium 
carbonate and finally jfractionated at 0*5 mm. 

Nitrobenzene was stood over phosphorus pentoxide overnight, decanted and 
distilled at 0*05 mm. The same cycle of operations was repeated using first potassium 
carbonate and then barium oxide; the solvent was finally fractionated, b.p. 
40° 0/0*02 mm. 

Benzyl alcohol was distilled over sodium find then redistilled, both distillations 
being conducted under reduced pressure. 

( 6 ) Measurement of rates 

The rate was followed manometrically by the evolution of carbon dioxide; since the 
reaction was carried out at pressures below 15 cm. of mercury, the pressure could be 
taken as proportional to the concentration of carbon dioxide formed. The apparatus 
used was of the constant-volume type described by Bell (Baughan & Bell 1937 ; 
BeU & Trotman-Dickenson 1949 ), modified by incorporating a glass spiral between 
the reaction vessel and the manometer. The carbonic anhydride was placed in the 
reaction vessel, the initiator solution added, and the system evacuated and sealed off 
promptly. The reaction vessel was agitated in a thermostat by banging, as described 
by Bell. The reaction may be followed from the start by having the carbonic 
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anhydride in a small glass bucket loosely suspended on a platinum wire; the agitation 
tips the bucket into the solution. 

The concentration of amino groups at the end of the reaction was measured by 
diluting the solution with ethanol and titrating against standard acid; it was thus 
confirmed that the concentration of amino groups [X]q was the same as at the 
beginning of the reaction. In agreement with this, by the addition of further carbonic 
anhydride at the end of the reaction, polymerization recurs at a rate consonant with 
the original value of [XJq. 


Eesults 

When log {poo —p) was plotted against the time, the curves were of the form shown 
in figure 1 (where ^ is the pressure of carbon dioxide in mm. Hg at time and p^, the 
final pressure). This shape indicates that the reaction starts with an apparent order 



FiGxniE 1. Solvent, nitrobenzene; temperature.25° C; \M\ = 0-123 mol./l. 
and [X]o = 0*0052 mol./l. 


between zero and 1, and approaches first order as the reaction proceeds. The gradient 
^obs. straight-line portion is referred to as the end-gradient. This end-gradient 
was independent of \M\ (where \M\ is the initial concentration of carbonic an¬ 
hydride), and was the same in duplicate runs carried out by adding more anhydride 
at the end of the first run. Thus the reactivity of the polymer is apparently inde¬ 
pendent of chain length over the range covered by these experiments. 
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(a) Experiments on acetophenone solution 

(1) Sarcosine carbonic anhydride (0*5g.) was added to an approximately 0-02it 
solution of dry dimethylamine in acetophenone (25 ml.). After the reaction had 
ended any unused dimethylamine was removed by a stream of nitrogen and the 
solution diluted to 40 ml. The concentration of amino groups was found to be 


Table 1 

25‘'C _4^ 


10 ® [X]o 

10 ^ /jobs. 

/^obs./[-^]o 

10^ /Jobs. 

/^obs./C-^lo 

(mol./l.) 

{sec.”^) 

(Lmol."^ sec.-^) 

(see.“^) 

(LmoL”^ sec.~^) 

12*75 

33*55 

0*263 

30*0 

0*235 


32*8 

0*258 

30*5 

0*239 


31*2 

0*245 

— 


8*5 

15*2 

0*179 

15*7 

0*185 


16*8 

0*197 

16*2 

0*191 


— 

—- 

18*4 

0*217 

6*375 

8*71 

0*137 

— 

— 


7*75 

0*122 ■ 

— 

— 


9*15 

0*143 

■— 

— 

4*25 

4*70 

0*111 

6*25 

0*147 


4*30 

0*100 

6*05 

0*142 

M6 

0*785 

0*067 

1*13 

. 0*0975 


— 

— 

1*16 

0*100 



FiGtJBE 2. Solvent, acetophenone. 0 Solution 1 at 25° C, A solution 2 at 25° C 
and □ solution 1 at 40° C. 

0*01275 mol./l. by titration in alcoholic solution against aqueous N/lOO-hydrochloric 
acid, using 2-(4'-benzylideneaminophenyl)-quinoline as indicator. This substance, 
whose preparation has already been described (Waley 1948 ), is a convenient indicator 
for titrating weak bases in organic solvents. The results obtained with this polymer 
solution are given in table 1 , and in figure 2 >fcobs./[’^]o plotted against 10 ^ [X'Jq . 
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The lineaj relation expressed by figure 2 shows that we may write 

^oi)s. = ®^[-^]o+^^[-^]o* (1) 

The figure also shows that the parameter 6' has a negative temperature coefficient. 

( 2 ) Sarcosine carbonic anhydride ( 2 g.) was added to a 0 - 043 J solution of di- 
methylamine in dry dioxan (70ml.). At the end of the reaction, precipitation was 
completed by the addition of dry ether, the solid polymer collected and washed with 
ether at the centrifuge and dried at 40 to 60° C/0-06 mm. It was then dissolved m 
acetophenone ( 100 ml.), giving a solution of [XJj = 0-0123 mol./l. The results 
obtained with this solution at 25° C (shown in table 2 and figure 2 ) agree with those 
obtained with the polymer solution described above. 


ionx% 

Table 2 . 25° C 

10 ^ j^obs. 

^obs./[-^]o 

(moL/l.) 

(sec.~i) 

(l.nioL“*^ sec.-^) 

12-3 

29-25 

0-238 


30-45 

0-248 

8-22 

15-0 

0-182 


15-1 

0-184 

4*11 

4-33 

0-105 


4-34 

0-105 

1-54 

0-86 

0-056 


(b) Experiments in nitrobenzene solution 

Sarcosine carbonic anhydride (0-75 g.) was decomposed with sarcosine dimethyl- 
amide (0-09ml.) in nitrobenzene (60ml.). This solution had [Z]^ = 0-0155 mol./l. 
and was used to obtain the results given m table 3 and figure 3; the results are aimOg-r 
to those obtained in acetophenone solution. 


Table 3 


25° C SO"c 

_ _ _ 


103 [X]o 

10 ^ ^obs 

^obs./[^]o 

ib^ ^obs. 

^obs./[“^]( 

(mol./l.) 

(sec.~^) 

(Lmol.-^ sec.~^) 

(sec.-i) 

sec. 

15-5 

41-5 

0-275 

36-2 

0-233 


42-6 

0-282 

40-7 

0-263 


60-8 

0-392 

40-4 

0-266 


39-4 

0-254 

38-3 

0-247 

10-3 

25-5 

0-247 

21-65 

0-210 


24-4 

0-237 

24-2 

0-235 


18-9 

0-184 

15-5 

0-151 


20-1 

0-195 

26-6 

0-258 

5-17 

6-90 

0-133 

8-06 

0-156 


6-80 

0-131 

9-99 

0-193 

- 

7-16 

0-139 

9-21 

0-178 


6-63 

0-128 

9-18 

0-178 

3-1 

2-61 

0-084 

3-22 

0-104 


4-46 

0-144 

4-22 

0-136 


3-85 

0-124 

3-90 

0-126 


3-37 

0-092 

5-06 

0-164 
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(c) Experiments with benzyl alcohol 

A few experiments were carried out on polymerizations initiated by an alcohol. 
Benzyl alcohol was chosen for this purpose, smce it is not too volatile, and because 
the bulky benzyl ester group is unlikely to react with the terminal amine groups. 
The main feature of those runs was a very long induction period; thus figure 4 
(circles) shows a run in acetophenone solution at 26° C in which \M\ = 0*1461 mol./l. 
and the initial concentration of benzyl alcohol ([A]o) = 0*6834mol./l. This iaduction 
period was markedly reduced in the presence of added polymer; thus figure 4 
(triangles) shows another run in acetophenone solution at 26° C in which 
[lf]o = 0*1387mol./l., [A]o = 0*6318 and [X]o = 9*76 x 10-5mol./l. 

(d) Viscosity measwrements 

A series of polysarcosine dimethylamides was prepared firom sarcosine carbonic 
anhydride and sarcosine dimethylamide in nitrobenzene. Although the solutions 
were homogeneous throughout the reaction, the higher polymers separated as gels 
on attempting to filter the solution. At the end of the reaction, therefore, the nitro¬ 
benzene solution was diluted with petrol and extracted with water. The aqueous 
solution was washed with petrol and filtered. 

The concentration of polymer was determined by a Kjeldahl nitrogen estimation, 
which also showed that no appreciable losses occurred during the extraction; the 
concentration of amino groups was determined by titration in aqueous alcoholic 
solution using the benzyhdeneaminophenylquinoline as indicator. The degree of 
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polymerization thus obtained agreed closely with the ratio of the iui tia.1 concentra¬ 
tion of carbonic anhydride to that of the sarcosine dimethylamide. 

The viscosities of the aqueous solutions were measured at 25° C in a B.S.S. no. 1 
viscometer. The specific viscosity of each polymer solution was measured at several 
concentrations, and the intrinsic viscosity [^] was found by extrapolating to infinite 
dilution the plot of ^sp./c against c, where c is the base molar concentration. The 
results are shown in table 4. 



Table 4 

W molecular weight 

0-356 861 

0-478 1,825 

0-680 3,524 

0-870 6,260 

1-143 8,200 

1-384 13,280 

1-745 22,040 


iJISCTJSSION 


(ci) KiTietics o/nd WtBoha/nism of reaction 

m smplestWic scheme for the polymerization of sarcosine carbonic anhydride 
nutiated by preformed polymer is 

-t--l-CO 2 , 
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where M denotes the carbonic anhydride and X any polymer species. This scheme 
involves only one velocity constant h, that of propagation. On this basis, the molar 
concentration [X]q of polymer is constant, and the rate of disappearance of carbonic 
anhydride would be given by 

- d[M]ldt = h[M]^ [X]o = dlGO^^jdt, (2) 

assuming that h is independent of chain length. If this equation were valid the 
pressure-time relationship would be 

log(5’=o-i3) = *raot (3) 

The experimental plots of figure 1, however, were of the linear form implied by this 
equation only towards the end of the reaction. Equation (3) also implies that on 
comparing runs with different values of [X]^ the gradient of the plot of log (^^oo — p) 
against t should be a linear function of [X]^, In fact, it is AJobs./[^]o> 
gradient Aiobs.? varies linearly with [X]q (equation (1)). Furthermore, for some 
values of [X]q, had a negative temperature coefficient. This implies the 
inclusion of an equilibrium constant in the kinetic scheme. 

The following kinetic scheme accounts for the main features mentioned above, 
and fits the experimental curves obtained: 

M+X^T k^,k^ 

Y -j- X 2X -j- CO 2 k^ 

Y ^Z-hCOa h 

where 7 is a complex formed from the anhydride and any amino group. Thus 


- d[M]ldt - k^[M] fZ] - klYl (4) 

d[Y]ldt = km m - h[Y] - *3^ m - (5) 

If the initial concentrations of M and Z are {MIq and [X\, the following relations 
are stoichiometrically necessary: 

[X]+[r] = [Z]o, (6) 

[COJ = [irio-m-[n (7) 


where [COg] is the total number of moles of carbon dioxide in the system divided by 
the volume of solution. 

If ^3 = *4 = 0, then [7] + [JIf] = constant = [M\^ and it can readily be shown 


that 




f+ger^ 

1 + ce-T^' 


( 8 ) 


Here a, b, c and y are constants given by the relations 
a = Ai, b = 0 = - (TO-AiVTO-Aa), 

7 = &i(Ai-A2), (9) 

where Ai and Ag are the positive and negative roots respectively of 

+ + = 0. (10) 

Thus, in a time of order 1/y, [M] effectively reaches the equilibrium value a. 
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If ^3 and *4 are not zero, but smaU compared udtb \ and h^, the solution of the 
^nations can be expressed in the above form with a, b, c, f and g slowly varying 
functions of the time, i.e. with da/dt smaU compared with ya, and so on. An approxi 
mate solutaon valid for times much greater than 1 /y, for which [if] is effectively 
equal to a{t), can be found as follows. ^ 

On differentiating equation ( 4 ) we find 

^ dt dt dt^ ’ ( 11 ) 

and, on rearranging the same equation, 

r-n = , 1 d{M} 

l+K[]i£\ ^k^(l+K[M])~ir‘ (12) 

where K = Hence, substituting for [7] and d[r]/di in equation ( 6 ), we have 

/ TTr' Tr—t 1 .. —_ 


d[M] \ 

dt ] 


\ i+K[M\} dt 

^ ^3Z[Z]o[if] d[if] _ ^3 1 , ^ 2 rj^ 

h{l+K[M])^ dt ^kl{l+E[MjA-^) -^I+EiMi)-W^- (13) 

It is clear from this equation that, for times large compared with 1 /y, 
d[M]jdt=OicclM]), where a = 0{Z[Z]o (ifcs[Z]„ + JfcJ}. 

(l + -^Wo d[M] _ ( kz[X\ , \K\X\\M^ 

I (l+Z[Jf])2j dt (l + Z[ilf] + *«)T+Z[J!f] ’ 

since, with the present approximations, 

[Z] = [xy(i+z[if]), [ 7 ] = x[M] fzy(i +k[M]). 

Equation (14) can be integrated at once to 

t = + Hiog Clog pa +^ 4 +^ 3 [X]ft \ 

j_+-gmo ^ *i[X]3+^iz 


(14) 


(15) 


(16) 


where A = 


B = 


C = —. 


^aWo ■^[-^]o(*a + *3[-^]o)’ ^ A|Z(*4 + ;fc3[Zy ’ 

0 % ™lid for time. 

mucn toger than 1 /y, the mitial value of [Jf] is not {M], but the ‘ equilibrium value ’ 

value as L^obta^^fr^^ verified that this is the same 

vame as j obtamed from equation (7) by putting [CO 3 ] = 0 

Towards the end of the reaction equation (16) reduces to 

log[Jl/] = constant-i/£. 


(17) 
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But {l+Km{l + K[M])}[M] = [Jf]o-[COJ 

(see equations (7) and (15)), and towards the end of the reaction we can write 

Hence, from equation (17), 

log {[M]q — [COg]) = constant - tfS, 

i.e, log {pao —p) = constant—^/-B. (18) 

Comparison of equation (18) with the empirical equation (1) shows that 1/J5 is 
equal to the parameter provided that K[X]q is small compared to 1. The results 
given later agree with this assumption. 

The use of equation (18) is limited not only by the approximations involved in its 
derivation, but even more by the practical difSculty of measuring end-gradients 
accurately. Since both the parameters a' and b' in equation (1) involve an equilibrium 
constant their temperature coeflBcients may be negative. 

The experimental plots of Pa^—p against time were fitted by employing the 
theoretical equation (16) in the following way. A trial value of the equilibrium 
constant K was first taken and a value of {M\ calculated from equation (7). An 
arbitrary set of values for [If], varying from [If] = to [if] = 0, was then taken, 
and using assumed values for k^ and k^ values of the time were computed from 
equation (16). The corresponding values of [if] were then converted into values of 
[CO 2 ] by using equations (7) and (16), thus giving a theoretical [CO 2 ], t relation. The 
calculated values of [if]o —[CO 2 ], in mol./L, were converted into^Joo —y in cm. Hg 
by using an empirical calibration factor such that the first theoretical point lay on the 
experimental curve. This is necessary to take into account the finite time taken by 
the carbonic anhydride to dissolve. The values of end-gradient) for various 

values of [Z]q gave approximate values of k^K and k^K, so that for any assumed 
value of K rough values of k^ and k^ were known. Trial and error fitting enables 
a value of K to be found which is accurate to about 25 %. Table 6 shows that the 
expression (16) fits the experimental curve accurately. 


Table 5 

Solvent, nitrobenzene; temperature 25° C; [M]o = 0-076 mol./l.; [^]o = 0-0103 mol./l. The 
theoretical points were calculated using Z = 4-0 l.mol.”^; Aj 3 = 4-2 l.mol.**^ sec.“^; 
\ = 0-0198 sec.~^ 


Pop-p (cm. Hg) 


time (min.) 

obs. 

calc. 

4-86 

8*145 

8*145 

7-04 

6*285 

6*29 

9-85 

4*42 

4*42 

13-96 

2*56 

2*56 

17*23 

1-63 

1*62 

23*20 

0-67 

0*685 

28*62 

0*30 

0*31 
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constants obtained from the fitting of several experimental 
andfi^*^ corresponding energies of activation 

til® determination ofZlimits the accuracy 
with which ^ and kt can be found to about 25 % ^ 


temp. 

r c) 

25 

40 

50 


K 

(l.mol.“ 

4-0 

1-4 


nitrobenzene 


h 

(l.mol.-^ sec.“^) 
4*2 

7-0 


Table 6 


\ 

(sec.”^) 

0-0198 

0-07 


acetophenone 


^ h 

(Lmol.-i)* (l.moL -1 sec.-^) 


3-0 

1-5 


6*0 

9*0 


h 

(sec.“i) 

0-013 

0-060 


JS^ (kcal./moL) 
(l.moL~i sec.“i) 
JEr^ (kcaL/mol.) 

A^ (sec.'i) 

AH (kcal./moL) 


Table 7 

nitrobenzene 

3-9 

3-1 X 10 » 
9-6 

2-3 X los 
-8 


acetophenone 

5-0 

2*8 X 104 
18-8 

1-0 X 1012 
- 8-5 


The complex 7 could have a structure of the following kind: 


OH 


CHj—0^ 

'(ioieCH,CO)„NMes 


MeN 


\o/ 

(HI) 

rate determining step is envisaged as the rupture of the C—0 lint- marked- thf^ 

at Zr?"'“r“*«”■ Tta » 

InthAl f -f factor, may be involved 

baotaftoao^oleoolarmodoofdecompc^tionofr.thevjuostfa^^ 

i^^rn TtS" r ‘ "I- d. 

mLst T"’ pro«0«is too &st for measuro- 

lessroMtiTe andfh. ^ “niydrideismiia 

Tr^‘ ” ““ “Si” of*" 

i«r--pro,yWome aimethytaddo wUoh to Irktdly ^odZ 
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mixture (figure 6). As the reaction proceeds this mddification of the hand lessens 
until finally it is indistinguishable firom the band in the pure ^-isopropylglycine 
dimethylamide. Thus there is some interaction between the ^-isopropylglyeine 
carbonic anhydride and the basic nitrogen atom of the amine, and this lends strong 
support to the hypothesis of the complex (F) in the polymerization of sarcosine 
carbonic anhydride. The nature of the complex is less certain, and the structure (III) 
is only one of several possible structures between which the infra-red data do not 
discrinjinate. 



freauencv 3300 50 3300 3300‘ 3300 3300 3300 

time (min.) 40 57 • 224 232 397 


Figxjbe 5 


The role of the base in the decomposition of sarcosine carbonic anhydride is 
strikingly shown by the experiments which were carried out using benzyl alcohol 
as initiator. As described above, there is an induction period which is greatly out 
down by the presence of added base, and in this case we may assume that there is 
a complex 8 formed between the carbonic anhydride and the alcohol, and that this 
complex only forms polymers at an appreciable rate in the presence of added base. 
We may thus use the following kinetic scheme: 

M+A^S K' 

M+X^Y K 

8+X^2X + Q0^ *5 
r-f-X^2X-t-C02 ifcj 
Y^X -1-CO2 

We assume that both equilibria are rapidly attained, and also that [^S] is small. 
It may readily be shown that 


dt 


(Mo + Mo-M). 


(19) 


If we now use the time variable u defined by 


'* K[M] 
ol+K[M] 


dt. 


( 20 ) 


we have 


1 + (fflo/[^]o) 


( 21 ) 


33-2 
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By a method similar to that given above it can be shown that 


-K%[A\ [Jf] mo+[X]o-[A])+KUM] M o+Wo-[^3)^ 

1 + A \M j 

+Kkm (Mo+[Z]o - [A]). (22) 

From equations (20) and (21) this can be written as 


E'(l + cx Kz )d[lf] 

BoC ■*'(1+Z[if])2j dz 


_ _^ E'lc^ ■ ^4 1 

(1 +Z[if]) (1 + ca;) Z(1+ca;) Bo (1+ K[M]) (1 + ca:) ’ 

where Bo = M]o + [X]o, c = [X]o/[^]o and a: = 

The validity of this expressionis conjQrmed in the following way. The concentration 

of amino groups at the end ofreactiongives the value ofMwhen[if] = 0. The finite 

yalue of u when \M] = 0 is obtained by numerical integration of equation (20), 



uune (mm. 


25° C; © experimental points. [Af]o = 0-139 
ealc;5;:tii Lm eqnaSS'fe)? theoretical 


assumi^ the experimental values of -p to be equal to [Jf] (this is quite a good 
appo^afeion, since [7] is smaU compared with [Jlf] throughout the reaction), and 
TOing the previous value of B:. These data enable ksK' to be obtained from equation 
found to be 4-23 x lO-^l. W.-2seo.-i. Using the values of E, k. 
and obtemed firom polymer-initiated runs in acetophenone at 26'’, equation (23) 
WM solved n^ericaJly and hence a theoretical [JIf], t curve drawn by numerical 
m gration of equation (20). This theoretical curve is directly compared with the 
experimental ([if]o-[COa]), t curve in figure 6. The agreement is, in fact, quite as 
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good as can be expected, in view of the uncertainty of the exact time origin. The 
magnitude of the long induction period observed in the absence of added polymer 
(figure 4) cannot be quantitatively accounted for either by the assumption that 
traces of polymer contaminate the anhydride or by the assumption that the complex 
8 may decompose by a unimolecular route. The induction period could be due to 
traces of impurity which only affect the reaction in the absence of added base, even 
small amounts of which ([X],, ~ 10 "^) are sufficient to enable the reaction to proceed 
in a predictable way. 


( 6 ) Molecular weight distributions 

Flory ( 1940 ) has shown that the molecular weight distribution derived from the 
kinetics of the ethylene oxide type of polymerization is much narrower than that 
obtained from condensation polymerizations. We will now show that the scheme 
given above for the polymerization of sarcosine carbonic anhydride (initiated by 
polymer) leads to essentially the same distribution. For this purpose a stage of the 
reaction may be written 

l«+.i+X -» X,j+i+X + CO2, 

1^+1 -^-^ 71 + 1 + ^<^> 2 . 

Here X„ refers to the dfiree polymer containing n units, the complex formed 
between this polymer and the carbonic anhydride (i.e. potentially containing » +1 
units), and X is any free polymer species. If we define [Z„] by the relation 


[Xj = [Xj+[r„^.j, 

we may, as a first approximation, write 

= K[M] [XJ/( 1 +X[Jlf]) (24) 

(compare equation (15)). We will calculate the polymer fraction containing n units, 
i.e. [Z„]/[X]q, where [X]^ is the total molar concentration of polymer. We are thus 
concerned with the change in the total concentration of the n-mer, which is given by 


= *3P;] m + ^4l7J - m 

K[M] I 
dt “ 1 +X[if]\ 

If we write this equation as 


hlKlo 

l+X[Jf] 




d[2;j/d# = ?5([X„_J-[XJ) 


and define the variable F by 
then 



. (25) 


I.e. 


d[Z^VdF = [Z^_^-lZ^, 


(26) 
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Now [Zj] = 0, and since ^ = 0 and [Z J = [Z]o at«= 0, we have 

[zj = 

[ZJ = F[X]oe-^, 

[Z 3 ] = 

[ZJ 


Thus from equation (26) 
and 


Thus 


o-Jf 


[XJo (n-1)! 

This equation is of the same form as that obtained by Mory. 


(27) 


We have defined (p as 

K[M] ( h[X], \ 

^ ~ 1 ^K{M] \l+Z[if] ^ 7 ’ 

i.e. 

^4 = S(I^[X]+*4). 

Also since 

d[CO^Idt = h[Y][X] + h[7l 


?i=(l/[X]o)d[COJ/d«; 

therefore 


i.e. 

J’ = [COJ/[X]o. 


Thus the molecular weight distribution at any stage of the reaction can readily be 
calculated. At the end of the reaction, [Jf] = 0, [7] = 0, and [ZJ = [ZJ, so that 


_ ([-^3o/[-^3o)” ^ g-[MU[X]o 
[Z]o" (n-1)! 


(28) 


When a second polymerization is carried out by adding more carbonic anhydride 
to the solution obtained from the first, the molecular weight distribution is of the 
same form, since the sum of two Poisson distributions is itself a Poisson distribution. 

In order to compare the sharpness of molecular weight distributions, it is con¬ 
venient to use the coefficient of variation P as a measure of the relative homogeneity. 
The weight fraction of «-mer derived from equation (28) is given by 

_ 

l-l-/i(»-l)!’ 

where ji = It can be shown that the mean value noin (the weight average 

degree of polymerization) is given by 

fjfi „-—-— 

1 

while the standard deviation cr is given by 

or — (/6^ + 2/^2 ^ +1). 

Thus V = crjn = +2 fi^ + +S/t +1), (29) 
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As an approximation, for large values of ji. 

Clearly, F decreases with increasing molecular weight. 

For condensation polymerizations, the weight fraction of ?i-mer is given by 

where p is the extent of reaction. The weight average degree of polymerization n 
and the standard deviation a are given by 

^ - (1 +i5)/(l 

whence F = (30) 

Thus F here increases with increasing molecular weight, and 

Vp^i = 1/^2. 

Some values for the coejS&cients of variation for both types of distribution are 
compared in table 8 , which clearly brings out the difference in molecular weight 
distribution between the two types of polymerization. 


Table 8 


n V (from equation (30)) V (from equation (29)) 

10 0-70 0-29 

50 0-71 0*14 

100 0-71 0-10 

500 0*71 0*046 

1000 0*71 0*032 


The intrinsic viscosities of several polysarcosine dimethylamides have been 
measured in water. Since the molecular weight distribution is so sharp, all polymers 
but the lowest can be considered homogeneous. Thus the parameters C and a in the 
relationship due to Houwink ( 1940 ) 

[tj] = G (molecular weight)®, 

determined by using the number average molecular weight must be very close to the 
true values for the homogeneous polymers. The results are given in table 4, and 
plotted in figure 7, whence the values of C and a are found to be 9*91 x 10 “® and 
0*52 respectively. Thus in this case the deviation from the simple Staudinger 
relation (a = 1 ) is particularly marked. 


Appendix 

The presence of an association compound formed between A'-isopropylglycine 
dimethylamide and j&T’-isopropylglycine carbonic anhydride in nitrobenzene solution 
has been demonstrated by observations on the absorption band at 3320 cm.“^, due 
to the N-H stretching frequency of the amine. 
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The spectra of the amine and the anhydride were first measured separately in the 
pure state under high dispersion in the 3/i region using a calcium fluoride prism. In 
the nTYiinft three C-H hands (frequencies 2966, 2932 and 2874 cm.~^) and one N-H 
band (frequency 3316 cm.-^) were observed. The anhydride gave only C-H bands at 
frequencies of 2978, 2939 and 2881 cm.-'^. It was found that nitrobenzene gave 
some slight general absorption but no observable bands in the region of 3320 cm.-^. 



logio mol.wt. 
Figuee 7 


Tlie Spectrum of a 10 % solution of the amine in nitrobenzene is shown in figure 5 a. 
The firequency of the N-H band is 3320 An absorption cell was made from two 

glass cover-slips and mounted on a rolling carriage, which moved the specimen in 
and out of the beam of radiation automatically, as described by Elliott, Ambrose & 
Temple ( 1948 ). In this way the transmissions of the instrument with and without the 
liquid film in position were recorded simultaneously and the contours of the absorp¬ 
tion bands could be determined accurately. 

A reaction mixture was prepared containing 10 % by weight of amine and 
carbonic anhydride in nitrobenzene, and samples from this mixture were placed in 
absorption cells after successive intervals of time. Spectra obtained with these 
samples are shown in figure 56. The cell thickness is about 0 * 13 mm. but is not exactly 
the same for each sample. It is seen that during the early stages of the reaction a new 
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absorptionband appears at about 3300 while the original amine band is reduced 

in intensity* This must mean that the presence of the anhydride is producing a shift 
in the frequency of the N-H band from 3320 to 3300 cm.~^, and indicates that a pro¬ 
portion of the amine molecules are associated with the anhydride. A similar effect has 
been observed by Ashdown & Kletz (1948) in mixtures of alcohols and aldehydes. 
As the anhydride polymerizes the amount of associated amine decreases, until the 
absorption band assumes the contour of the original band obtained with the pure 
amine solution. 

We wish to thank Mr A. H. Wilson for mathematical assistance, Dr 0 . H. Bamford 
and Dr M. J. S. Dewar for advice and encouragement, and Miss M. E. Henry for 
numerical solution of the differential equation ( 23 ). 
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The use of quaternions in wave-tensor calculus 
By C. W. Kilmisteb, Queen Mary College^ London 
{Communicated by N, F, Mott, F,B,S,—Received 17 June 1949 ) 

Quaternions are used to obtain some of Eddington’s results in a general afifine space, and 
a more convenient notation for P-numbers is suggested. As an example, Dirac’s equations 
are derived, their connexion with the affine space of distant parallelism is explained, and 
Eddington’s views on their ‘Euclide€ui’ nature are discussed. 

1 . Introdxtotion 

Eddington (1936, 1946) has given a far-reaching theory of physical phenomena in 
his unification of relativity theory and quantum theory; but the mathematical 
methods and explanations are not always conducive to ready understanding, and, 
in particular, the connexion with general relativity is not clear. Silberstein (1912, 
1913), Lanczos (1929), Conway (1937), Fischer (1940) and others have shown the 
connexion of quaternions with special relativity, and Conway (1937) has suggested 
their use with Dirac’s equation. Flint (1928), Podolsky {1931), Haskey (1940) and 
others have considered absolute parallelism in connexion with Dirac’s equation. 
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In this paper an ennuple of vectors is used, in § 2, to connect quaternion algebra 
with a general aJEne space. In § 3 a linear quaternion function of a quaternion is 
defined, and alternative de finit ions are investigated. The equivalence of these 
functions to jE-numbers is demonstrated in § 4, and a more convenient notation for 
J^-numbers is suggested. 

In §5 the results already found are used to obtain Eddington’s simple wave 
equation. In particular, the identical nature of this equation is shown to be obvious. 
Eddington’s wave identities and the solution of the simple wave equation are found 
by direct methods. 

In § 6, as an example, the theory is used to derive Dirac’s equations by a modifica¬ 
tion of Eddington’s method. The modification has the advantages: 

(i) of showing why distant parallelism enters into the consideration of these 
equations; 

(ii) of deriving the equations in the affine space of distant parallelism; 

(iii) of producing Dirac’s equations in their usual form with four differential 
operators, instead of the sixteen required by Eddington (1936). 


2. lOTBODXJCTIOir OF QTJATEROTONS 

In this section we adopt the convention that literal suffixes are to take the values' 
0 to 3, and we use the summation convention for them. In later sections these 
conventions apply only to Greek suffixes. 

In a general affine space there is set up at each point (re®, x^, x^), an ennuple 

of vectors which can also be described by the quantities where 
satisfy (Eisenhart 1927, p. 45) 




(2-1) 


Here Latin suffixes denote vectors, Greek suffixes components relative to the 
co-ordinate system. The ennuple components of a tensor are the invariants 
where 




(2'2a) 


We shall also require a m i xed representation of a tensor m which certain of the 
suffixes refer to the co-ordinates, and others to the ennuple components. For 
example, 

(2-26) 

K jP/* is any contravariant vector, the equation 


T^ = \%T^ (2-3) 

defines a covariant vector corresponding to iT/*. Operating on (2-3) with we 
have 

and so by (2-2a), Tj = TK 
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Hence corresponding vectors have equal ennuple components and so may be 
regarded as describing the same vector. Obviously are corresponding vectors. 

If we change to a new ennuple {^ 1 '“,%'^, where 

= (2-4) 

a}, being functions of position, then by (2-1), (2-4), 

= A^ai. ( 2 - 6 ) 

Hence A^^, a{ are reciprocal matrices; moreover, if we impose the condition that 
shall be a pair of correspondii^ vectors in the sense of (2-3), and we also use 
( 2 - 1 ), we have 

Hence ^ aj = A{, ( 2 * 6 ) 

and equations (2-5), (2*6) imply that a) is an orthogonal transformation of four 
variables. 

Let e^{i = 0 , 1 , 2 ,3) represent the vector (or and define multiplication by 
the equations 

eo% = e^eo = «i (i = 0,l,2,3), 

= 6 ;^. (if i, i; is a cyclic permutation of 1 , 2, 3), 
e^ey = -eo (ifi=j + 0 ), 

Ae^ = A (if A is a scalar i = 0 , 1 , 2 , 3), 
the multiplication being distributive over addition. Since the matrices 



"1 .1 ri . 1 r. —11 r. —i” 

®““L- iJ’ -is J’ J’ 


give a particular representation of the multiplication is associative and Cq is the 
unit element. Except in § 6 , where differential properties are involved, it is therefore 
permissible to write = 1 , The equations (2-7) then define quaternion algebra, an 
account of which, suitable for our purposes, will be found in Brand ( 1947 , chap. x). 
Brand, however, and most other authors, treat only of quaternions with components 
from the field of real numbers; those who consider quaternions with complex 
coefficients (e.g. Tait 1873 , P- Blaton. 1935 , p. 340) assume that the results 
established for real quaternions still hold, although null divisors now exist. In fact, 
the proofs of the equations found in §§ 181-183 of Brand still hold except that, for 
(183*1), the condition N{q) 4 = 0 is needed. 

It is convenient to modify Brand’s notation for the conjugate, Kq, and the norm, 
Nq^ of a quaternion, as follows: 

q = conjugate of q, 

I^= norm of g (Real|g|> 0 ). 



(2*9) 
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|m|=±|3’|-|3|* (2-10) 

There is now a (1:1) correspondence between corresponding vectors in and 
quaternions. For, since the vector described by either or T-* satisfies 

i =0 

SO that to the vector or T/* corresponds the quaternion 

T = ^Tiei. ( 2 * 11 ) 

i =0 

The ennuple transformation which leaves and corresponding vectors is 
orthogonal, and Lanczos ( 1929 , p. 451) has shown that it may be written 

q' = aqb (|al = |61 = l). (2*12) 

If we call any quaternion which transforms hke q covariant, then any quaternion, 
say r, which transforms like q will be called contravariant. Quaternions which 
transform hke qr = 3, rq — t, respectively, will be called left-hand or right-hand 
mixed quaternions (Silberstein 1912 ). Hence 

q' = agi, 

/ = Ira (by Brand, 182*8), 
s' = am (by Brand, 182*3), I 
t' = hib (by Brand, 182*3).] 

If in such a transformation there are quaternions ’ijr, <}> such that 

= <f>b, (2*14) 

(j) wiU be called ‘binions’, of the first and second kind, respectively [German: 
‘Semiquate^nionen^ Blaton ( 1935 )]. 


(2*13) 


3. Linear ruNOTiONS 

If g is any quaternion then a general ennuple transformation ( 2 * 4 ) is of the form 

2 '=/(?), (3*1) 

where f{q) is a function of q such that for any two quaternions q and r 

/( 2 +O =/(2)+/W- (3*2) 

Any / satisfying (3*1), (3*2) is called a ‘linear function’ (Hamilton 1866 , p. 436; 
Joly 1903 ). If A is a scalar, in the sense of quaternion algebra, it follows that 

/(A 2 ) = A/( 3 ), /(A)=A/( 1 ), /(0) = 0 . (3*3) 

The linear functions / and g are equal, provided that 

M = g{q) 


(3*4) 
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holds for all q. If / and g are any two linear functions, and 

Hq) =f{q)+9iq), 

then, by (3-2), h{q) is also a linear function and we write 

h=f+g. 

If, also, ^ Hq)=f{9{q)}, 

then, by (3-2), k{q + r) = f{g{q+r)} 

= f{9{q)+9{r)} 

=‘f{9iq)}+f{9{r)} 

= k{q) + k(r). • 

Hence, by (3*2), fc is a linear function, which we write as 

h=f9. 
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(3-6) 


From these definitions, it follows that, for any three linear functions /, g, A, and a 
scalar A, 

f+9=‘9+f> (i). f+{9+h) = {f+9) + h, (ii) 

{S+ 9 )h=‘fh+gh,\ f{ 9 h) =-{f 9 )h, (iv) • (3-7) 

f( 9 +h)=fg+fh,j /A = A/, (v)l 

As an example, we prove one of the equations (iii). If 3 is any quaternion, by ( 3 - 6 ), 
(3-5) and (3-2), 

{f(9+A)} (?) = /{(?+h) (?)} = /{?(?)+h(q)} 

= /{?(?)}+/{%)} 

==(f9)(q) + (/h)(q) 

= (/ 9 +A(q). 

Hence, by (3-4), /( 9 +h) =fg+fh. 

We shall follow Hamilton ( 1866 , p. 436) henceforward, and write fq instead oif{q). 
The following four definitions of a linear function are equivalent to ( 3 * 2 ): 

Let r = q the q^ being the scalar components of r, q. Then 

(i) r=fq if r, 

(ii) r=fq if 


where {/} is a square matrix; 
(iii) 


>o' 


"?o‘ 


= {/} 

?1 

?2 



.?S. 


/? = Stti'S'K?). 


(3-8) 


where %, are two sets of four quaternions, and has the usual quaternion meaning 

S{qa^a) = ?o- 
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This will be called ‘ Gibbs’s form ’ from the analogy with Gibbs’s dyadic (Gibbs 1884 , 
chap. 3), but it is due to Hamilton ( 1866 , p. 493). 

(fr) (3-9) 

i=0 

where are two sets of four quaternions (not identical with those of definition (iii)). 
This will be called Hamilton’s form; he assumed it as sufficiently general (Hamilton 
1866 , p. 488). These functions certainly satisfy ( 3 - 2 ); it remains to show that each 
form includes all linear functions. We have, by (3-2), (3-3), 

fy 

By (3-1) and Brand (181-6) |/e„ 

where the are sixteen scalars. Hence 

/« = (//JaS'Je/f 


or 

giving forms (i) and (ii). 


Again, define 

(i) = 4 1 

(i)(j)...(&) = (y...X:);j 

(3-10) 

then we may write 


(3-11) 

and so 

k = S {a)f/iae/iS(e„q) 

06=»0 



= a«'S'«g), 


which is form (iii) if 

(310* summed for a), 

®a = ®a- 


To obtain form (iv), 

consider the linear function 



orq = ?- 61361 - 62262-63263 

(3-12) 

We have 

0-61 = 0-62 = 0-63 = 0, (TCq = 4, 


so that 

II 

(3-13) 

Hence 

/2 = 2 {a)ffia^fi 8 ie^q) 

a=sO 


13 

= 7 S (a)//fae^cr(e„g), 

* a=0 

which reduces, by (3-12), to 

0 



0 

/2 'Zfije^qej, 

(3-14) 


where the are sixteen coefficients, not equal to This is form (iv) with, for 
instance, 

3 

ofi = S 
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We may write (3-14) as / = S fijKij, (3-16) 

i,i=0 

where K^j is the linear function defined by 

Unless otherwise stated, will mean the ‘matrix elements’ of {/} in the form (ii) 
and/^^ the components of/in (3*14), (3’15). 

4. Connexion with ^(-nxjmbees 
The four anticommuting operators 

iKsi> -^02 (^'f) 

have squares — 1 and generate the whole set of Hence (Eddington 1936, p. 21) 
the algebra of the but for some factors + i, is isomorphic with the algebra of the 

(Conway 1937). Hence, by (3-16), the algebra of if-numbers is the algebra of 
linear functions of quaternions. This being so, the result mentioned by MoCrea (1938), 
that every ^/-number satisfies a certain biquadratic, has already been proved 
without the aid of matrices by Hamilton (1866, p. 491). 

The Kfj form a very convenient double-suffix notation for the The multipUca- 
tion rule is obviously 

(4-2) 

where = e^, 

and we also write as 

so that == 

For example, ^23-8^12 = -*^--3,1 = “"^31. ^01^23 = ^22- 

If ^^21» ~ •®2> '®3> -^4? 

then (Eddington 1936, equation 2-22) 

Kq^ = JS'g. 

Hence £^25? -^45 “ ^*^12? ^-^22^ 

■®14j -^245 -^34 ~ “"^-^13? "“^-^28? “"^-S^33> 

■®l25 ■®'23> ~ -^10? ■^20* 

Other identifications are, of course, possible. The matrix representation, of 
may be found as in the following example. Let 

i = 2, j = 3, 


so that T — ?2®3 ?3^2* 
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and therefore 

II 

■. 1 . 



1 . . 



• • • JL 

• -1 • . 


The 8ij may be catalogued by using a notation in which the column occupied by +1 
or — 1 in each row is written down, a bar denoting that — 1 occurs. Thus 8^ — (2143) 
and we find 


^00 — (1234)-^-^16 

^02 — (3412) = 

8^, = (2U3) - 
8i2 = (4321) = —iEg^; 
8^0 = (5412) = E,^; 
8^ = (mi) = iEo,; 
5^0 = (4321) = E,^; 

^32 = (2113) = iE,j,-, 


^01 = (2143) = E^; 
^03 = (4321) = Eq^; 
>Sn = (1234) = iE,,; 

. Si 3 = (3412) = -iE^; 
8,^ = (432T) = -iE,,; 
8^ = (2143) = iE^; 
^31 = (3412) = -iE^,-, 
8ss = (T234) = iE,^. 


In this table the matrices are identified with the representation of the J^-numbers 
given by Eddington ( 1946 , p. 142). < 

In (3-16) the quarter-spur of/is defined by 



0 

II 

(4-3) 

Hence 

^«if+9) = qsf+qsg, qs{fg) = qs{gf), 

(4-4) 

and 


(4-6) 


the matrix representation of/, 




{/} = S fiAi- ■ 


But 

spur; 8 j^ = 0 


unless i = j = 0 , and 

spur <Soo = 4. 


Hence 

spur {/}= 4/03 = 4gs/. 

(4-6) 

We therefore obtain, using the definition ( 3 - 8 ) for/. 




(4-7) 

and, using the definition ( 3 - 9 ) for/. 



= ^m,){8a\). 

(4-8) 


Usit^ (3'13) in (4*8) gives 


16gs/= S (/)e^aie^.(h)ejOiej 
/5=0 

3,k=0 
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a result whicli Eddington ( 1936 , equation 2-61) obtains by a different method. We 
shall now prove a result related to Eddington’s ( 1936 , equation 3-37), that is, if 


then 

For, by (3-6), 
and so, by (4'7), 


/? = S ai'S(aJg-), 

i=0 

fa = S i(»j) 

k=0 

3 


Kijfq = S Ciaj.e^fi'Kg-), 

A;=0 

3 

qs{KiJ) = S iSieia^e^a'f,). 
k—0 


(4*10) 


Hence, using (4-6), the result (4*10) follows. If/is ‘pure’ (Eddington 1936 , p. 65), 
then in our notation we have (say) 

fq = aSiafq), 


and so, by (4-10), = J(i/) SifiiOeja'). 


(4-11) 


6 . The simple wave equation 
Let X quaternions; then, by Brand (181-10), 

fX'f=‘f-Xfk- 

But, by Brand (181-13), ■'•Jr = S{x^). 

Subtracting the second equation from the first, 

ptjr = ijrq, ( 6 - 1 ) 

where P = y-'>Jrx> q = y-X'I^> 

with the usual quaternion notation, 

Vr — r—Sr. 

Interchanging •f', x, we have qx = xp. (5*2) 

If we write in (5-1) 

3 

p ~ S q “ wiCj_“i"tV03e2 ^^0263, 

1=1 

and operate with we obtain 

(’*^ 11-^11 -^21 m^^Jf = 0 . 

From (4-1), this is Eddington’s simple wave equation ( 1936 , §5*4) which, when 
written in the form ( 6 - 1 ), is obviously an identity. 

Conversely, ii‘tjr,x satisfy (5-1) and ( 6 * 2 ), and p and q are vectors, then 

phjr = pijrq = ‘•jrq^. 

But j)*, g* are scalars; hence, if 0 , 

= qi, ' (5-3) 


Vol, 199 . A. 


34 
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Also pirx = fqx = fXP'> 

hence (Brand (181*12)), if F. j5^+0, Tre have 

q = XV.x}lr. (5*4) 

The equation for q follows by interchanging tjr and x> f constant A being the same 
for each case, by (5*1). 

3 ' 3 

i=l i=l 

then using (3*11), (6*4) and the fact that 8{e^8 — 0, we find 


Pi = - 8{eip) = -X8{eiV. ^x) 

= -X8{eiirx)- 

If jr = ir8(xr), 

then, by (4*11), Pi = 4Ajio,'| 

and similarly qt = 4Ajoi. J 


Hence = ‘^='^ = ^ = — = —= — 

Pi Pi Fs qi ?2 % 

and, by (6*3) and (5*6), 

iio +iio 4"ilo = Joi +io2 +io8> 

results equivalent to Eddington’s (1936, equations (5*33), (6*46)). 
Define now, for i = 0,1,2,3, 

p(‘0 = aF (^e^x), = AF ixei f), 

so that p^^ = p, = q. 

Then, as in (6*5), pf = 4A(i)i^j'| 

But, by (5*1), . Sixpfei) = 8{x>P'q&i)- 

Using Brand (181-9) for and since pis a. vector, 

<§{2) .F(^e^ a)} = Sixr^). ^c^) + /S{(F. a^) 

and therefore by (6*6), (6*8), (4*10), 

8 .pp<f> = 4A2oo(») qi+S(q\). 

Ifi = 0, 8p^ = 8q\ 

which is (6*3) again; if i + 0, 

8.p:i^^=--4Xj^qi, 

and so S PjPf - = 0. 

from which it follows that 

iloiK+i2(K?2i+i3oi3i+iooioi = 
corresponding to Eddington’s (1936, equation 5-46). 


( 6 - 6 ) 

(5-6) 


(5*7) 


( 6 * 8 ) 


(6*9) 
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We shall now show that the simple wave equation, in the form (5*1), has a solution 

f = py+yq, (5-10) 

where y is an arbitrary vector. For, by ( 6 ’ 3 ), 

= p(py+ yq) -[jpy+yq)q 
= (pa-g-a)y = 0, 

Tait ( 1873 , p. 97) has shown that this is the most general solution. The solution for 
X is similarly 

X = qS+Sp, (5-11) 

where 8 is another arbitrary vector (cf. Eddington 1936 , equation 6'26). 

Writing (6-1) as Hf = 0 , ( 6 - 12 ) 

let 

where/is a linear function. Equation ( 6 - 12 ) will be invariant under the transforma¬ 
tion from ijftoijr' provided that 

H' = hHt\ (6-13) 

where A is a linear function having a reciprocal. In particular, let ^ be a binion of the 
first kind; then, by (2*14), 

H'ljr = h^jM-^iJr—a-^rjrq) 

= ^g). (6-14) 

Hence p, q behave like left-hand mixed, and invariant, quaternions, respectively, 
independently of A. 


6. Difi’erenoial operations 


As an example of the foregoing theory, it wiU be applied to the establishment of 
Dirac’s equations, following Eddington’s method ( 1936 , chap. 8 ). 

Assumption 1 . We assume the space is affinely-cojmected; if the afiSne cormexion 
has coefficients the covariant derivatives of the ennuple vectors are given by' 
(Eisenhart 1927 ( 3 ‘ 2 )) 




( 6 - 1 ) 


Define 




i=0 


by ( 2 - 1 ). We now introduce quantities where 

,A«.^ = (L“^- A?^),A>’ = 


and 


'ha.fi — —Aa^^A,,. 


( 6 - 2 ) 

(6-3) 

34-2 
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Hence the are components of a tensor which, by (2-26), can also be written in 
a mixed form. It follows that 

( 8 -^) 

‘V/> — 

» i=o 

Assumption 2 . In order to limit onr discussion to the field of quaternions, we 
assume the covariant derivative of is a quaternion, 

3 

Since the (or and represent the same vector, we have, by (6*4), 



= A|, = 


and therefore 

A|^+A}^ = 0 , 

( 6 - 6 ) 

while, by ( 2 * 2 ), 

II 

( 6 - 6 ) 

Assumption 3. We assume, farther, that 



i<F).i = 2 .i»-+ 2 »-.i 

(6-7) 

for any two quaternions g, r; this imposes a further restriction on 
particular, 

636 ^ = 6^, ^ 

the A^j. In 

so that 



and hence, for aU j, 

II 

p 


Thus from ( 6 - 6 ) we have 

0 

II 

II 

( 6 - 8 ) 

Now using (6-5) and ( 6 * 8 ) 

we obtain 



e-^j = Af^e 2 +Ai^e 3 



1 

II 

(6-9) 

where 2 ^^: 


( 6 - 10 ) 

By symmetry, 

= = 3). 

. ( 6 - 11 ) 

Hence, if 

il 

II 



we have, using ( 6 * 11 ) and the fact that the covariant derivative of a scalar is its 
ordinary derivative, 

g 

~ 0aji 0^ ®/S + 2a • ®a ~ ®a^i) "f" ®a(Ai ®yS “ 

= q,ir+qr^i. 
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Hence (6*5) and ( 6 * 8 ) are necessary and suflBicient conditions for (6*7). From ( 6 * 8 ) we 
have 

In order that ( 6 ' 12 ) should be valid for ennuple transformations which alter 
there must exist a field of contravariant vectors parallel to any given vector. Hence 
(Eisenhart 1927 , p. 19) the curvature tensor for the connexion ( 6 - 1 ) is zero, and there¬ 
fore if the connexion is asymmetric, we have (Eisenhart 1927 , p. 48), 

3 

( 6 - 13 ) 


■where the (or *A^) are components of an ennuple of vectors. This is the afl&ne 
space of distant parallelism, the vectors ^A^ determining the parallelism. If 
now these vectors are expressed in terms of the ennuple we have 


j^O 3=0 

3 

where, as in (2-5), S -^^<4: = We find, after some calculation, using (6-13), (6-3) 
and ( 6 - 2 ), 


and hence 




33=0 

3 




(6-14) 


If the arbitrary A-eimuple is chosen as the ennuple describing the parallelism, so 
that 

Ajfc = 0, (6-15) 

then (6-14) shows that only ennuple transformations with constant coefficients will 
leave the parallelism unchanged. Such transformations will be called ‘permissible’. 
In this space of distant parallelism, if 3 is a quaternion. 


2=2 2^64, 

i=0 

we have, by ( 2 - 2 a), 

_l£l 

~ 3Z*’ 


(6-16) 


where, since daf is a vector, it has ennuple components which we shall write as 


dX'^ = 

defining a corresponding difierential operator by 


0 


0 



530 


C. W. Kilmister 


Hence, by (6’15), 


-A. 


(6-18) 


where denotes differentiation treating the as constants. Hence, under 

permissible transformations, transforms like g. 

3 

JSTow define Dg = S (i) i> 

i«:0 


so that 


S.Dq^ 


9go , 8gi I 9g2 I 9g8 

3Z®’^0Xi 0X2 0X8’ 


If is a mixed quaternion (e.g. if g and are mixed quaternions of the same kind), 

. Dg is invariant. In such a case, we may define 

divg = S.Dq, 

so that divg = Vgj (6-19) 

8 Sa 

where 

It is evident that ^ (®‘20) 

Assumption 4. In § 5 we assume is a hiuion of the first kind. It follows from ( 6 * 6 ) 

3 

and (6-14) that 2 jio^i is a left-hand mixed quaternion, and = 1,2,3) are three 

t=l 

invariants. Hence 

(y? = i,2,3) 

are three left-hand mixed quaternions. If one of these is identified with the four- 
dimensioual probability vector (cf. Eddington 1936 , p. 118), then, for yg = 1,2 dr 3 , 

divg(yg) = 0 . 

Using (4*10), (6*4), (6*19) and (6*20) this becomes 

(®‘ 21 ) 

where is one of or Cg, but is written with a different letter to emphasize that it 

is invariant under the transformation. 


Now 
so that 

where 

Hence 


Viirx) = 

3 ^ Sv 
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But Vifr —is some Knear function of so that we may write 


and similarly] 




( 6 - 22 ) 


where y<^), A(^) are linear fimctions, which vary from point to point. Hence, finally, 


One way of satisfying this equation (cf. Eddington 1936 , p. 119) is to make A(^) the 
conjugate function to that is, (Hamilton 1866 , p. 436). Hence 


Silr 

8 v 

= - 9 (/S)X> 


(6-23) 


where we now replace f^hyep since there is no longer any question of transformation. 
With a suitable choice of the function g (0 (Eddington 1936 , equation 8-261), these are 
Dirac’s equations in the form assumed by Conway ( 1937 , equation 3*7). Using (6-17) 
the first equation (for example) may he written 

3 

where 7 ^ are the matrix elements of and ijr =Yt With the notation 

n - 


these are seen to assume the usual form for the equations, written at length. 

This derivation of Dirac’s equations rests on four assumptions, of which the first 
limits consideration to affine spaces and the fourth specifies the kind of variables 
which are to appear as wave functions. The second and third are necessary conditions 
for the covariant differentiation of quaternions; they may be replaced by the assump¬ 
tion of an affine space of distant parallelism. Equation (6-23) shows that Dirac’s 
equations in this space of distant parallelism are identical in form with the usual 
equations in Euclidean space. The fact that the equations are independent of any 
metric seems to be the correct interpretation of Eddington’s statement that 
"attempts to ‘"extend Dirac’s equation to general relativity” are misguided’ 
(Eddington 1946 , p. 12 , footnote). Similarly, the fact that ‘We deal only with a flat 
space in which a normal metric is always available’ (Eddington 1932 ) has not 
affected the generality of Eddington’s results on the differential wave equation. It 
seems possible that Eddington may have confused the need for a space in which the 
curvature tensor with respect to the affine connexion is zero (that is, an affine space 
of distant parallelism), with the need for a, flat space, i.e. one in which the Eiemann- 
Christoffel tensor is zero. It would be surprising if it were necessary for the space to 
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be flat, in order to establish equations which, as we have shown, have no connexion 
with metric. 

The theory given in this section may be generalized to include non-permissible 
transformations which preserve (6*5) and (6-8); briefly stated the resultant equations 
are of the form (6*22), but the relation between gr(^) and \p) is more complicated. 

The author wishes to thank Professor G. 0. McVittie for suggesting this subject to 
him, and for helpful advice and encouragement in the course of the work. 
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Steady flow in the laminar boundary layer of a gas 
By C. R. Illingworth, Department of Mathematics, University of Manchester 
{Communicated by 8. Goldstein, F.B.8.—Received 21 June 1949) 


If the boundary-layer equations for a gas are transformed by Mises’s transformation, as 
was done by Kdrmdn & Tsien for the flow along a flat plate of a gas with unit Prandtl 
number o^, the computation of solutions is simplified, and use may be made of previously 
computed solutions for an incompressible fluid. For any value of the Prandtl number, and 
any variation of the viscosity fi with the temperature T, after the method has been applied 
to flow along a flat plate (a problem otherwise treated by Crocco), the flow near the forward 
stagnation point of a cylinder is calculated with dissipation neglected, both with the effect of 
gravity on the flow neglected and with this effect retained for vertical flow past a horizontal 
cylinder. The approximations involved by the neglect of gravity are considered generally, 
and the cross-drift is calculated when a horizontal stream flows past a vertical surface. 
When O' = 1 , /aocT, and the boundary is heat-insulated, it is shown that the boundary-layer 
equations for a gas may be made identical, whatever be the main stream, with the boundary- 
layer equations for an incompressible fluid with a certain, determinable, main stream. The 
method is also applied to free convection at a flat plate (with the heat of dissipation and the 
variation with altitude of the state of the surrounding fluid neglected) and to laminar flow in 
plane wakes, but for plane jets the conditions cr = 1, /^ocT, previously imposed by Howarth, 
are also imposed here in order to obtain simple solutions. 


1. Introdttotion and summary 

K 4 rm 4 n & Tsien (1938), Crocco (1946), and Howarth (1948) have shown how, 
in some cases, steady flow in the laminar boundary layer of a compressible fluid can 
be easily calculated from a knowledge of the corresponding flow of an incom¬ 
pressible fluid. K 4 rm 4 n & Tsien use Mises’s transformation of the boundary-layer 
equations to discuss the flow in the bormdary layer at a flat plate in a uniform 
stream of gas parallel to the plate, with the Prandtl number <r = 1. They use the 
relation to express the viscosity as a function of the temperature T^. 

Crocco, using as independent variables the distance x measured along the boundary 
and the velocity component parallel to the boundary, makes a thorough investigation 
of the boundary layer at a flat plate in a uniform stream for a range of values of cr. 
He considers both Sutherland’s law for the viscosity as a function of the temperature 
and convenient approximations to it of the form ji^ccT^. In particular, when 
/i,.a:Tr Crocco’s equations reduce to those for an incompressible fluid. Howarth, 
n.ggnming that cT = 1, in the flow past a heat-insulated boundary, uses as 

independent variables x and a distortion of the distance y normal to the boundary. 
His work is concerned chiefly with the boundary layer of a heat-insulated wall in a 
non-uniform stream, but he also considers the applications of his method to the 
flows in two-dimensional wakes and jets. 

In this paper it is shown how, when the boundary-layer equations for a com¬ 
pressible fluid are transformed by Mises’s transformation, the computation of 
solutions is simpHfled in several cases (including, of course, Kdrm 4 n & Tsien’s 
case of a uniform stream), and in particular how use may be made of previously 
computed solutions for an incompressible fluid. In some cases when /t,.oc 2 J,, the 

[ 633 ] 
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equations for a compressible and for an incompressible fluid may be made identical 
(as in Crocco’s work); in others the solution for a compressible fluid may be found by 
K4rm4n & Tsien’s method of successive approximation, starting from a known 
solution for an incompressible fluid. 

In § 3 K 4 rm 4 n & Tsien’s method is extended to flow in the boundary layer at 
a flat plate when or =(= 1 , the viscosity being any given function of the temperature— 
the problem treated by Crocco ( 1946 ). 

In § 4 the flow in the boundary layer is considered near the foremost generator of 
a blunt-nosed cylinder. Neither of the restrictions cr = 1, /i^ccT^ used by Howarth 
( 1948 ) in his solution of this problem for a heat-insulated boundary needs to be 
imposed, but the dissipation is neglected, so the present solution is not applicable 
with a heat-insulated boundary. A special case is computed with cr = 0-725 and 
Sutherland’s law for the variation of viscosity with temperature. 

In § 5 the restrictions used by Howarth, that cr = I, jn^ccT^,, and that the boundary 
is heat-insulated, are imposed, and it is then shown that the boundary-layer equations 
for a compressible fluid may be made identical, whatever be the main stream, with the 
boundary-layer equations for an incompressible fluid with a certain, determinable, 
main stream.f 

In §§ 3, 4 and 5 the effect of gravity on the flow is completely neglected. The 
approximations involved by the neglect of gravity, for flow past the surface of a 
cylinder, are discussed in §§ 2.31, 2.32, and the cross-drift when a horizontal stream 
flows past a vertical surface is computed in § 6 for a flat plate and for a blunt-nosed 
cylinder near its foremost generator. In § 7 it is shown that gravity may fairly easily 
be taken into account (though a special coinputation is necessary for each shape) 
in computing the flow near the foremost generator of a horizontal blunt-nosed 
cylinder in a vertical stream. 

In § 8 the equations of free convection at a flat plate are reduced to an easily 
soluble form by the general methods used here, the heat of dissipation and the 
variation with altitude of the state of the surrounding fluid being neglected. This 
problem has previously been considered by Schmidt ( 1934 ) on the basis of equations 
that do not take full account of the compressibility of the fluid. 

rinally, in § 9 simple solutions are found for laminar flow in plane jets and wakes. 
It is shown that, whereas for jets simple solutions cannot be easily obtained without 
the restrictions cr = 1 , imposed by Howarth in his solutions for these flows, 

for wakes this is not the case. 

2 . The boxthdaby-layer equations 

2 .1. Formulation of the general equations 

Consider the boundary layer produced by the steady flow of a perfect gas past 
a cylindrical obstacle whose generators are perpendicular to the incident stream. 
Let the 2 ?-axis coincide with the foremost generator; let x be distance measured 
round a normal section of the cylinder, in the plane z = const., from the foremost 
point, and let y be distance from the cylinder in the plane z = const. 

t I am informed by Dr Howarth that Mr Stewartson has also obtained this result. 
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Values in the boundary layer being characterized by the suffix r, the equation of 
continuity becomes 

0 0 0 

^(Pr^r) + ^(Pr^r) + ^(Pr^r) = 0, ( 1 ) 

when the usual approximations of boundary-layer theory are made. The equations 
of momentum, when there are no body forces other than gravity, become 


where 




1 - 0 ( 1 ). 


^330 


(2) 

(3) 

(4) 


and I, m, n are the direction cosines of the upward vertical relative to the orthogonal 
triad formed by the principal tangent, the normal, and the generator at the point 
X, 0, z. The equation of energy becomes 


and the equation of state is 

Pr ~ Pr(V ®r) ~ 


(5) 

( 6 ) 


where 



and == 



are the enthalpy and intrinsic energy of the gas. The specific heats, Cp and c^, are 
functions of JJ. only and Cp — is the gas constant jB* In equation (6) the Prandtl 
number cr has been assumed independent of the state of the gas. The variation of 
Cp and with temperature is much less important than that of which is also 
a function of 3J. only, and in some cases it wiU be assumed that Cp and are constant. 

At the outside edge of the boundary layer, where values are characterized by the 
sufi&x 1, the velocity at the section x has the single component %(a;) in the direction 
of the tangent to the'cylinder at x, 0, z. The quantities p^, Pi, etc., are functions of 
X and z only. The main stream is described by the equations 


dui 

dx 


dpi 




corresponding to (2) and (4), and 


0 = gp^n+^^, 
^^3a; " dx ’ 


corresponding to (6), together with the equation of state 

Px = Px^H’-^ == ^PxTv ’ 


(7) 

( 8 ) 

(9) 


(10) 
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From equation (3) we deduce in the usual way that we may take jj, = and it 
follows, by adding (7) to (2) and (8) to (4), that the momentum equations may be 
written 

( 11 ) 
( 12 ) 


/ XT , 3 / 

r¥)' 


pJ)Wr = g{pi-pr)n+ 


dy 


The energy equation (6) may be written, with the help of (9), 
dii dpi 10/ 0v\ 

'l^rPl 3^. 3^, ^3^ (^/^r 3^ j 3^ j ( 0^/ ) J ' 


(13) 


2.2. The influence of gravity 

The equations (1) and (7) to (13) are general, but in order to solve them conditions 
will henceforward be assumed independent of z. Before proceeding to solutions, 
however, the implibations of this assumption will be considered. The flow is certainly 
assumed to be uninfluenced by the ends of the cylinder. There are, however, also 
conditions to be considered involving the effect of gravity on the flow. 

Gravity causes a variation of the state of the main stream with altitude, and in 
particular, unless tz- = 0 , a variation of etc., with z. In the exceptional case, 
the generators of the cylinder are horizontal. Unless 72. = 0, gravity also 
causes a transverse flow in the boundary layer with velocity parallel to the 
generators; the pressure across a section of the boundary layer is approximately 
constant and equal to Pi, and the gradient of prevents motion parallel to the 
generators in a fluid of density (equation (8)); but the density varies rapidly across 

a section of the boundary layer, and inside the layer the pressure gradient does not 
balance the weight of the fluid. In addition to the transverse drift unless I — 0 
the force of buoyancy sets up a convection current that contributes to the boundary- 
layer flow parallel to the main stream; when 1=0 the generators of the cylinder are 
vertical. 

2.3. Primary and secondary flows 

If gravity is neglected altogether, equation (1) and the modified equations (7) to 
(13) describe a flow in the boundary layer induced solely by, and nearly parallel to, 
the given main stream. This flow will be called the primary flow. The difference, 
due to ^avity, between the actual flow and the primary flow will be termed secon¬ 
dary flow. The equations being non-hnear, the secondary flow is not obtained 
correctly by neglecting the main stream and taking account of the gravity terms 
only. 

The primary flow (gravity neglected) is independent of z as required, and satisfies 
the equations g g 

^(PrWr)+^(/>r®r) = 0 , ( 14 ) 


/ 0tt_ , 0tt,\ du-i 0 / 9'u,\ 

r*- 0a: ^ ’ 

/ 0v , 0v\ dii 19/ 9a /0«,\2 
M“"9a:'’'^’‘02/) “ crdy\^’^dy)^'^\dy ) ’ 


(15) 

(16) 
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with = (17) 

It is necessary now to discriminate between flows to which the primary flow alone 
provides a good approximation, and flows in which the secondary current must be 
taken into account. For simplicity the only cases considered in detail will be those 
in which the cylinder is either horizontal or vertical; an inclined cylinder will exhibit 
a combination of the features of these two extreme cases. 


2.31. Horizontal cylinders 


When the cylinder is horizontal {n = 0), the quantities Pi, etc., are independent 
of z, and = 0, even when gravity is taken into account. The exact boundary-layer 
equations for the total flow are (14) and (16) together with 


and 


/ dUj, du^ 


dx 


g{px-pr)l + 


_0 

dy 



dix 

dx 


■>fgl+Ux 


dux 

dx 


= 0 , 


(18) 

(19) 


in place of (15) and (17). In this case the neglect of gravity amounts simply to 
omitting the gravity terms in (18) and (19), which is permissible if 




Idx 


( 20 ) 


When (20) holds, the secondary flow is very much smaller than the primary flow, to 
which it is parallel. The condition (20) will hold when x is not too large, except 
perhaps near the foremost generator of a blunt-nosed cylinder, where % is zero 
(see below). 

If we consider a flat plate in a stream in its own plane, the above notation and 
equations apply when the 2 ;-axis is along the leading edge; and the plate is to be 
considered as a horizontal cylinder when the 2 -axis is horizontal, since the' generators’ 
are to be taken parallel to the leading edge. When the whole plane of the plate is 
horizontal, ? = n = 0, and there is no secondary flow at all; the equations (14) to 
(17), withal = const., exactly describe the flow. If the plate is inclined at an angle a 
above the horizontal (— < a < Jtt), then the condition (20) becomes 


^i^fl'^sin I a |, 

which is satisfied for a distance of, say, 'Mf/(10grsin | a |) from the leading edge. 
A similar remark applies to any sharp-nosed cylinder, for which z^i(O) + 0; the 
secondary flow will be negligible for at least some distance along the boundary. 

Consider next a horizontal blunt-nosed cylinder in a stream inclined at an angle a 
above the horizontal. Then %(0) = 0, and the application of the condition (20) 
near the foremost generator must be examined more closely. If the distance x is 
measured from the foremost generator along the upper side of the cylinder, then for 
small values of x, 

I = cos(a—/c£c), 
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where k is the curvature of a normal cross-section at the front stagnation point, and 
with Ux =¥ the condition ( 20 ) becomes 

sina—sin(a—/ca:) |, 

i.e, y5|a^>g^|cosa-^|/ca:sina|. 

If cc 4= ± in this requires > g cos a, 

which cannot be satisfied when x is small. If, however, a — ± in, so that the cylinder 
is in a vertical stream, the condition ( 20 ) is fulfilled if 

( 21 ) 

Near the front stagnation point of a section of a horizontal blunt-nosed cylinder, 
therefore, the primary-fiow equations are invalid except when the stream is vertical 
and the condition ( 21 ) is satisfied. Except in this one case the exact equations (14), 
(16), (18) and (19) are required. A simple solution of the exact equations has been 
found when %oca:, locx with dissipation in the energy equation neglected (§ 7), but 
since locx, this helps only by providing the missing solutions for cylinders in a 
vertical stream for which the condition ( 21 ) is not satisfied. No solutions have been 
obtained for blunt horizontal cylinders in a non-vertical stream. 

For a smooth cylinder will depend on k, and the condition ( 21 ) needs further 
consideration. Evidence is provided by Ferri’s ( 1942 ) experiments on a circular 
cylinder of diameter d at Mach numbers ifj = 2 , for which ^here 

is the velocity of sound in the incident undisturbed stream. If we accept that a 
similar order of magnitude is to be expected for any blunt-nosed cylinder at com¬ 
parable Mach numbers, with d replaced by twice the radius of curvature at the 
nose, then fix == l-5axK, and the condition ( 21 ) becomes 

4:-5K^gjal. 

This condition is satisfied unless the radius of cmvature at the nose is very large. 
2.32. Vertical cylinders 

For a vertical cylinder, 1 = 0. We must now begin by neglecting the variations 
with z of the variables of state, px and %, in the main stream, which will give a 
satisfactory approximation if conditions are being studied on a local rather than on 
a meteorological scale, as they usually are in boundary-layer theory. Then none of 
the dependent variables will depend on z. The equation of continuity reduces to 
(14), and, since I = 0, the general equation (11) reduces to (16), and the general 
equation (7) to (17). There will be a cross-drift Wj., but in the general equation (13), 
assu ming that w, is small, the terms w^idpxl^z) and fi,.{dwfidy)^ will both be negligibly 
small. It will he shown in § 6 that their omission is permissible not only for a flat 
plate and for a sharp-nosed cylinder but also for a blunt-nosed cylinder. The result 
is that (13) also reduces to (16), so the flow in the cc-direction is very nearly the 
primary flow obtained from equations (14) to (17). Equation ( 12 ) now becomes 



it is independent of the other equations and may be solved for (see § 6 ). 


(22) 
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2 . 33 . The transformed equations of primary flow 

The position is that the primary flow is a good approximation to the total flow 
not too far from the leading edge of a flat plate or a sharp-nosed cylinder whether 
the leading edge is horizontal or vertical, and therefore probably also for any 
inclination of the leading edge. For a blunt-nosed cylinder the same result holds 
when the cylinder is vertical in a horizontal stream, and when the cylinder, provided 
it is not too blunt, is horizontal (and probably also whatever its position) in a 
vertical stream. The equations (14) to (17) of primary flow are discussed in the 
following three sections, for a flat plate in § 3 , near the front stagnation point of 
a section of a blunt-nosed cylinder in § 4, and for any cylinder—^i.e. for any given 
distribution of main-stream velocity—^in § 5. 

Before the equations are discussed, they are transformed by Mises’s trans¬ 
formation. Equation (14) is replaced by 

= dfldys = - df/dx, ( 23 ) 

where ifr{x, y) is the stream function. The independent variables are then changed 
from 05, y to x, ijr, whereby d/dx is replaced by djdx—pp)fijdf' and djdy by ppifild^Jr. 
Non-dimensional functions jo, etc., deflned by u^ = p^ = Pip, etc., are also 
introduced, together with <l> = and in place of x the co-ordinate 

a — 4 >x{t) dr is used. Then the equations (15) and (16) become 

= (24) 

dii-. . di ii d (,di\ /or\ 

Since — Pi> *he new notation pT = 1’, from the equation of state. 


3. The BoxnsrDARY layer of a flat plate alostg a stream 


The main stream past a plate occupying the half-plane y = 0, at > 0 is taken as 
uniform. IFor a horizontal plate there is (accurately) no secondary flow, and the 
equations for the boundary-layer flow are 


du 

da 


. di _ii 9 

05 ~ cr di/f 

with the following boundary conditions: 

u = 0 when = 0, 5 > 0; 




as 


(26) 

(27) 


for all values of 5 ; = 1, i = 1 when 5 == 0 for all values of '(Jr except 0; and a condition 

on i when ^ = 0, 5 > 0 that specifies the thermal condition of the plate (see below)4 
For a plate in any position the secondary flow may be neglected for a certain 
distance along the plate from the leading edge, and the primary flow is described by 
equations (26) and (27). 
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These equations and the boundary conditions can all be satisfied with u, i and <j> 
functions of the single variable rj = only; wdth rj as independent variable 

' (26) and (27) reduce to the ordinary differential equations 

du 


d 


dTj 

\ 

l^di\ 

di 

Y d'^ 



dr/ 


= 0 , 


(28) 

(29) 


where 6 = uf/ii = ( 7 i—1) M\, being the Mach number of the main stream. 
The independent variable is now changed from ij to where! 

P— 

^ Jo«(T)’, 

SO that u = dTjjd^, and (28) and (29) become 


d 


= 0. 


^ {&%') + arfi' + abOtj"^ = 0 , 


(30) 

(31) 


where 6 — up (so that = du) and dashes denote differentiation with respect to 
The boimdary conditions become ^( 0 ) = iy'( 0 ) = 0 ; i/'(oo) = i(oo) = 1 , together with 
a condition on « at f = 0 (see below). 

In these equations 5 is a function of i only. For is a function of % only, so 
/ip = pjT is & function of T only. Also since i, is an increasing function of T„ T is 
a known function of i; indeed, when the specific heats may be regarded as constant, 
T = i. A discussion of the function is given by Crocco ( 1946 ). He takes Sutherland’s 
formula 


Pr — Pri^r) — /^r{273) 


/ 2;\n+2;/273 
\273/ 1 + TJTr ’ 


where is a characteristic temperature depending on the gas, as the most accurate 
representation of the dependence of p, on 2^. This formula gives 


d = ^T 


1+y* 


(32) 


where T* = TJT^. A formula that is sometimes more convenient for computation is 


/ rp \e+i 

Pr{Tr)=Prm)\^^ , 

which implies that 6 = T^. ( 33 ) 

This formula, with e = — 0-24 for air, has been used by previous authors (K4rm4n & 
Tsien 1938 ). Crocco examines to what extent ( 33 ) can be considered as a good 
approximation to (32). He shows that for a boundary layer in which the temperature 

t u = 0(i]i) as 7]->- 0, and the integral converges. 
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does not vary much, so that T = I, the best agreement between the two formulae 
is obtained by taking e = - ^ - - in (33). Corresponding numerical values of e 
are given in the following table (extracted from Crocco’s paper); 



cr 



e 



116 

1 

0 

air 

0*725 

300 

0-387 

- 0*221 



3000 

0-039 

-0*463 



300 

2-24 

0*192 

water vapour 

1*08 

673 

1 

0 



3000 

0-224 

-0*317 


The case e = 0 has special importance, since then fifOcT^ and ^ = 1, which leads to 
considerable simplification of the equations. 

After this digression on the variation of -6 with i, we return to the integration of 
(30) and (31) for any known or assumed law of variation: In the first place, for 
cr = 1 the solution of (30) and (31) has been given by K4rm4n & Tsien (1938). When 
cr = 1 the energy equation (31) is equivalent to the momentum equation (30) 
provided that 

i = i(0) + [1 - i(0) + lb] rf - (34) 


where i(0) = being the enthalpy at the plate. Since 0 is a function of i only, 

(34) can be used when tr = 1 to express 6 in terms of y, and then (30) can be solved 
for the one dependent variable y. if, however, o' ={= 1, (30) and (31) must be solved 
simultaneously for tj and i. A solution, based on different equations, has been given 
by Crocco (1946), so it will suffice to indicate how K4rm4n & Tsien’s method of 
integration may be adapted in this more general case. 

Equations (30) and (31), with the relevant boundary conditions, may be trans¬ 
formed into the integral equations 

M(0 = 1 /' = F{0IF{cxi), (36) 

i{0 = i{0)+e{0)m G{0-abH{0, (36) 


where the new functions are defined by 




(37) 


The constant 0(0) i'(0) in (36) can be expressed in terms of the rate of transfer of 
heat from the plate to the gas. Eor the rate of transfer of heat across the plane 
y = const, is * 

&by a-\2x) 

per unit area, so the rate of transfer from a strip of the plate of length. L and unit 
breadth is 


Jo 
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where the suffix 0 refers, as usual, to conditions at the boundary. To specify the 
thermal condition of the plate either Qq or i{ 0 ) may he given, and the other is then 
found from the equation 

The solution is found by successive approximation, starting from the solution 
when 0=1. When 0 = 1, (30) and (31) are independent of each other, and both 
equations occur in the theory of the flow of an incompressible fluid. In fact, (30) is 
then Blasius's equation 

ri^" + nf = 0, (39) 

and the transformation i{Q = 1 + ib&iQ changes (31) into 

d'" + (r7id''-h2crf^ = 0, (40) 

which has been discussed by Pohlhausen ( 1921 ). 

When a more accurate expression for 0 in terms of i is used, the values of i from 
the known solution of (40) lead to a first approximation to 0, which, in conjunction 
with the known solution of (39) for 1 /, can be used to provide flrst approximations 
to jP, 0 and H. Formulae (35), (36) and (38) then give improved .values for t}, u 
and i, and the process is repeated. 

4. The pbimaiiy flow m the bounbaey layer istbar the foremost 

OEKERATOR OF A BLXTNT-NOSBD OYLINBBR 

The solution given in this section is a good approximation for a vertical cylinder 
in a horizontal stream (as will be shown in § 6 ), and for a horizontal cylinder in a 
vertical stream for which the condition ( 21 ) is satisfied. The approximate con¬ 
siderations of §§ 2 and 6 suggest that for a sloping cylinder the primary-flow solution 
is a good approximation under the same conditions as for a horizontal cylinder. 

In general, with u-^ and not uniform, the equations (24) and (25) are not easily 
solved. If, however, (i) is constant, so that i = jT, (ii) the dissipation is negligible 
in (25), and (iii) % = where >0 is a constant, then the equations are reducible to 
the ordinary differential equations 


jp{ 67 }'')+ 7 } 7 j''— 2 m{ 7 }’^-i) = 0, 

(41) 

^{di') + (T 7 ji' = 0, 

(42) 


where Tj = C = j before, and tj is regarded as a function of ^ with 

u = dTild^, The boundary conditions are the same as for equatidns (26) and (27). 

At the front of a blunt-nosed cylinder the main stream is brought to rest, and its 
velocity then increases proportionally to x, so the equations are appropriate near the 
front of a blunt-nosed cylinder only if u^ocx. If the suf&x 10 is used to refer to the 
foremost generator of the cylinder, then from Bernoulli’s equation 

^10 ^ ^10^ 
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when Cp is constant. Near the front of the cylinder 

gl-m 

and approximately, 

where It follows that the solution of (41) and (42), with 

m = \, will describe the primary flow near the foremost generator of a hlunt-nosed 
cylinder provided that the heat of dissipation is negligible. As for incompressible 
fluids (see Goldstein 1938, pp. 608, 609) the dissipation is negligible if ii|/[ ij —io | is 
small; if u\j\ ii—io | is not to exceed 1/10, for example, then in air % must not 
exceed 33A2J. ft./sec., AIJ. °K being the difference between the temperature of the 
cyUnder and the stagnation temperature of the main stream. 

With m = |, % = s = \dy^^^x^, and ^ 

equations (41) and (42), with the appropriate boundary conditions, are transformed 
into the integral equations 

= (43) 

and i{0 == i(0) + ^(0) i'(0) G(C), (44) 

with the condition 1 = i(0)+^(0) i'(0) G(co)# 

where 1(0 = 

and E, F and O were deflned ha equation (37). 

There is an obstacle to the computation of I because 7j'^—i and E both tend to 
zero as ^->-00, and in the one calculation that was made (43) was used only to provide 
an estimate of the values of w. As a first approximation, it is more convenient to 
start with the known solution of (41) and (42) for all incompressible fluid than with 
the solution for 0 = 1. The equations for an incompressible fluid are 

+ l — 0, ■d’" + = 0, (46) 

where i(0 = *(0) + [1 -i(0)] ^(0. 

and the boundary conditions are 

^(0) = 7'(0) = •^(0) = 0, i/'(oo) =-&(oo) = 1. 

[The equations for a compressible fluid with d=l differ from (46J only in having i 
instead of 1 in the first equation.] The values of u{0 and i{0 for an incompressible 
fluid are easily found for any given i(0). 

Equations (41) (with m,-\) and (42) were solved with cr = 0-726, and 4(0) = 0-8, 
which corresponds to the flow of air at the speed of sound against a circular cyKndear 
that is maintained at the temperature of the undisturbed part of the incident stream. 
Sutherland’s law was used for the variation of viscosity with enthalpy. Btaarting 


35 -« 
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Tvith the solution of (46), approximate values of u were obtained from (43) and, 
at the same time, values of i which proved to be correct to three decimal places, in 
spite of the inaccuracies m u\ were obtained from (44). linal values of w were obtained 
by integrating (41) directly. With i, and therefore 6, determined, equation (41) 
involves only the single unknown function rf, and was integrated, in the same way 
as the first of equations (46) (see Howarth 1934 ), by straddling the true solution (for 
which = 1 ) solutions with ^( 0 ) = i/'( 0 ) = 0 and with estimated high and 
low values of ^"(0), and finally interpolating. It was, of course, necessary finally to 
use (44) again, to verify that i had been determined sufficiently accurately in the 
first stage. 

Values comparing the solutions for an incompressible fluid and for air are given 
in table 1 . The Nusselt number is 



where d is a representative length. To the present accuracy it is the same as for an 
inoompressible fluid with <t = 0*726, viz. 

Nu = 0-602 


Table 1 

incompressible fluid air 



V 

\\ 


i 

n 

Tj' 

7!^ 

i 

w 

(see § 6 ) 

0 

0 

0 

1-2326 

0-800 

0 

0 

1-0838 

0-800 

0 

0-2 

0-023 

0-223 

1-034 

0-820 

0-021 

0-202 

0-936 

0-819 

0-06 

0*4 

0-088 

0-414 

0-846 

0-840 

0-079 

0-374 

0-790 

0-838 

0-11 

0-6 

0-187 

0-566 

0-675 

0-860 

0-168 

0-519 

0-653 

0-858 

0-14 

0*8 

0-312 

0-686 

0-525 

0-879 

0-284 

0-636 

0-528 

0-876 

0-16 

1*0 

0-459 

0-778 

0-398 

0-898 

0-422 

0-731 

0-418 

0-894 

0-16 

1-2 

0-622 

0-847 

0-294 

0-915 

0-575 

0-805 

0-323 

0-912 

0*15 

1-4 

0-797 

0-897 

0-211 

0-930 

0-742 

0-861 

0-244 

0-928 

0-14 

L6 

0-980 

0-932 

0-147 

0-944 

0-919 

0-903 

0-180 

0-942 

0-12 

L8 

1-169 

0-957 

0-100 

0-957 

1-103 

0-934 

0-130 

0-954 

0-10 

2-0 

1-362 

0-973 

0-066 

0-967 

1-292 

0-956 

0-092 

0-965 

0-08 

2-5 

1-854 

0-993 

0-020 

0-985 

1-779 

0-986 

0-034 

0-985 

0-04 

3-0 

2-352 

0-998 

0-005 

0-994 

2-274 

0-996 

0-011 

0-995 

0-01 

3*5 

2-852 

1-000 

0-001 

0-998 

2-774 

1-000 

0-003 

0-999 

0-00 

4*0 

3-352 

1-000 

0-000 

0-999 

3-273 

1-000 

0-000 

1-000 

0 


6. The prhvlary plow ih the botodary layer oe a oylindbr 

The solution discussed in § 4 is valid only in the vicinity of the foremost generator 
of the cylinder, because it involves the assumption that % is small enough for 
dissipation to be negligible and is expressible in the form % ?= The 

question arises whether the primary flow in the whole laminar boundary layer of a 
cylinder (and therefore, when the secondary flow is negligible, a good approxi¬ 
mation to the total flow) can be calculated from ordinary differential equations. 
For this purpose a single term wiU be inadequate to represent everywhere, 
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though it may be represented by a series of powers of s (or x). There is a corresponding 
situation in the case of an incompressible fluid; when the main stream is proportional 
to X the solution involves the integration of one ordinary differential equation 
(Howarth 1934 ), but when the main stream is represented by a series of powers 
of X the solution involves the successive integration of a number of ordinary differ¬ 
ential equations, only the first beiug non-linear (see Howarth 1934 , 1938 ). Similarly, 
for a compressible fluid, when = 2 solution involves a number of ordinary 

differential equations. Such a solution for an accelerated main stream has been 
given by Howarth ( 1948 ), and for a retarded main stream by Cope & Hartree ( 1948 ) 
and by Howarth ( 1948 ). The object of mentioning these problems again is to show 
that under the restrictions imposed by Howarth (cr == 1 , 0=1,. heat-insulated 
boundary) solutions may be obtained from solutions for an incompressible fluid 
without introducing any new differential equations. 

If is constant so that i = T, (24) and (25) may be written as 

= ( 46 ) 

ai 13/. 0 i\ ,JdnY 
ds~ a df dfr W) ’ 

J -x 

(pidx and h = u^ji^ = (y — 1 ) Ml, as before. For an incompressible fluid 
of uniform density the momentum equation corresponding to (46) is 

( 48 ) 

where the suffix % is used to characterize the incompressible fluid, and 

S = diij ^ UiidXi, PaUir = pixVir = -^• 

If /iy ccTf, then 6 — \ and ^ = u. If also tr = 1 and the boundary is heat-insulated, 
then, use being made of the equation ii-t- = const., it may be proved that the 
relevant solution of (46) and (47) is provided by 

i + \bu^ = 1 + ^, 

together with the relevant solution of 

[(l-hi 6 )^ln«,][«*-l]-^«^ = «^(«|^). (49) 

In tetms of s and the equation (48) satisfied by % and the equation (49) satisfied 
by u are then the same if 

g.nfl the boundary conditions are the same for both equations. Hence, corresponding 
points (x, y) and {xn in the compressible and incompressible fluids being droned 
as points for which s and tjr have the same values in the two cases, it foUqws that 
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the values oiu{x, y) and y^) at corresponding points are the same, if (60) is 
satisfied. The integral of (50) is 




A 


(51) 


where is an arbitrary constant. Equation (61) must hold at points corresponding 
to the same value of s in the two fluids, i.e. if a: and correspond, in the compressible 
and incompressible fluids, respectively, to the same value of s, = AM^{x). 

Now, for a given problem in a compressible fluid, M^ix) will be known, and therefore 
(51) fixes the incompressible flow problem that should be solved, once A has been 
chosen and the relation between and x are worked out. The relation between x^ 
and X is found from 


dx^ __ /ds\ /( ds \ 
dx \dxjl\dxj 


Since /lyCcT^y 6 ^ = ^loPi/Pio = where the suf&x 10 again refers to the 

stagnation point. It follows that 


dx A \iiQ/ a^Q 6^1 A \?iq/ 


= 1^£i 2 (1 + |i«))-(3y-i)/t2(r-i)] _ 


It wiU be assumed, without loss of generality, that A = and that the density and 
viscosity of the incompressible fluid are the same as those of the compressible fluid 
the stagnation point, so that 6 ^■y — Then 

a:i=JJ[l + i6(a;)]-<®r-i)/t2(r-i)]cte. (62) 


With this relation between x^ and x, the flow of the incompressible fluid in a 
boundary layer is then determined for the main-stream velocity distribution 


= aio-^i(*). (63) 

and the solution of the compressible flow problem is provided by u{x, y) = u^{x^, y^). 
The relation between y and is 


1 


rvi 

= [l + ib{x)rr+-^)l^^r-viij^ {l + ^b{x) [l-«f(aJi.yi)]}%^. (64) 


For example, when the main stream is the accelerated flow away from the foremost 
generator of a blunt-nosed cylinder and the main-stream Mach number is given by 

• Mi(a:) = 2:6„a:», ,(56) 

W—l 

where the b^’s are given constants, then from (52), (63) and (54) the flow in the 
boundary layer may be obtained from the flow of an incompressible fluid (see 
Howarth 1934 ) in the boundary layer near the front of a cylinder for which 

n=l 

where the b^^'a are known constants. 


( 66 ) 
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In § 4 an approximate solution was found for % = for any value of a but with 

dissipation neglected, and the neglect of dissipation is not permissible at a heat- 
insulated wall. By the present method a solution can be found for % = when 
cr = 1 and the waU is heat-insulated. 


Brom (61) ’ 

and — — = —a —sis; 1 






rd%- 






for m < 1 , whence is determined in terms of In particular, for m = |, 


where 

i,e. 


X, = 






42 _ Jlli 

2ho’ 

"wP 


and, by inverting the series. 


%i = (2ho)* [««i + liccxif -f- + •••]. 

6 

where a = . This may now be considered a particular case of the preceding 

2 (^hor 
example (see ( 66 )). 

For the first of the two examples mentioned above, and for the second with 
OT = J, the primary fiow is a good approximation to the total flow under the con¬ 
ditions set out at the beginning of § 4. 

As an example of retarded flow, we may employ the reverse procedure and start 
firom the main stream of an incompressible fluid 

where 6 ^o, 641 are positive constants. The velocity distribution function u^ix^, y^) has 
been calculated by Howarth ( 1938 ) and Hartree ( 1949 ). 


The relation 




_^^Y-|(Sy-l)/[2(r-Wl 
®io / - 


together with (64) and (67), enables to be expressed as a function of x. The dis¬ 
tribution of main-stream velocity in the compressible fluid is complicated, but for 
gTna,n enough values of x 


X = Bxi, 


where 


B = 



to I 

PioJ J 




SO 
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The solution therefore applies to a non-uniform flow past a sharp-nosed cylinder 
with retardation in the vicinity of the foremost generator. The primary flow will be 
a good approximation to the total flow whatever the orientation of the cylinder and 
whatever the direction of the stream (see § 2). 

If <r =1= 1 (and even with <r=l,if0=|=lorif there is heat transfer at the boundary) 
solutions of (46) and (47) cannot be readily found from solutions for mcompressible 
flow, and it is necessaiy to obtain new solutions. Consider the case d = i«. The 
main stream is given, so d(}ja.Uj)lds and b can be expressed as power series 

d 

^ln«i = S b = 'Ed^s'^, 

the c^'s and d^’s being known constants. Write 


'E9niV)s”', 

n =0 71=0 

where ij = ^l{2s)^ as before. Then 


A 

drj 








Now change the mdependent variable from rj to ^ — equations 


become the same as (30) and (31) with in place of i and d^ in place of (the constant) 
b in (31), and with d = g-g. The boundary conditions are the same, so tj and are 
found as indicated in § 3. The equations for/„, (n>l) are second-order, linear 
differential equations, with the boundary conditions 


/JO) = S'nlO) =/Joo) = gr^(oo) = 0 . 

The first four are 

= 2 co(^' 2 -^o), 

+fogi+egl-Vogi) + V9i - +do(27i"fof[+^ gtA + erj"Yo-^g^^ 

df / v" A -I 

^\foyA+Yfij+^Y-^gij+vfz-^v% 

= ^^oiv'fi+^fi—gi)+^i{v'^—go) 
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hit e^S-^fl-o^a) + Wa " ^'9z+do{27}’'gtn+y foU +eiy'^S^-Va) 

-‘Zi( 2 i?Wi+^Vo/i+e^''^?§-Vi)-d 2 ^''Vo 

The first pair of these equations have to be solved simultaneously for Z^, gr^, and the 
second pair for and so on. A system of equations for this problem, but with 

1 1 * 1 / * 

quantities proportional to x and - 7 - — as independent variables, is considered 

a/^Jo 

by Cope & Hartree ( 1948 ). Use of s and ^ has the advantage that only two simul¬ 
taneous linear ordinary diflferential equations have to be considered at each stage, 
whereas three such equations are involved at each stage in Cope & Hartree’s method. 
On the other hand, siuce r}"lri' behaves like 1 /^ near ^ = 0 it is necessary to start the 
integration of any pair of the above equations at ^ = 0 by expressing each of the 
dependent variables as a series of powers of ^—a procedure that is not necessary in 
Cope & Hartree’s method, where the or^in is a regular point of the equations. In the 
particular case 0 = 1 (e = 0 ), the first of each pair of equations is independent of the 
second and the equations can be solved successively in the order given. There is a 
corresponding simplification when 0 = 1 in Cope & Hartree’s equations; the three 
simultaneous equations that occur at each stage may be reduced to two, of which 
the first is independent of the second. 


6. Sboondabt blow, bspboially bob a vebtioai, cyiindbb 

An approximate method of finding the drift w, from equation ( 22 ) when the 
cylinder is vertical was explained in § 2 . Equation ( 22 ) is transformed into 




dx 


9 {T-\)+u, 


d_ 

dtjr 



(58) 


Solutions have been computed for a flat plate and for a blunt-nosed cylinder, for 
which simple solutions of the horizontal primary flow were given in §§ 3 and 4. 

Consider first a flat plate, with its leaMng edge vertical, in a horizontal stream. 
In this case % = const., (j)^ = const.,v = v(0» where y^rjrl and 

ij and i are the solutions of (30) and (31). If is constant, so that i= T, and if 
X(C) = (r-l)/[i( 0 )-l],then 


Wr 


2gP(0)-l]a; 

“1 




where w{Q is the solution of 


d_ 


(dw') -t- riw' — 271'w +X = 0 , 


(59) 
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subject to the boundary conditions m>(0 ) = w(co) = 0. The required solution is that 
linear combination of the solutions of the equation with the boundary conditions 
(i) w{0) = w'(0) = 0 and (ii) w{0) = 0, to'(O) = 1 that gives w{co) = 0. 

The computation of has been carried out in the easiest case, when <r = 1 and 
6 = 1, the plate being heat-insulated. The function tj then satisfies equation (39), and 

where/o(g) satisfies 

/o' + /o/o=0, /„(0)=/i(0) = 0, /i(a)) = 2. 

The functions /o(^), /i(S) are tabulated, for example, by Howarth ( 1938 ). Also, 
i -t- = 1 -j- so % = The values of w are given in table 2 . It is important 

to notice that the maximum drift velocity across any section x is proportional to the 
distance fi’om the leading edge. 


Table 2. The VBLOciry components in the botjndaey layer oe a heat- 

INStrLATED VERTICAL ELAT PLATE, WHEN /t,OC cr= 1 



^=im) 

w 

0 

0 

<$ 

0 

0-1 

0-061 

0-099 

0-2 

0-133 

0-178 

0-3 

0-199 

0-238 

0-4 

0-265 

0-280 

0-5 

0-330 

0-307 

0-6 

0-394 

0-319 

0-7 

0-456 

0-320 

0-8 

0-617 

0-310 

0-9 

0-576 

0-293 

1*0 

0-630 

0-270 

1-1 

0-681 

0-244 

1-2 

0-729 

0-216 

1-3 

0-772 

0-187 

1*4 

0-812 

0-159 

1*5 

0-846 

0-133 

1-6 

0*876 

0-109 

1-7 

0-902 

‘0-087 

1-8 

0*923 

0-069 

1-9 

0-941 

0-054 

2-0 

0-956 

0-041 

2-5 

0-992 

0-008 

3-0 

0-999 

0-000 


In the case of a vertical blunt-nosed cylinder the values of ^ and % have been 
computed for % = and are tabulated in table 1 . Using these values together 
with the assumption i = T and the same notation for xi^) in the previous case, the 
solution of (58) is 


d 

^{dv;')+t}'w' + lX = (^ 


where w{Q satisfies 


(60) 
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and w{0) = w(co) = 0. The solution is tabulated in table 1. Here the maximum drift 
velocity across a section is independent of the distance from the foremost generator. 

The values of having been determined, it is possible to check a posteriori the 
assumption that the drift has only a small influence on the horizontal primary flow. 
The interaction of the drift and the primary flow occurs only in the energy equation 
(13), which may be written, after transformation. 


Hi>i 9 

cr 3^ 



. 0i , , . 



+4>iwl^ 


g^iw _ Q 
\dijr) % w ~ ■ 


(61) 


where 


w 

= = M*(0)-!]»/% or 2g'[i(0)-l]/^i. 


The terms containing w, and previously neglected, are the last two terms on the 
left. 

For a flat plate, with the notation of § 3, equation (61) may be transformed mto 


(Td^ 


{6i')+7ii' + bdf^ + 


H 


2gw-iX . 

- = 


0 , 


the last two terms being the terms neglected in § 3. 


Since 

and 


-2(r-i)[i(0)-i](^J 




and these expressions are both small compared with unity except for large values of x^ 
comparable, with M^aUg, it follows that a good approximation will be obtained 
(except for large x) if the horizontal primary flow for a vertical plate is calculated 
with the vertical drift neglected. The same result is true for a sharp-nosed cylinder. 

Near the front of a blunt-nosed cylinder, with the notation of § 4 and with % = fijX, 
the energy equation becomes 


7]' = 0 , 

lo-dC J ho Mo 


when, as in § 4, the dissipation due to the horizontal primary flow is neglected. The 
last two terms on the left were neglected in § 4. Since 


f={y- 

ho 


f 2gr[j(0)-I] V 

A«io / 


and 


9^1 

fiiho 




the neglect of these last two terms is justified if gliPi^xf^ ^ small. If we accept the 
estimate of in §2.31, this condition becomes 2gr/[3a|(l-i-46)*/c]<^l, so, if the 
neglect of the dissipation due to the horizontal primary flow is justified, the results 
of § 4 will provide a good approximation near the front of a blunt-nosed vertipal 
cylinder, unless its radius of curvature at the nose is very large. 

It is probable that the influence of drift on the flow in the cc-dipection may be 
neglected also for a sloping blunt-nosed cylinder, unless its radius of curvature at 
the nose is very large. For such al cylinder the secondary flow in the a;-direction will 
be negligible, when the cross-drift is, only if the stream is vertical. 
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7. A MOEB AOOXJEATB SOLtrilON BOB A HOEIZOKTAL BLtrNT-NOSED 
OYLINDBB ISr A VEBUOAL STBBAM 


In. § 2 it was shown that for a horizontal blunt-nosed cylinder the solution in § 4 
for the primary flow near the forward stagnation point is a good approximation to 
the total flow only if the stream is vertical and the cylinder is not too blunt. In this 
particular case it is possible fairly easily to solve the boundary-layer equations, viz, 
(14), (16), (18) and (19) of § 3, if dissipation is neglected, and Cj, is constant, so that 
i—T. The exact equations become, after transformation. 






difr 



(62) 






(63) 


and 




dx 


= 0 . 


The equations may be reduced to ordinary differential equations if u|cx: Za:, ? oc a:^, 
and dj may be taken as constant. If Z oc a:, % oc a:, the conditions are those that occmr 
near the foremost generator of a blunt-nosed cylinder in a vertical stream (§ 2). Then 
l = KX , v ^ = and, as in § 4, = im+Oiuf) and 6 ^ = dio + 0(a:®), the suffix 10 

referring to the forward stagnation point. When i = T and dissipation is neglected 
(as in § 4), equations (62) and (63) reduce to 


— {e7}'')+7}f-i]'^+i+^(i-l) = 0, 
~{di')+o^i' = 0. 


(64) 


When and is neglected, these equations are the same as (41) and {42) for 

m = i, as they should be (see condition (21)). The equations (64) may be solved 
numerically (for any given value of gKj^) by a process similar to that used in § 4 
for equations (41) and (42). 


8 , EbEE COEVBOXIOK OtrBBENTS AT A BXAT PLATE 


The exact equations (62) and (63) of § 7 govern the flow past a flat plate whose 
leadii^ edge is horizontal. In this case Z is constant, and the method of § 7 may be 
applied only if %cx: a:*, which is not appropriate unless = 0, % being the velocity 
of the main stream outside the boundary layer. We consider further the case of free 
convection, when the surrounding fluid is at rest. It will be assumed that Cp is 
constent, so that i = T, and the notation will be changed, Ui now being used for the 
representative velocity 2{grZ[i(0) — 1] a;}*, with Uf s= The equations governing 
the free convective flow may then be written 


9 d 

UjU:^{UjU) = grZ(T-l)-^9ii«a- 


^9a: 




( 66 ) 

( 66 ) 
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dii 

dx 


+gl = 0 . 


The flow to which these equations refer is produced by the difference in temperature 
between the plate and the surrounding fluid. The equations apply only to a flow in 
a boundary layer, restricted to a neighbourhood of a fixed bomadary. Consequently 
for a vertical plate (Z = 1 ) they govern the free convection current on each side, but 
for a sloping plate they apply only to the upper or to the lower side according as the 
plate is cold or hot relative to the fluid. ' 

The enthalpy of the surrounding fluid varies with altitude, and 




where the suffix 10 refers to the fluid at the level of the bottom edge of the plate. 
The fractional error'in neglecting this variation and taking is which 

for air at atmospheric temperature and pressure is fo/980 % at a distance x ft. up the 
plate. For distances less than, say, 10 ft. in air, it will be a good approximation to 
take ij = and therefore = dj,,. Near the bottom of the plate the. velocity of the 
flow will also be small, and the heat of dissipation may be neglected in ( 66 ). In these 
circumstances ( 66 ) and ( 66 ) are reducible to 

^{dri'') + Z'riri''-2ri'^ + X = ^> ( 67 ) 

^(dx') + 3<ri/A:'= 0, (68) 

where = 2f{gl[i{0) - 1 ] x), ij = ir{&4Sl^glli{0) - 1 ] 



T-\ 

i(0)-l 



so that u = vj', as before. The boundary conditions are 

5 /( 0 ) = 5 /'( 0 ) = 0 , Tj'ico) ■= 0 , ;\;( 0 ) = 1 and ;\;(oo) = 0 . 


If d = 1 , (67) and ( 68 ) reduce to equations solved by Pohlhausen (see Schmidt 
1934 ). Starting with Pohihausen’s solution, when the accurate expression for d is 
used, u and % found by successive approximations from the equations 


where 







'^E^( ffx-V* 
0 0 IJo 



(70) 


and 



There is a difficulty in computing K because x—^V'^ E both tend to zero as 
A similar difficulty was encountered previously in § 4 over tibe integral I. 
Although no calculations have been made m this case of free convection, it seems 
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likely that the procedure used for the calculations described in § 4 would be suitable 
here too. 

I£Nu is the Nusselt number of the flow and Gr the GrasshofF number, 


where 


Nu 




0(O)x'(O)(Gr)i, 




and h is the distance measured up the plate parallel to the aj-axis from the leading 
edge. 

There are cases in which the refinement produced by using the accurate law of 
viscosity instead of 0 = 1 is unimportant. Por example, in the experiments of 
Schmidt ( 1934 ) with a vertical plate at 66 ° C in air at 16° 0, the values of d vary 
between 0-964 at the plate and 1 at the outside edge of the boundary layer. The error 
incurred by using Pohlhausen’s values for ri{Q and ;\;(0 can hardly be more than 
2 % in this case. 


• 9. Flow nsr plaitb jets and wakes 

So far as the flow in a plane jet remains laminar, it may be assu m ed that the flow 
is governed by the laminar boundary-layer equations, and that, except near the 
orifice, the pressure is uniform. If the plane of symmetry is = 0 , the equations for 
a jet in which the secondary flow is negligible are 



At 2 / = 0 , by symmetry = 0 , du^fdy = 0 and di^jdy = 0 . At the boundaries of the 
jet M,. = 0 and i,. = = const. The value of on the axis, y — 0, will be denoted by 

Uq, and we write = u^u, v = 

By integrating (71), (72) and (73) with respect to y it follows that 



= 0 , 

(74) 

and 

d f” 

^Jo P^^r{^r+¥4-H)dy = 0 . 

(76) 


In terms of the independent variables x and the equations (72) and ( 73 ) are 


(.di\ , rJduV 

dx cdrlr v ’ 


(76) 

(77) 
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■where and b = «§/%. Let us investigate the conditions under which (76) 

and (77) may be reduced to ordinary differential equations, i.e. the conditions that 
u, i and ^ should be functions of a single variable vj = irf[x). Then 

The first expression cannot be independent of x (as required by (74)) unless ujf is 
constant, and then the second expression cannot be independent of x (see (75)) 
unless it is identically zero. The latter requirement is met if we assume that 

ij. + = 0, (7 8 ) 

and this is equivalent to assuming that cr = 1 . Equation (77) is now replaced by 
(78), but (76) is still not reducible to an ordinary differential equation unless 0=1, 
since by (78) i is not a function of 7 / only. To reduce (76) and (77) to ordinary differ¬ 
ential equations the limitations that <r = 1 and 0=1 have therefore been introduced 
and these are just the limitations used by Howarth ( 1948 ) in his discussion of the 
plane jet. With these limitations = dfx^, where ^ is a constant, and with 

i]r 

(6(?ia)V 


equation (76) becomes + = 0, (79) 

the boundary condition being {duld7i)^„Q = 0 and ^( 0 ) = 1 . The solution is 

u = 1 — 7 / 2 ^ 

The relation between S and the total flux of momentum M across any section of the 
jet is 

If = J prUfdy = (60id^)^J udTj = 4(f0id3)^. 

The velocity and enthalpy in the jet are given by 






The y co-ordinate is given by 

df /6vi\* .C^T , 

y= \ —-r)** —dv. 

hPr'^'r \^f JoU 

When Cp is constant, so that T = i. 


( 81 ) 
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Tifl.TniTia.r flow in a plane wake is also assumed to be governed by the equations (71), 
(72) and (73) of a laminar boundary layer with uniform pressure. Outside the wake, 
which is‘s 3 unmetrical about y = 0, the velocity is uniform and is denoted by 
inside ijie wake it is put equal to Uf = %(1—Att,), where Am, is small. Similarly, 
inside the wake, if = ii(l—Ai,.), where Ai, is small. It is assumed that secondary 
flow may be neglected. 

The equations d f" , . , 

= (82) 


dxj 0 - *1 - ^i) = 0 (83) 

must be satisfied. If Uf, Pf, if, etc., are functions of a single independent variable 
V = iffioc), then 

/•oo rco ^ /•oo 

J ^ PrUfiUf - Ml) % = J ^ {Uf- %) if = J ^ LUfdvj, 


PfUf{if +^ - ii - iul) dy = {if+^v^-i^^- ^l) df 


1 /*" 

= -^Jo (hAi+«fAM,)d^, 


when (A«,)2 is neglected. These two expressions are independent oix, and (82) and 
(83) are satisfied, if AUf=f{x)A.u, Mf=f{x)M, and Au, Ai are functions of y. 
Equations (71), (72) and (73) may then be transformed into 

|l7(a;)A«] =i>J{x)^^Au, |-[/(a,)At] = ^/(*)^^At, 

terms of the second order of small quantities being neglected, and since Au, Ai are 
functions of y we may takef(x) = The equations then become 

= 0, ^Ai + 2or(,/^Ai+Ai) = 0. (84) 

By symmetry, ^Au = ~Ai = 0 when 7 = 0, and the required solutions of (84) are 

Au = J.e"’*, Ai = 
where A and B are constants. 

Assuming that the pressure of the gas is the same upstream and downstream, the 
drag D per unit width of the cylindrical obstacle producing the wake is given by 

r» roo 

D = j Pr'ttf{Uf —%) dy = 2% j ^ Am dy = ^ttAu-^^ 

If ^Qo I® rate of transfer of heat from the gas to the cylinders. 


— 2Q(, = 2ijJ Aidy, 
Qo = e-<^“d7 = -^j 


l/7r\* 
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The velocity and enthalpy in the wake are, therefore, 

“r = e-^®, = ^o(7r^j^cc/cr)-* 

The y co-ordinate is given by 


557 
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y = 


Piih 


Jol- 


Au, 


dt). 


Since the variation in 2J. is small, Cp may be taken as constant and 

m = irlh=l-Ai,. 

( V cc\^ 

—I 

%/ Jo 


{\ + Aur—Ai^)dri 




y + ^ ■ erf 7 -I—erf Jat]. 


( 86 ) 


When the obstacle is completely surrounded by its own laminar boundary layer 
and the drag on it is entirely due to skin friction, equations (85) and (86) can be 
..written conveniently in terms of non-dimensional parameters. Consider, for 
example, the wake of a flat plate of length i in a uniform stream, for which (cf. § 3) 




when the suffix 0 refers to conditions at the plate. In § 3,9/ = ^/(2^ia;)*, and with 
this definition of r\. 


and 


2 p^u\ 

Qo 




D 


where B is the Reynolds number u^Ljv-y. The drag coefficient Cf = ^ and the 


Nusselt number Nu = , , so ——— = 


Mh-hV Pi‘«'ih^ 

Hence, returning to the definition of y used in this section, namely, y = \irl{<j>xx)^, 
we have 

ti, , 1 [RL\^ . 

% 2(7ra:) ’ 

2^^)*^-f-ic/erf^-l-^[t(0)-l]iV^tt erf 

I wish to express my sincere thanks to Professor S. Goldstein for various sug¬ 
gestions in connexion with this paper. 
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